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PREFACE. 



The want of a systematic treatise upon the Calculus of 
Variations has long been felt. The researches of Poisson, 
Jacobi, Ostrogradsky, and Delannay, which have added 
so much to the completeness of the science as it came 
from the hands of Lagrange, are only known through the 
medium of scientific journals and Transactions of learned 
Societies, and are thus inaccessible to many readers, and 
inconvenient of access to all. The student has also to com- 
plain of the want of a sufficient number of examples to 
illustrate the principles of the science, a defect which ren- 
ders these principles, from their very abstract nature, ex- 
ceedingly difficult to be understood by a beginner. These 
deficiencies it is the object of the present work to supply. 
The plan which has been adopted may be briefly 
stated as follows : 

After a short introductory sketch of the origin and 
history of the science, the author has, in the first Chapter, 
endeavoured to give a clear statement of its principles, 
considered as a branch of pure Analysis, In the follow- 
ing Chapter these principles have been applied to the 
investigation of the variation of those expressions with 
which, in the present state of mathematical and physical 
science, we are most generally concerned, namely, diffe- 
rential coefficients and definite integrals, the attention of 
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the reader being directed solely to functions of one inde- 
pendent variable. 

In the third Chapter the author has considered, under 
the same limitation, the important problem of maxima 
and minima. Of this problem some examples have been 
given in immediate connexion with the general methods 
of solution. Btit as the most interesting examples of the 
Calculus of Variations are to be found in its applications 
to particular sciences, it has been thought most expedient 
to place them in separate chapters under the head of the 
science to which they respectively belong. These ex- 
amples will be found in Chapters IV., VIII., and IX., 
containing respectively the applications of the Calculus 
of Variations to the Theory of Curves, Theory of Sur- 
faces, and Mechanics, 

In Chapters V,, VI., and VII., is discussed the case 
of functions of more than one independent variable, and 
the extension of the methods of the Calculus of Variations 
to such quantities. 

Finally, in Chapter X. the author has given the appli- 
cation of the Calculus of Variations to the integration of 
functions of one or more independent variables, a branch 
of the science which has not met with much attention, 
but which appears to be of considerable importance. 

Besides the ordinary treatises upon this subject, the 
author has been much indebted to the two memoirs of 
M. Delaunay, published in the Journal de I'Ecole Poly- 
technique,* and in Liouville's Journal,f respectively, as 
also to a memoir published in the Transactions of the 
Academy of St, Petersburgh,J by M. Ostrogradsky, all of 

* Journal de I'Ecole Pol j technique, torn. xvii. 

f Journal de Math., torn. vi. 

X Mem. de I'Acad. de St. Petersb. A. D. 1838. 
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which he would strongly recommend to the attention of 
his readers. 

The author desires to take this opportunity of return- 
ing his sincere thanks to the Board of Trinity College, 
for the liberality with which they have contributed to 
defray the expense of the present work. 



6, Trinity College, 
March, 1850. 
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HTRODUCTION. 



Althouoh the Calculus of Variations, properly so called, is justly 
due to the genius of Lagrange, many of the principles, as well as 
the results of the science, are of a more ancient date. Like the 
Cartesian Geometry, and many of the other analytic methods in 
use among mathematicians of the present day, its origin is to be 
sought, not in any systematic treatise, but in the investigation and 
solution of some particular problem. This, indeed, is the ordi- 
nary history of the great improvements in mathematical science. 
Some problem, physical or mathematical, is proposed, which is 
found to be insoluble by known methods ; and in the solution of 
such a problem a new principle is necessarily introduced. It is 
soon observed that this principle is not limited in its apphcation 
to the particular question which occasioned its discoveiy. and it 
is then stated in an abstract form, and applied to problems of gra- 
dually increasing generality. Other principles, similar in their 
nature, are added ; and the original principle itself receives such 
modifications and extensions as are from time to time suggested 
by the various problems to which it is applied. Finally, these 
several parts are grouped together, a uniform system of notation 
is adopted, and the principles of the new metliod become entitled 
to rank as a distinct science. The mathematical historian cannot, 
of course, expect to be able in all cases to trace this process. The 
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xii INTRODUCTION. 

aeveral steps may be the work of a single mind, and the author, 
in giving his finished discovery to the public, may not think it 
necessary to detail the method by which his own mind was con- 
ducted to it. But, from the experience of those who liave left us 
such a detail, as well as from the history of sciences which cannot 
be traced to an individual discoverer, we are warranted In con- 
cluding that the history of mathematical discovery is, generally 
at least, such as has been described above. 

In estimating the truth or falsehood of such a conclusion, and, 
more generally, in examining the laws which regulate the progress 
of the human mind in the discovery of truth, the most important 
evidence is derived from sciences which have been at their first 
promulgation most incomplete, and have owed their subsequent 
advancement rather to the successive labours of several, than to 
the efforts of a single mind. An individual discoverer seldom 
gives us the results of his labours in the same form in which they 
first presented themselves to his own mind. Still more rarely are ■ 
the steps, by which he desires to conduct the mind of his reader 
to the perception of a truth, identical with those by which he 
himself arrived at it. These last are commonly tedious and in- 
elegant, and when the Conclusion has been once reached, it is 
generally possible t&' discover some more compendious mode of 
arriving at it. And i? botft these discoveries be the work of a 
single mind, the first is seldom given to the reader. Thus while 
much is gained in the brevity and elegance of the published de- 
monstration, future inquirers are deprived of a most important aid 
to discovery, by the suppression of the process through which the 
mind of the author actually passed. It is unnecessary to say that 
such a suppression is impossible, where the original discovery and 
the finished demonstration have emanated from different persons. 
Hence the historical importance of those sciences whose principles 
have been given to the public, not in a complete and systematic 
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INTRODUCTION. XUI 

form, but gradually, and by methods more or less tedious or im- 
perfect. As there is, perhaps, no science which furnishes a better 
example of this than the Calculus of Variations, it may not be 
unprofitable to trace briefly the several steps of its progress. 

In the month of June, 1696,* John Bernouilli proposed to the 
mathematicians of his day the following problem : 

" PROBLEMA NOVUM, 

Ad cujns solutionem Mathematioi invitantur. 
Datis in piano verticali duobus punctis A et B, assignarc mobili 
M viam AMB per q^uam gravitate sua descendens, et moveri in- 
cipiens a puncto A, brevissimo tempore perveniat ad alterum 
punctum B." 

The novelty of this problem, whicli appeared to differ essen- 
tially from any previously solved question of maxima and minima, 
attracted immediate attention, and we find three of the most illus- 
trious mathematicians of the day, Leibnitz, James Bernouilli, and 
De I'Hopital, engaged in the attempt to solve it. The first of 
these appears to have succeeded in obtaining a solution within the 
allotted time.f This, however, he did not publish, being, as he 
states, desirous that other mathematicians should be encouraged 
to attempt the solution. He, therefore, merely transmitted it to 
John Bernouilli, receiving in return the solution which that ma- 
thematician had previously obtained, to be published at the 
proper time. Subsequently, Leibnitz, influenced by the same 

' Preyionsly to this, Neivtcn liad solved a, problem of a similar nature, namely, the 
detenniDatlon of the solid of laaat rcaistaiioe. But he did not publifii the method by 
whicli hia result had been obtained, and no impulse seems to have been ^ven by it to the 
reaearobes of other mathemaUdans. The history of the Calculns of Variations, thei'efore, 
properly begins with the problem of the brachyetochrone. 

t James Bernouilli states that he also had solved the problem wifhin the allotted 
period, but that, on learning tliat the proposer liad estended it, he I'eserved hie solution, 
with tie intention-of investigating and adding to it certain other problems of a similar 
nature. The fact that his Isoperimetrical Problem — a problem which is greatly in ad- 
vance of the bracliystochrono — was published along with his solution of the iatter, is of 
itself almost sufficient to prove the truth of this statement. 
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INTEODUCTION. 



motive, requested tliat tlie time originally prescribed by the au- 
thor might be extended, a request with which John Bernouilli com- 
plied, and agMn proposed the problem in a Programma published 
at Groningen in January, 1697. Three solutions of the problem 
appeared in the Acta Eruditorum for May, 1697, emanating res- 
pectively from the proposer, James Bernouilli, and the Marquis 
de I'Hopital. The solution given by the two Bemouillis (that of 
De I'Hopital being without demonstration) rest substantially upon 
the same principle, namely, that " wliatever maximum or mini- 
mum property is possessed by the entire curve must belong also 
to every element of it." But James Bernouilli is undoubtedly in 
advance of bis brother, both in adopting a more direct process, 
and in stating, in abstract terms, the new principle upon which 
that process is founded. This, besides subjecting the assumed 
principle to a more rigid scrutiny, brings us a step nearer to a 
general analytical method. 

In the problems which James Bernouilli proposes at the close 
of the same paper, he gives the genns of two other important 
branches of the new method. These problems are:— 1. Among 
all curves drawn from a given point to a given vertical line to 
determine the curve of quickest descent. 2. Of all curves of the 
same length described upon a given base, to determine a curve 
such that the area of a second curve, each of whose ordinates is a 
given function of the corresponding ordinate or arc of the first, 
may be a maximum. 

In the difference between the first of these and the original 
question of the brachystochrone, we recognise the germ of the 
general problem subsequently considered by Lagrange, namely, 
" If a given definite integral receive a maximum or minimum 
value, what are the conditions to be fulfilled at the limits of inte- 
gration ?" 

In the second, or isoperi metrical problem, we see the first step 
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INTKODUCJ'ION. XV 

to the general question oi relative maxima and minima, in whicK 
the maximum or minimum curve is to be determined, not from 
among all possible curves, but from among those only which pos- 
sess some given property. The unsuccessful attempts of John 
Bemouilli to solve the second case of thia latter problem showed 
at once the inaccuracy of the principle upon which the ori^nal 
question had been discussed. It had been there assumed that the 
curve might be considered as a rectilinear polygon, having an in- 
finite number of sides, and that whatever maximum or minimum 
property belongs to the entire curve belongs also to each consecu- 
tive fokr of these sides. By the application of this principle to 
the second case of the isoperimetrical problem, John Bemouilli 
obtained continually erroneous results ; nor does he appear to have 
been sensible of the cause of bis mistake until the publication of 
James Bernouilli's " Analysis magni Problematis Isoperimetrici," 
in which the original principle is modified by the supposition that 
three elements of the curve (considered as a polygon) vary simul- 
taneously. 

This valuable memoir appeared in the Acta Eruditorum for 
May, 1701. It contains two important steps in the progress of 
the method, namely: — 1. The modification of the original prin- 
ciple just alluded to, by which it was rendered (although not 
universally true) more general in its application than it had pre- 
viously been. 2. The method of taking into account the isoperi- 
metrical condition. Much was done afterwards by John Bemouilli 
in simplifying his bi^other's demonstration, as well as in establish- 
ing a more uniform system of equations for the solution of such 
problems.* But the actual limits of the power of the new method 

* The following principle, wliich was afterwards extensively used, is due to John 
Sernouilli : 

If an equatioo of tbe ftinn 
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XVI INTRODUCTION. 

do not appear to have been materially extended until the subject 
was taken up by Euler. 

It would be impossible, in a brief sketch like tlie present, to 
give an adeijuate idea of the labours of this illustrious mathema- 
tician, to whom the Calculus of Variations is perhaps even more 
indebted than to Lagrange. We must, therefore, content our- 
selves with a rapid view of tho principal additions made by him 
to the researches of the Bernouillis and some of their contempo- 
raries. 

Euler commences by a classification of the problems which he 
proposes to consider, founded on the number of properties (exclu- 
sive of the maximum or minimum property) which the sought 
curve is required to have. 

In the first class are to be reckoned those problems in which, 
as in the case of the braehystochrone, a curve is sought possessing 
a maximum or minimum property, but not restricted by the ne- 
cessity of possessing any other given property. In the second 
class, including the isoperimetiical problems of James Bernouilli, 
he places those problems in which a second condition, such as a 
given length, a given area, &c., is attached to the curve. In 
problems of the third class, two such conditions are supposed to be 
added. By the introduction of problems of this last class, Euler, 
in his first memoir, extended the limits of the method consider- 
ably beyond the position in which the Bernouillis had left them. 
He also greatly facilitated the solution of all the ordinary problems, 
by the construction of a table of formulte, which are of very 
extensive application. Lastly, we may discover in Euler's first 

5, the fupotioDS on each side being simi- 



Tliis principle, the truth of which is sflf- evident, was first used by Jolm BemoHilli, : 
eubaequentlj' by Euler and otbers, in tlic solution of prohkms of masima and minima 
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INTRODUCTION. XVU 

memoir the germ of that general method of solving problems of 
relative maxima and minima, which he himself afterwards com- 
pleted, and which is now in general use. 

Euler's second memoir w^ published in 1736. In this me- 
moir we can trace the rapid advance of the method to complete 
generality. The use of the table of formulEe, which had been it- 
self a vast improvement upon the previous methods, was now 
superseded by the discovery of a dngle equation, of so compre- 
hensive a nature, that no subsequent generalization of the science 
has removed it from the place it occupies, as the general solution 
of all cases in which the maximum or minimum property is ca- 
pable of being expressed by a formula such as 



' dx' ds"^' ' 



(^^^ 



die. 



The principle upon which all previous solutions had been 
founded, namely, that whit is true of the entire curve is also 
true of each of its elem n wa u ly x mined, and shown 

to be, in an important 1 f p bl ns n e. Thus the way 
was prepared for a mor n lull ftl ich was also done 
in faoilitating the proce pi y 1 n h f -mer memoir. 

Still greater advanc pi J '^ are made in the 

" Methodus inveniendi L n u a P p ate maximi mini- 
mive gaudentes." In h b d playing an amount of 

mathematical genius aim u n all d E 1 arranged, in a re- 
gular and systematic m h d ! f n 1 eries. The prob- 
lems which he propos I a d d d into two great 
classes, absolute and relu 1 f n f hich it is required 
to determine the maximum or minimum curve from among all 
curves whatever ; while in the second this curve is to be selected 
from those curves only which possess one or more given pro- 
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The principles of the method are stated in clear and logical 
order, and the conceptions of the student are aided by a great 
number of illustrations and examples. The defect, arising from 
the want of generality in the principle noticed in his previous 
memoir, is supplied, and equations of solution are given for the 
cases in which that principle fails. Finally, a general method of 
solution is given for problems of relaHve maxima and minima, 
which remains in use to the present day. 

To estimate the importance of the labours of Eulcr, it is only 
necessary to compare with the " Methodua Inveniendi" the last 
memoir of John Bernouilli, which marks the extent to which the 
method had been carried before the author of the former com- 
menced his investigations. From being little more than the 
solution of a particular problem, it had almost become a complete 
science. General methods had taken the place of the considera- 
tion of individual questions, the principles of the science had been 
clearly defined, and the whole had been arranged into a regular 
didactic treatise. Stili, however, much remained to be done. 
The method of maxima and minima, as it came from the hands 
of Enler, wanted that which is essential to every analytic method, 
namely, an analytic foundation. In deriving its principles from 
geometry, Euler established a connexion which was not natural, 
and whose inevitable tendency was to limit the extent to which 
those principles were capable of being carried. The method, too, 
by which he arrives at his conclusions, is tedious and difficult, and 
in the hands of a less accomplished mathematician would probably 
be rmsuccessful There was also wanting in the method of Euler 
a definite system of notation by which its distinctive character 
might be marked. The omission of the " definite equations," as 
they were termed by Lagrange, without which the problem 
would be in general indeterminate, is a serious defect in Euler's 
theory ; and, lastly, there seems to have been no attempt made to 
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INTRODTTCTION. XIX 

extend it to surfaces po^essed of a maximum or minimum pro- 
perty, or, in other words, to cases in which the pioporty in 
question is expressed by an integral of a degree higher than the 
first. 

These defects were removed by the genius of Lagrange. In 
separating the principles of the Calculus of Variations from the 
geometrical considerations from which his predecessors had de- 
rived tliem, he not only placed the science upon its true and legi- 
timate foundation, but opened a new and extensive field for its 
future applications. By the invention of a simple and definite 
notation he gave distinctness and permanence to the new method, 
securing it from being confounded with the other infinitesimal 
methods, to which it is in some degree similar. 

In the investigation of the definite equations, the general me- 
thod of maxima and minima, where the variables are not inde- 
pendent of one another, and, above all, in bia applications of its 
principles to Mechanics, Lagrange increased so largely both the 
completeness and the extent of the new science, that he is, for all 
the&e reasons, justly reputed the inventor of the Calculus of Va- 
riations. It is, however, the less necessary to enter minutely into 
the principles laid down by Lagrange, as it is the object of the 
following treatise to develope them. For although much has been 
done by Poisson, Jacobi, Ostrogradsky, Sarrus,* Delaunay, and 
others, to extend its methods and supply its deficiencies, the Cal- 
culus of Variations is now, in its essential principles, the same as 
when it came from the hands of Lagrange. 

In concluding this brief sketeh of the history of the Calculus 
of Variations, the author would refer any of bis readers, who are 



' I regret much Ihat, in coiisequejioe of the delay in the publication of M. Sarrus' 
Memtnr, -which was crowned by the Academy of Sciences in 1843, I have been unable to 
consult It previonely to the publication of Hm present Treatise. 
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XX INTKODUCTION. 

desirous of more extensive information on this part of the subject, 
to Woodhouse's Isoperi metrical Problems, in which the various 
improvements made by successive mathematicians are detailed 
with great clearness, and from wliich the preceding account has 
been in a great measure compiled. 
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CALCULUS OF VARIATIONS. 



CHAPTER I 



DEFINITIONS AND PHINCIPIES. 



1. One variable quantity is said to be a function of any number 
of others, when there existe between them a certain relation, ren- 
dering the value of the first dependent on the values of the others, 
which arc termed independent variables. The nature oi' the rela- 
tion subsisting between the first, or dependent variable, and the 
others, or independent variables, is termed the form of the function. 

This is ordinarily expressed by the notation m = ^ (a^i, 3:3, a^s ), 

where Xi, arg, &c., are the independent variables, u is the dependent 
variable, and ^ is a general symbol, denoting the form of the 
function. 

2. From thia definition it is evident that the v lu 1 d p n- 
dent variable or function depends upon two diffe t tl ng ; 

1. the values of the independent variables; 2. 1 f n f the 
function, or nature of the relation by which it ia n t d with 
them. A change in either of these will change tl 1 f tl e 
function. Thus, for example, let the function be M = sm.it!, and 
it is evident that the value of u may be changed, either by a 
change in the value of te, or by a change of the functional symbol 
sin. into any other, such as cos., tan., log., &c. Functions may, 
therefore, be divided into-^1. Determinate, or those whose form 
is not supposed to change ; 2. Indeterminate, or those whose form 
is variable. This division is analogous to that of ordinary quan- 
tities into constant and variable. The changes in value of which 
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2 DEFINITIONS AND PRISCrPLES. 

detorminate fuiictioiig are susceptible, ai-isiiigsolelyfrom a cliange 
in the value of gome one or more of the independent variables, 
have been already fully discussed in the Differential Calculus. 
But the changes in value of which indeterminate functions are 
susceptible, arising, as they do, from a different cause, require to 
be treated in a different way, the rules of the Differential Calculus 
not being (as will be seen hereafter) universally applicable to 
them. It is with such changes in value, those, namely, which 
arise from a change in form, that we shall be, in our present sub- 
ject, principally* concerned, inasmuch as these changes only are 
peculiar to the Calculus of Vaiiations. 

3. It is evident tliat the form of one function may be so con- 
nected with the form or forms of one or more others, that if the 
form or forms of the latter be determined, that of the fiist is de- 
termined also. Thus, for example, the form of the differential 
coefficient of any function depends on, and may be deduced from, 
the form of the function itself. This species of relation between 
functions may be denoted by giving the name of primitive func- 
tions to the latter, whose forms are independent, and that of 
derived function to the former, whose form depends on those of 
the primitives. We shall denote it analytically by the symbols 
JF^, F', &c. ; i. e. we shall use the symbol F. ^ to represent a 
function whose form depends on that of the function ^. Now if 
the form of one or more of tlie primitive functions be supposed to 
change, it is evident that the form of the derived function will 
undergo a corresponding change ; and if the relation between the 
forms of the primitive and derived functions be supposed inva- 
riable, the change in the form of the latter will not be arbitrary, 
but connected by a fixed relation with the change in the foi-m of 
the former. To deduce this relation, or, in other words, " to in- 
vestigate the change in a derived function, in consequence of a 
change in Hie form of Us primitive^' is the object of the Calculus of 
Variations, 

4. As it is essential no less to the problems of the Calculus of 
Variations, than to those of the Differential Calculus, that the 

ill be seen, many problema in the Calculus of 
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incieineuta assigned to the variable quantities should be susceptible 
of indefinite diminution, it becomes o, question of importance to 
determine a method of giving such an increment to a function by 
means of a change in its form. It is, moreover, essential that this 
increment should continue indefinitely small for all values of the 

independent variables. Hence if m = ^ (a^i, X2 ) be the given 

function in its original state, and if u = ip' («i, ata ) be the func- 
tion after having undergone the required change of form, and if 
i be a constant quantity of whatever degree of smallness w'-w is 
intended to have, it is evident that 

must be finite for all values of «i, ^3, &c,, which are consistent 
with the conditions of the problem. Assume 

^(n,K ....). *'(':'■'"■■ ■■)-*^'>.'^ - J 

and we have m' - w = i^ (iCi, /Sj . . . .), or u' = u + iip (^li ^s ■ ■ ■ ■}' 
wliere ^{witei.. . .) is a function subject to no otiier restriction 
tlian that of not becoming infinite for any values of ^i, ^, &c., 
which are consistent with the conditions of the problem. 

Hence it appears that the required method of assigning to a 
given primitive function an increment susceptible of indefinite 
diminution for all values of the variable, is to add to it another 
function (subject to tbe foregoing restriction), multiplied by a 
constant quantity, which is to be assumed of whatever order of 
magnitude the increment is required to have. Such an increment 
is properly termed a variation, which may, therefore, be defined 
to be " The indefinitely small change in value which a function re- 
ceives in consequence of a change in Us form." From this and the 
preceding number it immediately appears that the variation of a 
primitive fiinction is perfectly arbitrary, and that the variation of 
a derived function depends on that of its pnmitive. 

5. Let w = ^ (iK„ iC2 . . . .), an indeterminate function of any 
number of variables, and let v = F. «,* a function derived from m, 

• It must be carefully kept in mind tliat u is iiot a funttion of », as the symbol F de- 
nofes a i-ckiion between forms, not betveen maffnitudes. 
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i.e. afunction wJiose fonn dependson the form of M. Let it be 
required to find tlic variation of v, i. e. tlie change which v under- 
goes in consequeuce of an indefinitely small change in the form 
ofM. 

Substitute, according to the method in (4), for 

{x\, ,% . . . .), (iCi, fB3 . . . .) + ii^ (aji, iBa . ■ ■ ■)' 
and let the operation denoted by .f'bo performed on the function 
so changed, snfficiently far to obtain the coefficient of the first 
power of i. If this coefficient be denoted by w, iw will be the 
required variation. This appears by precisely the same reasoning 
as that employed in the Differential Calculus in the investigation 
of a differential. 

This is the most general problem of the Calculus of Variations. 
But as, in the present state of mathematical science, we are con- 
cerned with but two species of derived functions, sc, those which 
are deiived by the process of differentiation, denoted by the sym- 
bol d, and those which are derived by the process of integration, 
denoted by the symbol |, the investigation of so general a problem 
is quite unnecessary. We shall, therefore, proceed to consider 
a particular case, which is, however, sufficiently general for all 
purposes to which the Calculus of Variations has been hitherto 
applied. 

Let the symbol of derivation, F, be distnliiiive, i. e. such as to 
satisfy the equation 

where ^ and ^| are fanetions of any number of variables ; and let 
it be required to find the variation o? v = F.iji. Substitute, ac- 
cording to the method given above, in F.ip, ^ + i\p for 0, Now 
since, by the equation of condition, 

it is evident that the total increment of i<'.^ is F.i^. But F.i\p = 
iF.<p (vid. Note A). Hence, according to the principle above 
stated, the variation oi' F.p is iF.rp, or F.itp. It is easily seen 
that the equation of condition, 
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is Batiefied by the two modes of derivation represented by the 
symbols d and J. 

6. Hitherto we have only considered that species of increment 
which is peculiar to the Calculus of Variations, viz., that which a 
function receives in consequence of a change in its form. But as 
the problems with which we are concerned in this science fre- 
quently involve the consideration of the increments which a func- 
tion receives in consequence of change in one or more of its 
independent variables, the following principle is necessary to the 
determiualjon of the complete change on the function. 

If^froni the <yperotion of any cause whateoer, a quantity receive 
an increment "which is indefinitely small, in comparison with the 
quantity itself ; and if, from the operation of another cause, ihe same 
quan^y receive anotlier smcA increment, and so on for any nvmher 
of causes, ike increment which it would receive from the combined 
action of all these causes is the sum <^ the increments which each pro- 



The truth of this principle appears at once from the supposition 
that the increment is indefinitely small when compared with the 
quantity increased. 

It is, in fact, perfectly analogous to the principle of the super- 
position of small motions in Mechanics, and may be proved in a 
similar manner. 

As the increments with which the Calculus of Variations is 
concerned are of two essentially difierent species, it may be well, 
before proceeding fmrther, to establish a distinct notation to ex- 
press them. This is the more necessary, as many writers on the 
Calculus of Variations have been led into considerable difficulties 
by an unsteady use of the symbol 8, a symbol which they employ 
sometimes to express the increment which a function receives in 
consequence of a change of form only, and sometimes to express 
the increment which it receives from, the variation, not only of its 
form, but also of ite independent variables. 

We shall, then, use the symbol 8 to denote that species of in- 
crement which is peculiai' to the Calculus of. Variations, that, 
namely, which a function receives in consequence of a change in 
its form only. We shall, as in the Diiferential Calculus, denote 
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by the symbol d that increment which a function receives in 
consequence of a change in the magnitude of its independent 
variables. 

Finally, we shall use the symbol D to expre^ the total in- 
crement of which any function is susceptible, arising from the 
variation of every quantity connected with it which can be va- 
ried. Hence, jfwbe a determinate function of variable quan- 
tities, 

Du=du; 

if u be an indeterminate function of constant quantities, 

Du = 8u; 
and if M be an indeterminate function of variable quantities, 

Du = Sm + du. 
As an independent variable is capable of but one species of incre- 
ment, it is immaterial what symbol be employed to express it. 
We shall, however, in general, denote the increment of an inde- 
pendent variable by the symbol d; and whenever it may be ne- 
cessary to vary this notation, we shall be careful to state it 
distinctly, so as to preclude the possibility of any mistake as to 
the meaning of the symbol employed. 

7. We shall now proceed to apply the principles which have 
been established, to the investigation of the variations of the seve- 
ral species of quantities with which we are concerned in this 
science. 

(1.) Let 

M=/(^l,.'C2, d:„), 

a deteiToinate function of any number of independent variables, 
and let it be required to find ite complete increment. Here the 
form of the function not being supposed to vary, 





D. 


i-du. 


du 
dmi 


du 


dxz + &c. 


du 


.dw„ 


(3-) 


Lot 






M=0(«l,«3 


....^■„), 






limit 


ivG i 


ndeterminatc function. 


, In tliis case 












Du = Sm 


i-du. 
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But 

du- ^^ .dx, + &c. + — — . ite,,, 

and 

^u-iip{a!i,s;^, ... ,3t„) ; 
hence 

r. du du , p du , ., , 

-£« = -j— ■ a^l -r -;- . diB2 + &C. + -T— . d.V« i- ili ( 

(3.) Let 

and it is evident that 

du , du , , du 



where Sw is to be determined according to the method in Art. 5 . 
(4.) Let 

u = F.<ji (^ij iB,2 a:,i), 

a derived function, in wliich the sym"bol P satisfies the equation 
and since (Art. 5), 



(5.) Let 






F = f{xi, tV'i, . . . .ui,u^ — ), 
a determinate function of the quantities within the brackets, of 
which «i, ^ . . . . are independent variables, and m, wg inde- 
terminate fiinctions of any or all of these variables; and let it be 
required to find the complete increment of V, i. e. D. V. 

Here it is evident that V may vary either in consequence of 
a change in one or more of the independent variables, Xj, ««>■■■■ 
or in consequence of a change in the form of one or more of the 

functions m,, M3 

If, for example, ,^1 vary, while everything else remains con- 
stant, the corresponding change in Vwill be 
/dV dV du, dV du^ 
\dxi ' dui dxi du^ dxi 
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aimilarly, for x^, 

\dai2 dui ' dx2 dua ' dxs J 

and so on for the other indepcudent variables. 

Now, let the form of the function wi vary, while everything 
else remains constant, and, since F^is afiinction of W|, the corres- 
ponding change in V will be 

dF . 
dui 
the truth of this theorem depending solely on the fact that 1^ is a 
function of mj, and being altogether independent of the species of 
increment assigned to mi. Similar terms being introduced by the 
functions mj, wgi ■ ■ - ■! the complete increment will be 
^.^ fdV dV dui dV d^ . \ , 
\daii dui dxi du2 dxi ) 



dV . dV . , 
+ ^- . ewi + -;— . 6M3 + &c. 
du\ dui 

The expression for the variation, properly so called, will evidently 

be 

,„ dv^ rfr. ^ 

SV = -— eui + -r- cuo + &c. 
auj du-i 

(6.) Finally, lot it be required to find the complete variation 
of Z7= F. V, where 

V=f(Xi, jca Ml, Ma ), 

and ^fis a symbol of derivation, which satisfies the condition 
F.^ + F.ipi = -F. C^ + ^O- 
We shall proceed, as before, to determine separately the va^ 
riations arising from changes in the several variable elements 
which i7 contains. Let ^ vary, while all the other elements, 
viz., the independent variables, x^, 0:3 . .., and the forms of the se- 
veral functions, wi, wg . . ., remain constant, and let it be required 
to find the corresponding change in U. Now, since Kis a deter- 
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minate function of xi, xa. . . ui, «s . . . ., it is evident that, as long 
as the forms of the functions )(„ wg . . . temain unchanged, Fwill 
he a determinate function of the independent variables aij, arg . . . ; 
and since the symbol of derivation i*'is determinate, ZZwill also 
be a determinate function of ici, icg ,. . . Hence, if a;i vary while 
everything else remains constant, the corresponding change in U 
will he 

dV _, 

~d 

dXi 

gard to !Bi. Similar terms will, of course, be introduced by the 
variation of x^, x^ . . . . It remains then to find the variation, pro- 
perly so called, se., that part of the complete increment which 
depends upon the change in the form of any of the functions 

«1, M2 

Now it might be at first sight supposed that the variation 
arising from a change of any kind in iii should be, as before, 
dU . 

-r- . Sih- 

dui 

But it must be remembered that the truth of this theorem of the 

Differential Calculus depends entirely upon the suppceition that 

17 is a funation of Wj, i. e. a quantity whose magnitude depends 

upon the magnitude ofwi. But ZJisnot a function of wi, inasmuch 

as the relation between them is a relation oi form, not oimagni- 

tilde; and it is therefore no longer true that the increment of U is 

dU _ 
-— . giii. 
dui 

But although i/is not a function of M|, it is a function derived 
from Ui, for it is evident that the form of U depends upon the form 
of V, which itself depends upon the form of wi- Since, then, 
U=F.V, we have {Art. 5) 8U = F.^F; and since, from the pre- 
ceding paragraph, 

„,^ dF . dV ^ „ 
dui au2 

it is evident that the part of gf which results fi'om a change in 
the form of Mi is 



y Google 



10 DEFINITIONS AKB 



Henoe the complete expression is 

rr 'iU J 
'U=-r- .disi 

fdV,__ , dV 



^^, dU , dU 
DU=-r- .dici + -r- .■ 
ax I ax2 



'■d^' 



V &c. 



We have in this proposition an instance of the caution requisite in 
applying the principles of the Differential Calculus to any cases in 
which the variation which we consider arises from a change in the 
form of the function. 

8. Having thus stated the general principles of the Calculus 
of Variations, we shall next proceed to consider the several cases 
to which, in the actual state of mathematical and physical science, 
they may be applied; those cases, namely, in which the functions 
are derived from one another by the processes of differentiation 
and integration. 
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CHAPTER II. 

FUNCTtOSa OF ONE INDEPENBENl 

Prop. I. 
9. To find the complete variation of the differential coefficient 



-j^, y being a function of the single independent variable ai. 

It is evident that there are but two modes in which siich a 
differential coefficient can be varied, so., cither by a change in the 
independent variable, or by a change in the form of the function. 
The complete variation will, therefore, according to the principle 
stated in Art. 6, Chap. I., be found by taking the sum of the in- 
crements produced by the separate action of these causes. Now 
if the independent variable x receive the increment dx, the form 
of the function y remaining unchanged, it is plain that the corres- 
ponding increment of -7-^ will be ~r-^ ■ ^^- Hence, according to 

the notation established in Art. 6, we shall have for the complete 
variation, 

ax" dxf'*' ax" 

But since the symbol of derivation, -j- , satisfies the equation 



it is evident that 



' dx^ dx" ' 



finally, 

d"y ^d'"^y (f.Sy 
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12 rUNCTIONS OF ONE IKDEPENDEST VARIABLE. 

It is necessary to notice here a restriction upon tlie quantity 
Sj/. It will be remembered that in the preceding chapter, where 
we found Sm = tip {xi, w^ . . . .), it was noticed, as a necessary re- 
striction upon the function i^, that it should not become infinite 
for any values of the independent variables consistent with the 
conditions of the question. This is auiEcient as long as we are 
concerned only with the function itself; but when the question 
involves the consideration of functions derived from the original, 
it is necessary that the functions similarly derived from \p should 
also be finite for all admissible values of the independent variables. 
In other words, when it is stated in Art. 7, No. (4), that 

B F ^ F i>p iF ^ 

it is, of course, su[ j oaed that F \p loes not become infinite for 
any valvies of a^i, r &c wluch are cons stoit w th the conditions 
of the question. In the p coent c st where tlic e is but one inde- 
pendent variable 



Tt is, therefore, neceasji} to assu ne the tuncti sn \p of such a form 

as to render ■■ , ■ finite foi ill idmiss bl ^ ill es of a.'. This re- 

mark will be found of great importance m the application of the 
Calculus of Variations to the theory of maxima and minima. 

Prop. IL 
10. To find the complete variation of 



=/(.. 






a determinate function of x, y, and its first n differential co- 
efficients. 

This is evidently a case of the general question discussed in 
Art. 7, No (5), of the preceding chapter, and its solution may be 
derived from the formula there given, by reducing the number of 

independent variables to one, and putting Ui = y, mo = ~^, &c. If 
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these substitutions be made, and if, for the sake of brevity, we 
assume 

dx' dy ^di ^ fy ^ rf^' 

' dx ' dx^ ' dx" 

we shall have 

Z-. F.fjf+JvJ+iP.g + &. + /.. ^)<;. 

\ dx aar daf*'- J 

^ dx ■ dx-' daf 

or, if we substitute for 

their values derived from the preceding proposition, 

D.V.(M*s''J!-^P,pi^&c.tP.pt)d, 
\ dx dx^ d^^^j 

^ dx dx^ daf" 

The variation Zy being, as before, expressed by iipx, it appears 
from the concluding remark of the preceding proposition, that it 
is necessary to assume the function ^ of such a form, that neither 
itself, nor any of its first n differential coefficients, become infinite 
for any value of x consistent vrith the conditions of the question. 

pbop. in, 

11. To find the complete variation of 

U^[^'Vdx, v^here V=f(x,y,%....p\ 

The value of a definite integral may be varied in one of three 
Vioys: ee. 1. By a change in the superior limit iCi. 2. By a change 
in the inferior limit Xq. 3. By a change in the form of the func- 
tion to be integrated.* The complete variation will be, as before, 

* It is usual, in invesUgalJng the varlBtiou of a deiiiiiCe int«gi'al, 1o assign ho incre- 
ment to the mdependent variaUe. But as this i^usnljty docs not enter into the final result, 
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the sum of tlie partial variations so obtained. Let the value of V 
at the superior limit be denoted by Vy, and let that limit be in- 
creased by dxi, the form of the function F remaining unchanged. 
The corresponding increment of U is V\dxi. Similarly, if the 
inferior limit jko receive the increment dxo, the corresponding in- 
crement of ?7win be - VodxQ. Hence 

D.U^ Fidxi- Vodxo + sf'Vdx. 



therefore, to find S . Vdas, i. e., the change in the 

value of the definite integral produced by a change in the form of 
the function V. Now, since the operation denoted by the symbol 

1 ( ) . rfiT satisfies the equation 
we have (Art. 5, Cliap. I.) 

As ^ is a determinate function of df, y, -~, -r4, &c., its form, 
^ dx dx^ 

considered as a function of the independent variable x, can be 
changed only by a change in the form of the function i/. The 
value of S F will, therefore, be, as found in the preceding propo- 
sition, 

and, therefore, 

Uo JiD \ dx daP dafj 

This may be reduced by the method of integration by parts, as 
follows ; 

which dejienils entirely upon the vahies of the limifa and the foi™ of the function to be 
intograted, it may naturally I>e expected that the compIel« vaiiatjon will coutaiu no 
term dependitig upon the increment of Uia independent variable, sa iJistingnished from 
the increments of its limiting values. Accordingly, if an increment be as^ned b) Uic 
independent varilJjle, it will be fomid that tiie coeflicieiit of that increment, under the 
sign of integnitioD, ivi)1 vanish of itself. 
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where (PiSy)i, (PiSi/)o denote the values of Pi S«/ at the superii 
and inferior limits respectiYcly. Similarly, 

jsa uX'' \ ax /i \ ax Jq }x(, ax ate 
or, if we integrate the last term again, 

\ dx dx ^Ji \ dx dx "Jo Ji-„ dx^ " 
Similarly, if we integrate n times successively the term 

we shall find 

^<-^> ■), *^-*- 
Collecting the coefficients of the several quantities, 

8,,(f),.o., 
we find 

jp.Ap,,.,) m (p,_^.)jm 

\ dx )i \dxJ\ ■ ' \dx Jo 

+ &C. 

Jp.t^\ ^Ip,^) 

pf,, dP, d'l\ , , ,.„d'P,\. , 
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and, therefore, 



<i^ 



dPi , if P. ^^ , , ^ d'P. 

dx dx^ ' dx" . 



• .dx. 



12. This expression, as will be seen, consists of three parts, 
essentially distinct, viz. : 1. The terms 

Vidxi - Viidxii, 
which are independent of the change in the form of the function, 
and depend solely upon the variation of the limits. 2. The t«rms 

(Pi-&c.)i§yi-&c., 
which depend on the change in the form of the function, not for 
every value of iC, but for the limiting values only of that vai'iable. 
3. The terms under the sign of integration, m., 



t(- 



^-S **«•)*■*■ 



depending on the general change in the form of the function. 
The nature of this difference will appear most clearly, if we re- 
collect that Si/ = vpx. For it appears immediately— 1. That the 
value of the first class of terms is wholly iAdependent of the form 
of the function Tp. 2. That for the determination of the value of 
the t«rms of the second class it is not necessary to determine the 
form, ol' the function i^, but only the values which that function 
and its first « — 1 differentia! coefScients have at the limits. 
3. That the value of the term 
dP, 



N-~ + &c\%y.dx 



depends on the form of the function i^, and cannot be determined 
as long as that form remains arbitrary. 
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13. If ^contain explicitly the limiting values of any number of 
the quantities m, y, -j-, &c., i. e. if 

find the complete variation of Vdx. 

5a:„ 

As y\, xi, and yo. ^a, are connected by the same general relation 

a3 y, X, it is plain that the integral I Vdx can be varied only by 

one of the three methods given in the foregoing proposition. 
Kow if xi receive the increment dx\, the form of the function y 
remaining unchanged, the corresponding increase on the integral 
will be 

•j }xi,\a^i at/i \dxJi (dy\ \dx/Ji J y dx\. 

[ '^■\tx)x J 

Similarly, if a^n receive the increment rf.t'o, the corresponding 

change in Vdx will be 



1- 









.dxo dyii'\dic]u , (dy^ '^dir^jn '} \ dxij. 



Now let the form of the function change, while everything else 
remains the same, and it is evident that the change in Vdx will 
be 

+ &c. 
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llV dV 

= -7— VI =-1— 1T| = 



.<(.»■ A 

dF dV dV 

Integrating by parte, as before, and adding the three expressions 
just given, we find the complete variation. 

+ &C. 

}x„\ dx d^ ) " 



14. To. find the complete variation of 

J/.("F&,wl,e„ V.fUy,''i...p-, ^.■'^...pX 

Jio ■' \ ^ da; dx" dx da^} 

y and z being indeterminate fimctions oi x. 

The value of this integral may be changed either — 1. by a 
change in a^i; 2. by a change in wa; 3. by a change in the form 
of the function y; or, 4. by a change in the form of the function 
£. The complete variation will, therefore, be found by taking the 
sum of the partial variations arising irom each of these causes. 
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r VARIABLE. 


t, as before, 






-£^ -f^ 


dx 




-=^ -- 


-i^,....F. 





and it will appear, by the application of similar piinciplcs to 
those employed in Prop. III., that 

+ &C. 

+ ( p f3L\ _( p ^^] 
V " dx'^-^ )i \ " dx"-''- Jo 

m/-,^ dPi d^I\ ,, - ,,„ 



daf ) 
dP'2 



\ ' dee */i ~' V ' dx ' ""■y^i'^*" 

+ &C. 

I'll „, dP'i d'P, . , ,^ <i-p;.\„ 

Similarly, if V contained any number of indeterminato func- 
tions, each of these functions would introduce into the expression 
foj- S/7 or DU s. series of terras depending on the variation of 
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that function, and precisely similar to those found in Prop. III. 
These expressions are equally true, whether it be supposed that 
the functions y, s, &c., are really independent, or that these func- 
tions are connected by any equation or equations. 

Prop. VI. 
15, To find the variation of 

J.TO ■^ \ '^ dx dx" dx a«'V 

the functions y and z being connected by the equation (differen- 
tial or other) X = 0. 

The expression arrived at in Prop. V. is, as appears from the 
concluding remark, applicable to the present case, the ti-uth of the 
principle on which it was obtained being unconnected with the 
dependence or independence of the quantities S^, Ss. But as it 
is essential, in the application of the Calculus of Variations, that 
these quantities should be considered as being really independent 
of each other, the expression of Prop, V. requires certain modifi- 
cations before it can be made use of. Now, if the equation L-Q 
can be solved for either of the functions y or z, so as to give a 
result of the form z=f{x,ri,-j-,S[a\ it is evident that the values 
of the several quantities, 

dz d^s d^'z 

dm dx^ ' ' ' ' dx"'' 
may bo obtained hy simple differentiation ; and if the values so 
found be substituted in F, that quantity will become simply afunc- 
iiono£s!,y, audits differential coefficients. In this case, then, 
the variation of ^is found as in Prop. III. But as the equation 
2/ = is, in general, a differential equation, not susceptible of inte- 
gration, this method can rarely be applied, and it is, therefore, 
necessary to seek some other mode of removing the difficulty. 
This has been furnished by the illustrious Lagrange, the principle 
of whose method we shall partly state here, reserving a fuller ex- 
planation of it till we come to the application of the Calculus of 
Variations to the theory of maxima and minima. At present it 
will be sufficient to show that this method may be made to furnish 
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an expression for S . j Vdx, in wliich but one of the variations, Si/ 
or 82, enters nnder the sign of integration. 
16. Assume 

dL ,, dL dL , 

. dL „, dL 

Now, since the equation 

i = 

must, according to the hypotliesis, be satisfied by all forms oi' tJie 
functions p and z, wMdi are admissible in the question under con- 
aderation, it is plain tliat we must have SL = 0, or 

if this equation can be integrated so as to furnish a value for either 
of the quantities Sy or Sz in terms of the other, — if, for example, 

§2 can be found in terms of Sy, — the quantities -j- , —r;^, &c., may 

be deduced by simple differentiation in terms of Sy, -5—, &c. 

and if these values be substituted in the expression for g?7 found 
in Prop, v., that expression will be found to contain but one ar- 
bitrary variation, Sy, and its differential coefficients, — — , -rj-, 

In this case the expression for 8 U would have received the neces- 
saiy modification, and the solution of the problem would be so far 
complete. But as it is rarely possible to integrate equation (A); 
this method is generally inapplicable. 
The value of 8 f being 

+ &>., 
it is evident that, without altering the truth of this expression, we 
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(A) 

may add to it the left hand member of equation^ultiplicd by an 
indeterminate quantity A. The expression for SFwill then be- 

g V= (N+ U)S^ + (P.+ A^) -^ + &c. 

+ (iV'+Xa')g. + (P. + A/3')~ 

and hence it is easy to sec that the expression for SE/^will become 



]n \ '^ dx 



Now if it be required to find an expression for ^U, in which 
but one of the indeterminate variations, Sj/ or Ss, shall appear un- 
der the sign of integration, this may be eifected by means of the 
indeterminate quantity A. For if that quantity be assumed such 
as to satisfy the equation 
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da; 
the expression will be independent of the variation Ss ; and if it 
be assumed such as to satisfy the equation 



mxay-i^^,^..o. 



it will be independent of Sy- 

We shall now proceed to give some examples of the applica- 
tion of this method. 

Peop. VH. 
17. To find the complete variation of 

U.("Vdi, where l'-/("=,S.^ ^. f»<'A 



■"V '"' <b!""'il!e'J' 



Assume, as before, 






dx dy 


d.f 

dx 


dv 
sumo also, 


dv 


dv 


«. 


. ftidn, 


and N-.^. 

dz 



The equation 

i = 
becomes, in this case, 

ax 
hence 

a = v, /3 = iri, 7 = 5r3,&c. a' = 0, /3' = -l, y = 0, &c. 

Making these substitutions in the general expression given in 
Prop. VI., wc find 
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-(x,&,-x.&.).£(iv^4^)&. 

It is evident that, as P\ = 0, P'a = 0, &c., no terms will occur 
containing I -=- 1 , ( -j- ) . ^- It is evident also that the com- 
plete variation, DU, is found by adding Vidxi - Vodxa to the 
expression given above. 

To reduce this expression to one in which but one of the ar- 
bitrary variations, hy, shall remain under the sign of integration, 
let X be assumed such, as to satisfy the equation 

This will give 

X = -jN'dx = i (suppose). 

Substituting this value, and adding the terms Vidxi - Vndx^, we 
have ultimately 

+ &C. 

{'•/„ . <i(P,+i>ri) d'{P, + iw,) , X, , 
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Similarly if Fwere a function of 

/e, y, -^, &c. fvd3p, 
the equation 
would become 

It is easy to see, then, that the coefficient of 8e, under the sign of 
integration, is 

N + -7--. 

The expression will, therefore, be reduced to the same form as 
before, if we assume 

The quantities P'l, P'g, &c. being, as before, each = 0, the pie- 
ceding formula will become, by the subatitution of ij, for i, 

DU = V,dx, - VodiOo + (Pi + VTi - *^^^^J^^^'^ + &c.) Sy, 

^(^."-'.-^^^''+*»> 

.KP=H-~*c.,.(f).-(A.i„-.c.).(f). 
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2h ftisctions of osb independent variable, 

Prop. VIII. 
18. To find the variation of a function of 

.»,y,?. &o., 

' ^' dm ' 

whose form is given "by a differential equation of the first order. 
Let 

•' \'^' dx' dx^ r 

the form ofthe function /being such as to satisfy the equation 

The equation 

i = 

being supposed to hold for all forms of the function y, it is clear 
that we must have 



whicl 


1, if we put as before, 




dL dL 
dv 


and 


dL dL 
^-dV ^ , dV 



jr, assuming, for the sake of brevity, 



-,dSU 



dx 
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Multiply this equation by an indeterminate factor X, and integrate 
ty parts. This will give 

As wc may always suppose tKc equation i = to have been 

solved for -r-, it is evident that we may suppose i*" = 1 ; and as 

the factor A is indeteiininatc, it may be assumed such as to satisfy 
the equation 

N-X-f.O, 

ax 

giving 

X = e^w'ifa^. 

This reduces the equation to 
or, finally, 

We have thus SZ7 expressed in terms of Sy, -~, &«., combined 
with 9!, y, -f-, &c., U. But the form in which this variation is 

here found renders it comparatively useless, and although we may 
derive from this expression the value of 

S.|Rfo, 
it will be always better to investigate this directly by the method 
of Prop. VI. 



ON SUCCESSIVE VARIATION. 

19. Hitherto we have made no particular hypothesis as to the 
invariability} of the form of the function \p or 8y. And the con- 
clusions at which we have arrived wordd hold equally whether 
we suppose that function to be of a constant or of a variable 
form. 
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Thus, for example, if the symhol of derivation, F, satisfy the 
condition 

F.^ + F.^i = F.{^ + ^{), 

it is equally true that 

ZF.^ = F.^ = FA4,, 

whether it be supposed that the form of the function ^ does or 
does not change. 

But this circumstance is no longer indifferent when we come 
to consider the second variation, i. e. the variation of the variation. 
Thus, in Ihe example just ^ven, we should have, in general, 

^F.^ = F.^^ = F.il-<p. 
If, therefore, the form of the function i^ were invariable, this 
would become 

g^i?. = i^. = 0.* 
This we shall, in general, suppose to be the case, and shall, there- 
fore, define a primitive function to be one whose variation is of 
arbitrary, \ixA invariable form. In other words, if m be a primitive 
indeterminate function of any number of variables, we shall sup- 
pose that the variation 8m is such as to satisfy the equation 
S^M = 0. 
This completes the analogy between a primitive function and 
an independent variable. 

Prop. IX. 

20. To find the second variation of the differential coeificient 

tM 
duf' 

We have seen already (Prop. I.) tliat 
g d^^rf"gg 
' (/«* daf ' 

' It 1b evident, from the general equation of condiHon, Uiat F.O - 0. For 
/".)> = J', (0 4- O) = P.0 + f .0. 
Hence 

F.O = F,f~ F.ip = 0. 
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Hence it ia plain that 



But since J/ is a 


, primitive 


fimction, 
8>y-0, 


and, therefore. 




•s^-- 


Hence 




s. ??.n 



Prop. X. 

21. To find the second vanation o£ F, where 



F./f«,,,*...^'l 



We havG seen (Prop. II.) that 



^ , dy' dx ' , d"if ds^ ' 



^ dx ' 



afs,).«...^ 



' dij 

dV <PF^ iPV dSv „ d^F d-'Sy 

''^ ''^ dydS '^^ dvrf.-^ '^ 
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Similarly 

'75' 

ax 



, *' 



*-l ("-D 






Hence we find ultimately, 

Prop. XI. 
22. To find the second variation of 

I^.,wr./(.,„J....g). 

It has been already shown (Prop. III.) that 
l\Vdx = \lVdm; 
and for the same reason it is evident that 
P\Vdx = \l^Vdx. 
Substituting for WV its value as found in the foregoing proposi- 
tion, vre have 

■^[Ydx 

It is easy to see that a similar method will give third, fourth, &*. 
variations ; but it is unnecessary, for any practical purpose, to 
pursue this discussion any further. 
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MAXIMA AND MINIMA OF INDETERMmATE 

INDEPENDEKT VARIABLE. 

23. A maximum value of a function is one which exceeds aay 
other value of that function livliich can be produced by an indefi- 
nitely email change in any of its varying elements.* Similarly, a 
minimum value ia one which is less than any value which can be 
so produced. 

In the mode of variation peculiar to the science with which 
we are at present concerned, a maximum or minimum may be de- 
fined to be a value of a derived function which exceeds or falls 
short of all other values which can be produced by an indefinitely 
small change in the form of its primitive. 

The problem of maxima and minima, solved by the Differen- 
tial Calculus, is, as is well known, as follows : 

Let X be an independent variable, and u{=f(x)] a function 
of that variable ; find what valite of x will render u a maximum or 
minimum. 

The corresponding problem which the Calculus of Variations 
proposes to solve is this : 

Let ^ be a primitive indeter-niinate function, and let u (= F-i^,) 
be a function derived therefrom; find what /oj-m of will render 
u a maximum or minimum.f 

The general method of solution is as follows :. — Substitute in 
the derived function u oi F.ip, <jt + iip for -p. Let F. (<p + ^i^) be 



tiona can hays. 

I I am nwBiB that this problem (and indeed the SQience generally) is commonly de- 
Uned 'with spedal tefarance to the case of deflnile intsgcals. But in staling tlie piinciplea 
of a scienee it seema proper to giv^ tliem all the generality of whicli they are snsceptibje, 
even though it be impos^bla, in the present state of mathematical knowledge, to give 
equally general applications of them. 
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expanded in powersiof i, and it will appear by reasoning precisely 
the same as that employed in the Differential Calculus, tliat, if (p 
be a function of sucli a form as to render F.ij> a. maximum or 
minimum, the coefficient of i in the expansion mnst vanish, and 
that of i^ preserve the same sign (negative for a maximum, and 
positive for a minimum) for all forms of the function i^ which the 
conditions of the question admit of. In other words, if the form 
only of ^ be varied, we must have 8m = ; and if both form and 
independent variables be varied, we must have Du = 0. 

We shall proceed to apply this theory to the case of fiinctions 
derived by the processes of differentiation and integration. 

Prop. I. 

24. Let y be an indeterminate function of the single indepen- 
dent variable x, and let it be required to find what form of the 
function y will render 






a maximum or minimum. 
Assume 



"-/{>:, 



' dx 
then (Chap. II. Prop. 11.) 



Now, if the form of the function y be such as to render u a maxi- 



8m = 0, 

,V8;, + P.^ + p/^ + &c. = 0. 
" ax da? 

This equation it is manifestly impossible, in general, to satisfy, 



y Google 



OF ONE INDEPENDEKT VARIABLE. 



33 



without destroying the independence of the fonn of the function 
i/- or Sj, for unless the quantities iV, Pi, Pg, &o., be separately 
zero, the equation 



dx 



dx^ 



will establish a relation between the form of the function Zy or i/i, 
and the form of the function y or ^. Such a relation would, of 
course, render the entire proceeding nugatory. Nor is it in gene- 
ral possible to satisfy the equations 

iV=0, Pi = 0, &c., 

inasmuch as each of these equations establishes a general relation 
between y and x, or, in other words, determines the form of the 
function y. Unless then it should so happen, that the forms of 
the function y, as determined by all these equations, should agree, 
it is plain that the equations 

iV=0, Pi = 0, &0., 

cannot be satisfied; and as this will not happen generally, it is 
evident that the problem does not ordinarily admit of being 
solved. 

If the function u contain but one of the quantities 

^ dx da^' 

or if, by the conditions of the question, the values of all but one of 
these quantities be fixed for each value of ^, the equation 

My + P, ^ + &c. = 

will be reduced to a single term, and may therefore be satisfied. 
Thus, for example. Jet 



M =/ [x> y. 



dx)' 



and let it be required to determine, among the forms of the func- 
tion y which render that function of a given value for a given 
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value of le, that form which renders u a anaximum or 
In this case the equation 

is reduced to Pi = 0, and may therefore be satisfied. 

This will, perhaps, be most easily understood when sta 
geometrically. In that form the problem is as follows : 

To determine a curve such that at every point the functio 



/(--I) 



may be a maximum or minimum, it being understood that the 
curve 30 found is, at each of its points, to be compared only with 
curves which pass through that point. 

25. As an example of this case, let it be required to find a 
curve such that if at any point jr(Fig. 1) a tangent be drawn, 
and produced to cut two given ordinates, CM, CM', the product 
CM. CM', may be a maximum or minimum. 

Let be the origin, and assume 

a=OM, a'=OM: 
We have, then, 

Ci/'.,.|(„--.), 
and, therefore, 

Hence 

.{(,.|(.-.))(.^.).(,.|(.-.))(.-.)|f. 

Now if it be one of the conditions of the problem that the curve 
is at each of its points to be compared only with curves passing 
through that point, it is evident that we must have 
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which reduces the eijuatioii 

g7=0 
to 

or, by reduction. 

Integrating this, we find 

f = ±^(a-x){a'-x), (A) 

e^ being an arbitrary constant. The curve is therefore an hyper- 
bola or an ellipse, according as we use the upper or lower sign. 



Let us next consider the second variation, t 
We have already seen (Art, 21) that, in general, 

where 






and Sy disappears by the conditions of the <juestion, 

Substituting for 2(a-x) («' - a:) its value, given by equation (A), 
we have 

~ er \dxJ 
The maximum value, corresponding to the negative sign, belongs 
therefore to the ellipse; and the minimum, corresponding to the 
positive sign, to the hyperbola. It is plain also that in the former 
case the curve lies wholly within the lines CM, CM', and in the 
latter wholly without them. 
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U^^Fd^, where V=fL. 



dy d^t/\ 



and let it be required to determine the form of the function y, and 
the values of the limits «o and xi, which will render Ur maximum 



In this case we have (Chap. 11. Prop. III.) 
DU^Vidxi'Vodxo 
dP, 






n„ dPi <FP, 



•-^)Sy.^-0. 



In seeking to determine tlic method of satisfying this equation, 
it is, in the first place, to be observed, that we may have to deal 
with one of two different cases: — 1, The variation Si/, or the form 
of the function ip, may be wholly unrestricted (except by the con- 
siderations in Prop. II. of the preceding chapter). 2, The prob- 
lem may be such as to render it necessary to assume only those 
forms of the function i/i which satisfy a certain condition or con- 
ditions. 

In the first case we seek to determine, among all possible func- 
tions, that one which will render U a maximum or minimum. 
In the second case, we seek to determine the required function, 
not from among all possible functions, but fi-om a certain class,* 
sc. from among those which satisfy certain conditions. Maxima 
and minima belonging to the first class are termed absolute, while 
those belonging to the second class are denominated relative- 
Problena involving maxima and minima of the latter species are 

* This class may, of conrse, contain ru infinite number of functions, 
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also fi^quently called (from a remarkable class among them) 



We shall first consider the case of ahsolute maxima and 
minima. 

27. Assume 

.,.r,<fc,.(p,-^'+&c.)_j,..(P,-fc)(f)_ + fc 

and 
also 



Equation (A) hecomcs then 

ni - ao + ' ^^ydx = 0. 

Now this equation cannot be satisfied, without restricting the ge- 
nerality of Sy or \p, in any other way than by making 

For if ai - Ho be not = we must have 

(iSt/dx = oo - oi, 

an equation which, as is easily seen, imphes that the integral of 
an arbitrary function may be expressed (without determining, or 
even restricting its general form) in terms of the hmiting values 
of itself and acertain number of its differential coefficients. This 
is manifestly untrue. We have, therefore. 



at-ao = 0, r(38yrf« = 0. 



Now it is known that, as the result of the process of integration 
depends in general on the form of the function to be integrated, 
it is impossible to determine the value of an expression such as 
j ^ pSf/ife without, at least, restricting* the generality of thcfunc- 

* I 3EIJ reii! I'eWnjr, becHUSO IheK are many casfa of definite integrals, whose viJuecan 
be detHL'Diined without aji abGolute delermiHatioa of the fona of the fuacUoa to be inte- 
grated. . 
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tion Sf/. Hence it is evident that it is impossible to satisfy the 
equation 

Jxo 

without either restricting the generality of the form of Sy or 
making /3 = 0. As the former supposition is inadmissible, it is 
plain that we must have ^ = 0, or 

,^ dPi d^p2 „ , ,, rf"P„ „ 

a differential equation, by which the form of the function ^ is 
determined. 

The equations 

ai - ao = 0, and /3 = 0, 

differ essentially from oae another, tho second establishing a ge- 
neral relation between y and at, while the former is concerned 
merely with the values which these quantities have at the limits 
of integration. If this were not so, the solution of the problem 
would be impossible, as we could not have more than one general 
relation between y and te. The coefficients of the several incre- 
ments in the equation 



+ &c. 






being constants, it is plain that this equation, if capable of being 
satisfied, can bo satisfied only by means of the arbitrary constants 
which enter into the solution of the equation 

d.v dx^ ax" 
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This is, in general, a differential equation of the order 2n, for 

since V. and, therefore, in qenercd, P«, contains -^ it is plain 
" dx'" '■ 

that — , , " will contain ■—-. The solution of this equation will, 

therefore, involve 2n arbitrary constants. Now if the limiting 

values of 

dy d"-hi 

x. V. -2- . . . . ■ — -^ 
"^' dx rf^-i 

he completely unrestricted, the equation 

will contain 2(w+ 1) arbitrary increments, vik. : 

-.. «^.. «■ (I). ■■■•^- (£?),-..«...■.. «.(£!), 

In euch a case it would be impossible to satisfy the equation 

«i - ai, = 0, 

inasmuch as it would be necessary to equate to aero the coefR- 
cient of each of these arbitrary increments, which would furnish 
2(m+1) equations between 2« quantities; and this was to be 
expected, for if there were no restriction on either the form of the 
fiinction y or the limits of integration, it is easy to see that the 
integral might be made to have any value from zero to infinity, 
and would, therefore, be incapable of either maximum or mini- 
mum. The nature of the restriction upon the limits will, of 
course, be determined in each particular case by the conditions of 
the problem to be solved. 

(1.) Let the limiting values of ^, so. am and xi, be given, i. e. 
let the question be, to determine such a form of the function y as 
wiU render J" Vds!, when taken between ^erf limits, a maximum 



In this case dxi = 0, dxo = 0, and the equation 

ai - ag = 
is equivalent to 
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(JPj 



Ac.) - 0, 
(Ps - &C.)i = 0, 



(P.- 



dx 



= 0, 



fc..O, 
(P.)i-O 
Now it is plain that the n 



■).-0, (C) 

&c. = 0, 
(P,).-0, 
mber of these equations {2m) is pre- 



cisely the same as the number of arbitrary constants in the general 
solution of the equation 

13-0, 

and that, therefore, the solution of the question is ia this case 

(2.) Let the limiting values of both x and y be given. 

In this case dx\ = 0, Syi = 0, dx^ = 0, §)/o = ; and the equation 
a, - oo = 
is equivalent to but 2n~2 equations, those, namely, which are 
formed by equating to zero the coefficients of the several va- 
riations, 

^■Wi' * ■(£).' *'w) ■■■•*-(£")i' ^-{d^^- 

But as two additional equations are furnished by the substitution, 
in the general solution, of the given limiting values of « and y, 
the number of equations remains still 2n. Thus, if the Integral of 
the equation 

dPi (PP2 . , ,,„^A 
dx^ ^ ' ax" 

were 

- /(;B,y,Ci,C2..,.C2„J=0, 

Ci, Ca, &c. being arbitrary constants, we should have for the deter- 
mination of these constants the 2n equations, 

/(«!,?/„ C|, C2 C3n) = 0, f{x(,,ya, c,, ca C3„) = 0, 



N~ 



= 



(Pi - &j.)i - 1>, (Pi - *«■> - 0. 



(D) 



(P.),-0, 



(P,.).-0. 
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(3.) Similarly, if the limiting values of «, y, -j- were given, 
the new datum would remove two equations from (D), namely, 

But at the same time two new equations would be derived from 
the given limiting values of -^, as follows : 
Let the equation 

f{x,y,Ci,C2 C3„)=0, 

be differentiated with regaid to x, and let the result be expressed 

then the two new equations will be 

•'"r"' ^'" (i)o' ^" ''^ ■ ■ ■ ■ '^") = ^' 

{-T-\ and (-^J being the given limiting values of;/. 

In the same way, if the limiting values of -j~ were given, the 
number of the equations (D) would be further diminished by two, 
and at the same time two new equations would be formed by dif- 
ferentiating twice the equation 

and substituting in the result the given limiting values of 

In all these cases, then, the number of equations is 2ji, the same 
as that of the arbitrary constants ; and the same would be true if 
the limiting values of any number of the quantities 
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dy (Py <Py d^'^y 

■^' dx' da)^' da? ' '" dar""'' 
were given. For it is evident that, by fixing the limiting values 
of a,ny number of those quantities, as many new equations would 
be obtained as are removed from the equation 
O] - Oo = 0. 
(4.) Instead of supposing the limiting valueg of x, y, — , &c. 
to be fixed, let any two or more of these limiting values be con- 
nected by a fixed equation or equations. 

In this case it is evident that the variations of the quantities 
so connected would be no longer independent, and, therefore, that 
two or more of the terms of the equation 

«! - flo = 

would be reduced to one. This would, of course, reduce the 
number of equations to which that equation is equivalent, and, at 
the same time, introduce a sufficient number of new equations to 
make up the deficiency. Thus, for example, if the limiting 
values aiy and x were connected by the determinate equations 

we should have between 8?/i, dxi, Sya, dxn, the equations 

(J), ''" "• *' "•'"'<''■' ■ ''*• (£), ''" * *" '^''-"^ ■ ''■'"■ 

If the values of S)/i, Syo derived from these equations be substi- 
tuted in 

Qi - do = ; 

and if the coefficients of the independent variations be equated to 
zero, it will be found that that equation is equivalent to the fol- 
lowing : 

(Ps - &C.)l - 0. (P,-&!.>-0, 
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tlio remaming cijuations "being the same as before. These equa- 
tioiiSj which are in number 2n, are, with the four equations, 

yi=/i(^i), «/u=/o(«o), 

f(xi,^i,Ci, Ga... .C3«) = 0, f{xg,yo,ci,c^ <•'«,() = 0, 

sufficient to determine the 2n V 4 quantities, 

0:1, y\, 'Xi,,ya, ci, cs Oi„. 

&■ 
Similarly, if the hmiting values of x and - 

by the equations 
we should have 

hence the first three terma of eaeh of the quantities a\, «(, would 
be reduced to one, and consequently the number of equations 
fui-nisheci by oi - no = to 2n - 2. 

To determine the 2k + 4 quantities, yi_, Sco., Ci, &c., Cn, there 
are, besides the 2w - 2 equations just mentioned, and the four 
which occurred in the first part of this case, two others, namely, 

/(«i.i/i./i(a:i), ci....<Q = 0, fixo>T/o, foiled), ci-.. .e„) = 0, 
formed by differentiating the general solution 

/(a-,y, ci....c„) = 0, 
and substituting in the result the limiting values of 
dy 

The same reasoning will show that in all cases in which the 
conditions of the question, by annulhng or restricting any of the 
independent variations, 



*■•<!) 



&c., 



diminish the numbei- of equations furnished by a, - no = 0, they, 
at the aame time, introduce the same number of new equations, 
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thus leaving the total amount unchanged. Hence it appeals that 
the equations furnished by the condition DU= are, in general, 
ijeccssary and sufficient lor the solution of the problem, i. e. for 
the complete det^rniination of the form of the function y. 

28. Before giving any examples of the foregoing theory, ifc 
may be well to notice some exceptions to which it is liable, 

(1.) If Fbe a linear function of the highest differential co- 
efficient which it contains, it is manifest that P„ will not contain 

-r^, and, therefore, that-^— ^ will be, at most, of the order 2n-l. 

Therefore the equation 

cannot be of an order higher than 2n - 1, and its solution wiU 
only contfiin 2m - 1 disposable constants. In this case, then, the 
equation 

"1 - oo = 0, 

which is, as we have seen, equivalent to 2n equations, cannot, in 
general, be satisfied. 

It is, indeed, easy to show that if Fbe a linear function of the 
highest differential coefficient which it contains, the equation 

can never rise above the order 2n - 2. To prove this, let 

then V = 8vt&, where Q and B' are functions of 
dy <P'^y 

''' ^' ^ ■ ■ ■ ■ 1^^- 

As we have seen already that the equation 

p.o 

does not contain — -, it only remains to show that it does not 

contain %. Now this coefficient, if it occur at all, can be 

found only in one of the terms "" , —r^- But since 
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la order, then, to find the coefficient of -z-ir^, in —r-^ or iii -r-;> 
it will be 



dx' dx*' 
ing at each st«p every term except that of the highest order. 

u= , ■ , , we have 

d9 _ rdd\ , /d6\ dp ^^ fd9\ du 
da: \dx) ^ KdyJ ' dx ' \duj ' dx 

, . . ■ , (d%\ du fde\ <Py . , 

In this expression the term ( — ) . -r-, or I — 1 . ~ , is the only 

one to be retained, as it is evident that all the other terms are of 
an order less than n. 

Similarly in -T-^ the only term of the order n + 1 is (t-) -^r-a' 

and in the same way it can be shown that tlie only term in 
rde\ dru ^d9\ d^'-h/ 
\duj ' dx"' \du) ' dx^"'^' 
But since 



= 0D + 



\duj \du J' 



if then we proceed as before to form the values of 

dx ' dx^ da;""' ' 

retaining after each differentiation only the term of the highest 
order, it will appear, as before, that the only term of the order 
<fi-^P„-i . /^\ d^ (d6\ f«y 
dx"-' ^^ \dJ ■ dx"-^' '^^ \du) ' <;»;»-'• 
As this result is the same with that found for the term of the 

highest order in - ^" , it is evident that that term will disappear 



rf"-' P,„i rf"/-*,, 
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and tlierefore from the equation 

13.0. 
Hence it is evident that this equation cannot be of an order higher 
than 2n - 2. 

This reduction of the equation 
fl-O 
to another whose order is less by tivo than that of the first, is not 
noticed by Lacroix, who merely shows* that when J' is a linear 
function of the highest differential coefficient, this equation will 
be depressed by one order. It was iirst remarked by the illustrious 
Euler,']' whose demonstration, however, as far as it is general, 
proves rather that such a reduction was to be expected, than that 
it actually takes place. His demonstration is nearly as foUowa; . 

Assume, as above, 

" dxf-^' ~ d^ ' 
then, since J^ is a linear function of v, we must have 

6 and 6' not containing differential coefficients of an order higher 
than m- 1. Hence 

jrdx^jMx + l&dx. 

Now it is easy to see that the integral [Oudx can be reduced to 
the form 

Bi, 62 not containing any differential coefficient higher than u. 
For if we assume 

I dvdx = 61 + fflai/ic, 
and difi?ercntiate, we find 

• Ti'aite de Calc, toin. ii. p. 740. t Metli. Invcn., pp. 63, 75. 
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Hence as r = -r-, it is evident that the equation 
is satisfied by making 

©^«.-*="{(S)^(f)l-"-}. 

the first of which conditions shows that Bi is found by integrating 
9 with regard to u solely. From this it appears that when V is 
a linear function of the highest differential coefficient which it 
contains, jVd^ can always be reduced to another, j/^irfic, in which 
Vi contains no differential coefficient of an order higher thanw- 1. 
If then this reduction be made previous to the application of the 
Calculus of Variations, it is evident that the order of the differen- 
tial equation arrived at will be 2m - 2. 

This mode of demonstration is important, as showing that the 
case which we have been considering cannot properly be re- 
garded in the light of an exertion to the generality of the method. 
For, if the given integral bo reduced to its lowest terras, pre- 
vious to the application of the Calculus of Variations, it will 
assume the form 

+ l^'dx, 
or, when taken between limits, 

^1-^0 + 1 (p'dx, 

in which ^j, ^o contain differential coefficients of an order eq^ual 
to that of the highest coefficient contained in f'. This case is 
considered in a subsequent proposition, and is evidently distinct 
from that which we have been considering in the present propo- 
sition, in which the quantity which is to be made a maximum or 
minimum contains no terms free from the sign of integration. 
Hence it appears that the existence of a case such as- that which 
we have been here discussing merely denotes the necessity of re- 
ducing an integral to its lowest terms, previously to the applica- 
tion of the Calculus of Variations. 

(2.) Another exception to this theory is as follows : 
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Lot V=yf{x) + F{x,p); then N^f{x), and P= ^. The 
equation 

ax 
becomes in this ease immediately integrable, giving 

This equation, being solved for p, gives a result of tho form 

p = F{x, c), 
aud, therefore, 

Now let it be supposed that tho limiting values of x are given, 
those of)/ remaining indeterminate. The equation 

«i - ao = 
is equivalent to 

Pi = 0, P. = 0, 
or 

These equations, containing but one indeterminate quantity, c, 
cannot, of course, in general be satisfied, and, therefore, although 
the general solution contains the requisite number of constants, 
the problem in th^ shape does not admit of a solution. If, 
however, f(w) = 0, so that 

V= F{x, -p), 
the two equations 

Pn = 0, Pi = 0, 

become identical, and the problem becomes soluble, but indeter- 
minate, containing one arbitrary constant. 

The conclusion here arrived at is not pecuUar to functions of 
the first order. If V bo of such a form as to satisfy the equation 

and if the limiting values of x only are given, it is easy to see that 
the same reasoning vrill apply. The equation 
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will be, as in the case of functions of the first order, immediately 
integrable, giving 

and the first two ecLuations furnished hy m - oo = 0, will be 

/i(.^i) + c = 0, /i(^o) -1-0 = 0, 
which cannot be satisfied generally unless /i(^) = 0, i. e. unless 
^ disappear altogether from V. And in general let -r^ be the 

lowest differential coefficient contained in V. Then if Vhe such 
as to satisfy the equation 

and if only the limiting values of a; and ofcoefEcients higher than 
the p"' be given, similar reasoning will show that the problem 
does not admit of a solution. 

(3.) Let JV" = 0, and let the limiting values of x only be given. 
In this case the equation 

becomes 

dPi (pr-i „ 



Hence it ia evident that the two conditions furnished by equating 
to zero the coefficients of 8yi, Syo, namely, 



V dx 7i ' \ dx 7o ' 

are equivalent to but one, namely, c = 0, and that, therefore, the 
equation 

oi - oo = C 
is equivalent to but 2w - 1 equations, instead of 2m, as before. 
The problem is, therefore, in this case, indeterminate. 
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This might have been anticipated, for as ?/ does not enter either 
into the function V, or into the conditions which are supposed to 
be fulfilled at the limits, we might have taken -~- for the primi- 
tive function, and it would then have required all the equations 
vrhioh DtJ=0 affords, to determine an equation without arbitrary 

constants betweoii x and -j-- The relation between x and i/, de- 
rived by integration from that between a: and ■—, will, therefore, 
contain one arbitrary constant. But if either of the limiting va- 
lues of J/ were given, the problem would become determinate as 
before. Similarly, if iV = 0, Pi = 0, and if the limiting values of 

y and -^ be both indeterminate, the solution will involve two ar- 

" dx 

bitrary constants, and would be rendered determinate only by 

fixing at least one of the limiting values for both «; and -p. And, 

in general, if the iirst m terms of the equation 

iV- ^ + &c. = 
ax 

disappear, and if no limitation of the extreme values of ?/, -/■■■■ 

-T-^ bo given, the solution will involve m arbitrary constants. 

29. As in certain cases the equation 

ax 
admits of being integrated one or more times without a determi- 
nation of the form of the function V, we shall proceed to consider 
some of these cases, inasmuch as, by so doing, we shall be enabled 
to establish some general equations, which will greatly facilitate 
the application of the foregoing theory to particular examples. 
These cases may be arranged under two general classes, one of 
which has been already alluded to. 

(1 .) Let the first m of the quantities y, — , -r-^ .... be wanting 
in V, i. e, let 

d"y\ 
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In this case the first m terms of the equation 
dp, 
dx 
are wanting, and that equation becomes 

— — . ■ ■ ■— + &c. = u ; 

dx'" fliK""I 

which equation, being integrated m times, becomes 
dP^i 

P,„, -^ + &C. = Co + CiX + C^X^ + &C. + C,a.t a:™"', 

a differential equation of the order 2n - m. 
(2.) Let 

■' V' dx dx^"" dx'^r 

not containing the independent variable. 

In this case 

dV= Ndy ^P,d.^-^ P^d. ^, + &e. 
dx dx^ 

or, if we substitute for N its value derived from the equation 
i\r_^ + &c. = 0, 



and, tKerefore, 

rfa^ dx dx I 
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be found to be 

Lence 
j\ " da?'*^ ^ ' dx dx" J rfx" dx dx^-^ 



and, therefore, 


r-etPi 




iP, 

d^ 








*Ps 





dx" dx dx'^-' ^ dx"-^ ax 



(E) 



a differential ectuation, which is, at most, of the order 2m - 1. 

Henco it appears that if the fnnction V do not contain the 
independent variable, the equation 

can be reduced, at least, one order. 

For the sake of convenience in the application of this formula, 
we shall give a few of the most important cases: 

Here V=c + Pi--~; but as F, and therefore Pi, are functions of 

— , this equation is equivalent to -7^ = ci, or y = CiX + cg, Henco 
dx ^ ^ dx '' 

it appeara that linear functions have the property of giving a 
maximum or minimum value to every function of -r- which ad- 
mits of such a value. 
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(3.) Let the simplifications of the form of V in both tliese 
classes be combinei3, i. e. let neither the independent variable nor 
the first m of the quantities y, -7-, &c. be found in V. 

The equation 

becomes, as in case 1, by integration, 

Pm ~ —, — + &«■ = Co + <;iiB + C2^ + &c. + (Vi-i x'"-^ ; 

hence 

dP 

P„ = ■ — — — &c. + Co + ciX + e^ + &c. + Cffl.] of'''. 

Substituting this value in the equation 






,^, f„ )f"'^y dP^i d^^y\ , 
dV= P„„.i -T— ^ + —~ . -7-^ dx 

\ "" dx'^^ dx^ ' da;™^^J 
+ &c, 

+ f Co + c,x + ca*^ + &c. + Cj„.i 3:"'"') - — ^. 
Integrating by parts, we find 

""*' dc^'+i \ dx"^^ dm da^^J 

^ dP, d'-hj ri"-'-iP„ d-'hj 

"daf dx Va:"^' ' ^ ' (te-^i 'rfa^"*! 

+ (co + c^a; + C2i^ + &c. + Cn a;'"^^) y;;^ . t/a:. (F) 
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But aa in general 

J dx™'^ dx'" dx"^~^ 

dx'"--" ^ ' dx"'-'' 

if ^ te made successively 1, 2, .... m - 1, and the values of the 
integrals, 

he substituted in equation (F), the resulting equation will evi- 
dently be of the order 2« - m - 1, i. e. of an order m + 1 degrees 
lower than that of the original differential equation. 
Thus, for example, let 

■' \dx daS^r 
Here the equation /3 = is 

dx dx^ ' 
which becomes, by integration. 

Substituting this value in the equation 

and integrating, we find 

r.c*cf*P,% (d) 

ax dx^ ^ ' 

a differential equation of the second order. 

We shall next proceed to give some examples of the applica- 
tion of the foregoing fbrmulic. 
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Example 1. 
30. To find the fijrm of tlic function ^ which will render 



r minimum. 
Here 



F = / (Jj, and, therefore, ((a), p. 52), 



1/ = ex + c. 

To determine the arbitrary constants c and e, 

(1.) If the limiting values of both y and x be given, we have 
the two equations, 

jfo = «o + c, ^1 = fiCi + c, 

the equation 

ai - On = 

disappearing, inasmuch as 

(2.) If the limiting values of a: only be given, the equation 

oi - On = 
becomes 

c(Syi-gj/o) = 0, or = 0; 

hence, in this case, the other constant, c, is indeterminate. This 
is an example of exception 3. 

(3.) If the limiting values of x and y be connected by the 
equations 

?/i=/i{iiTi), yo^Ma^o), 
the increments Syu dxi, Sj/d, dxa, are connected by the equations 

Sj/i + \-f-) ^^i = m,idxi, 

Syo + (-r-j dxo = inadxa, 
putting mi, m^ for/'i(a:i), /'oCa'o)- Hence the equation 
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is eijuivalcnt to 

or 

1 + niiC = 0, 1 + wiqC = ; 

which ef[uatioiis, with the four others, 

tfi = cxi + c', )/o = caJo + c', y\=f\{xi), yo=fo{x()), 

are sufficient to determino the six unknown quantities, 

j/i, ici, yo, ^a> c, c. 

Example 2. 
31. To find the form of the function y, which will make 

a maximum or minimum. 
In this 






F.P.T* 



or since 
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or making, for the sake of symmetry, c = a", 

This comes under the general class of binomial differentials in- 
cluded in the expression 

y-'-i (a + %"');'. 
In the present instance 

m'=l, n' = 2n, p'--l, q = 2. 
Now it is known that the expression 

is integrable if either 

m . m p . ^ 

— = I, or -V + -, = i ; 
n n q 

hence it is easy to see that the equation 

is integrable if the value of n be any term of the series 

1, i h i. &«■ 

As the cases n = 1 and n = ^ will occur again, we shall not at 
present dwell further upon them. 
Let 



dx = 



assume 
then 



Hence 






rfiB = 



• ViJ. Lacroix TraiK FJem., Art, 192. 
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Hence, finally, 
f iVz 



therefore 

3<.l 



.i[^V(«'-*') + *'i.!«+V(»'-S')|]; 



[jVW-«') + «''-(s'+>'W-»')l]- 



To determine the constants : 

(1). If the limiting values o? x and i/ l)e botli given, the c 
stants a and c are determined by the two equations, 

"■! + «- "■b.'VW-a*) + »"|y.' + V(si=-«=)l], 



(2.) If the limiting values of a; only be .given, the equation 

a. - ao = 
is equivalent to 



/(i^S)rK(--i:) 

These equations are satisfied by making 

The first supposition gives evidently a = 0, as the general solution 
would otherwise be impossible. But if a = 0, it is easy to sec 
that the only solution which the equation admits of is y = 0. For 
if ^ be not = 0, we must have x + c = 0, and therefore 

aii + c = 0, a'o -h c = 0, or .ri = Xa, 
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which is impossible.* The second supposition gives yv = y,i^ a, 
the value ~ a being evidently inadmissible; hence, from the ge- 
neral solution, 

Xi-\- c = \ ala, Xo + c = J ala, 

and therefore ^i = xq, which ia impossible, as before. Hence, in 
this case, the problem does not admit of a finite solution. 

(3.) If the limiting values of both x and y be given for one 
Umit, and only that of a; for the other, it is evident that the 
equation 

a, - «o = 
will become 

oo = 0, or Xo + c = 0, 

which, with the equation 

». + «-^'.b.V&i>-«>)+<'=;te.'-n/(y.'-<.')l], 

will suiSce for the determination of the constants a and c. 

(4.) If the limiting values of x and y be connected by the 
equations 

yi =/i («i), yyi =/o(«o), or dyi = mydxi, dya = nk,diCi,, 

the equation 

a, - «„ - 

will be equivalent to the following, viz. : 

{''-^'(».-|)}rM''--'(-l)}. = »^ 

or, putting for V and Pi their values, and reducing, 



• It is nnnctcssaiy to consider either of the suppositions, 



yi = o, 



Lasniicch as the fore^ing reaa>iiiiig shows that neither yi nor ya can vanish. 

t Poi' the geometiical inleipretation of Uieae eqnatione, yii Chapter IV., where a 
lo™ general problem is discussed. 
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Example 3. 
32. To find the form of the function y, which will render 

'El 



dx 
a maximum or minimum. 

Since V does not contain the independent variable, this pro- 
blemia a case of the general one discussed in pp. 51, 52. Wefind, 
therefore, by applying equation (E) to this caae, 

dx dx^ dm' dx ^ 

which, since 



dt/ ■' dy^ dy 



dh) 
dP, , <fc» 



. dy 



hence, by integration. 



This equation containing but two arbitrary constants, it is im- 
possible, in general, to satisfy by means of these constants more 
than two equations. Hence as the equation 

oi - oo = 
is in general equivalent to four, it is impossible, by means of the 
two arbitrary constants, to satisfy this equation. The present 
problem is, in fact, a case of Exeep. 1, p. 44. And although in 
certain cases the equation 

«i - ao = 
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is equivalent to but two, it will be found that the impossibility of 
satisfying it by any finite value of i/i remains. This will appear 
by an enumeration of the several cases, 

(1.) Let the limiting values of a: only be given, and it is 
evident that the equation 

m - ao = 
b equivalent to 

If the values of Pi, P^ be substituted, it will be found tliat 
these equations are equivalent to but two, namely, 

2*1 = 0, j(o = 0. 
Hence, from the general solution, we find 

ewt + c' -0, cxo +0=0, 
which can only be satisfied by 

c=0, c=0; 
and, therefore, the only possible solution of the problem is 

? = 0, 
which would, of course, render the given definite integral zero 
also. 

(2.) If the limiting values of both x and t/ be given, the 
equation 

is reduced to 

(P!)i-0, (i>i,).-0, or s,.0, jo-0, 
which cannot, of course, be satisfied, unless the given limiting 
values o£y be each zero, in which case the solution becomes 

s-o. 

(3.) If the limiting values of a; and y be connected by the 
given equations, 

dj/i = midxi, dya = irusdxa, 
the equations 

(P.)i.O, (P,)..0, 
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will give, as before, 

This case is, therefore, reduced to the preceding. It appears, 
then, that the problem admits of no solution except 
y = 0. 

Example 4. 
33. To determine the function y, such as to render 

i::{'^v(v£)}- 



a maximum or minimum. 
In this case 



"^'-"/(i^S). 



As Fdoes not contain the independent variahlc, wc have (p. 53, 
V- P. <>'J , . 



-V(l 



d,'\ 



Hence, by reduction, 
and, therefore, 



dx = 



(y -- c) dy 



Integrating this, we have 

{y - c)' + (^ - S)> . «». 
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Tills equation determines the form of the function y. To deter- 
mine the Constanta c, c', we shall consider the several cases which 
may arise. 

(1.) Let the limiting values of both x and y be given. 
In this case we have 

dx^ = 0, dxi = 0, " gyo = 0, g^i = 0. 
The equation 

a, ~ do = 0, 

therefore, disappears, and the arbitrary constants, c, c, are deter- 
mined by the equations, 

(yo - cf + (^0 - bf = a^, 

(yi - cy + (^, - by = «^ 

formed by the substitution of the given limiting values, 

yo, xo, yu xi, 
in the general solution. 

(2.) Let the limiting values of a; be given, those off/ remain- 
ing indeterminate. 

The equation 

is, in this case, equivalent to 

(Pi). = 0, (P,).-0- 
Substituting ibr (Pi)o, i.Pi)u their values 

I fly \ I dy \ 

\ dx \ \ dx \ 



these equations give 

xa ~ b = 0, 
xi~b = 0. 

As these latter contain but one indeterminate quantity, b, it ia 
plain that they cannot be satisfied, and that, therefore, the given 
integral does not, in this case, admit of a maximum or minimum 
value. This is an example of Excep. 2, pp. 47, 48. The geo- 
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metrical interpretation will be fouini in the chapter on the appli- 
cations of the Calculus of Variations to Geometry. 

(3.) Finally, let it be supposed that the limiting values of a; 
and y are connected by the equations 





dyo 


= modx 








dy. 


= midx 


■i; 




fn,fu denoting two given functions. 

Substituting for Vi, Vq, &c., in the equations of Art. 27 (4), 


we find 






^J} 




--V(-£ 


:)-» 




dyi\ dxi 


0, 


--V(-| 


9)- 


afmo- 


dj, 

dy(,\ dxo 


■0; 


""Vii^g,) 


or, by reduction. 


dyf 


\-a( 


1*,„*^.o. 





Substituting for -j^, ^- , their values found by differentiating 
the general solution, and reducing, we Lave ultimately 
c + (ki - b) ini = 0, 
c + (a:o - b) m, = 0, 
wliich, with the four equations, 

{y\-cf^{xi-hf = a^, yi=f,{xi), 

are sufllcicnt to determine the six quantities, 

^1, y-i, ^'u, yo, i'^ c. 
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/7=r+ Fdx, 
■where V has the same form as before, and 

and let it be required to determine the ibxm of the function )/ and 
the values of the limits xa, xi, such as to render U a maximum or 
minimum. 

The general equation 

being derived solely from terms under the sign of integration, 
will evidently be the same as in the foregoing Proposition. Hence 
it will only be necessary to consider the terms which refer to the 
limits. Assume 

dV . lfd„. + N'dy, + P,i (J)^ + &. + P„d (^)^ 

+ «■■* * N-sj, . pv (|)_ . &. , r„d Q). 

Then it is easily seen that the terras added to 7)17 by V will be 
The left hand member of the equation 



will therefore be augmented by these terms ; and as they ai-e ob- 
viously of the same form with those which are already found in 
that equation, the mode of treating it, in the several cases which 
may arise, is precisely the same as before. 

One important remark, however, must not be omitted. 
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It will readily appear, from the reasoning of pp. 38-44, that 
the possibility of satisfying the condition 

DU=0 
depends upon the fact that the number of independent increments 
which enter into the eijuation 

ai - ao = 
does not, in general, exceed that of the arbitrary constants which 
are found in the integral of the equation 

p-o. 

If, then, any case should arise in which the number of these in- 
crements does exceed that of the constants, it is plain that the 
condition 

DU=0 

would no longer be capable of being satisfied. Now, in the case 
before us, the number of the increments 



dXiH 



-(t).--(m. 



relative to the mfenor Hmit, which are found in the terms intro- 
duced by V, i(j evidently n + 2. The number of increments, 
relati-^ e to the 'iame limit, which already exist in ao, is, as has 
been befoie observed, n+l. If, then, 
*i'+2>«+l, 

or, in other words, if 

n'>n^l, 

the problem does not admit of a solution. Similar conclusions 
apply, of course, to the superior limit. Hence it appears that, if 
the new quantity F contain any coefficient of an order higher 
than n - 1, the given function docs not admit of either a maxi- 
mum or a minimum. 

One instance of this has already been alluded to {p. 47), where 
it has been shown that if f be a linear function of the highest 
differential coefficient which it contains, the given integral 

rFdx 
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can be reduced to the form 

^1 - ij^a -h j iji'dx, 
in which ^i, ^o contain coefficients of an order equal to that of 
the highest coefficient in ^'. In this case, therefore, 

and, as we have before seen, it is impossible to satisfy the equation 
I)U=0. 

Examples of this Proposition will be found in Chapter IV. As 
the mode of treating any case which may arise is perfectly similar 
to that of Prop. II., we shall content ourselves with giving here a 
single example of the excepted case just alluded to, principally 
for the purpose of pointing out its identity with a case formerly 
noticed. 

Example. 
35. Let 

Here 

^ ax ax 



Substituting the values of V and Pi in the equation 



D find, by reduction, 



or, integrating, 



ny^' 



y" = 
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With regard to the terms outside the sign of integration, it i 
evident that 

.,.rA + |(P,), + iViSjft + F,(^')^, 

But 

dyi \dxJi ' 

(-Pi), +W'.-«»i-'. 

- m- 

VdJi 



hence 

Also 






Similarly, 



Wo 



Now if we compare these values of a^, oo, with those which occur 
in Ex. 3, pp. 60, 61, it is easily seen that the coefficients of 



*..(§).. *»(m. 



in the two expressions, arc identical. 
The general solution, 

y" = ex •{■ c, 

being also identical with that of Ex. 3, the conclusions there de- 
duced applying to the present case, showing that the problem 
admits of no solution except 

^ = 0. 
The identity of the two problems may also be shown by proving. 
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according to tte method of Eulci' (pp- 46, 47), that the value of 
U in p. 60, namely, 






may be reduced to the form 

Assume 

\f — (be = ^ ^ \^'dx. 
dx 
Differentiating both sides, we have 

ty 

y -^ d!e d.ydx ^ dldx'^' ^' 

dx ""^ 

Equating the coefficients of -r— „, we have 

_^ = t. . 

' dx dx 
whence, by integration, 

/ denoting an arbitrary function. 

Substituting this value in the remaining terms of equation 
(G-), we have 

, «-i ; ^ _ ^ ^ . 

^ ~ ■' dx dx ^ dy'' 
whence 

r ^;dx ^-n f */"-' I £ -f{xi, yi) + fix,, yo). 
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But since 

we have, by substituting succeasivclj, Xi, yi, and Xo,yiii 

^1 - ^0 = yi'^l ( J), - J/n" I \£)^ +/(^i, 3/i) -/(%■ yo)- 
Hence, therefore, 

a" — _ rfa; = (Ai - An + dd^ 
da; 

-■■<|).---(I).-j:>'4M- 

Q. E. D. 

P«op. IV. 
36. Let 

where 

and let it be required to detei^mine the form of the function y, 
and the values ofthehmitsaJo, ail, which will render E7amaximum 



The genera! equation, 

BU=0 



this case (Chap. II. Prop, IV.), 

[''-i:{''--'(2),-.(S).^*'}*]^- 
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.{(p,-*o.). -i>.-'«}(f ). - {(ft-*o.vi:v.^}(fi). 

Putting this equation, as in Prop. IL, under the form 

it is, in the first place, evident that /3 is the same as before, and 
that, therefore, the form of the general differential equation by 
which the form of the function y is determined, is not altered hy 
the supposition that V contains the limiting values of 

■' dm 
The terms contained in ai - ao are also of the same nature as 
in Prop. II., constituting, in fact, a series of the form 

A^dxx + B,Si/i + Ci(5) +&<;■ + ^od^a-v B^Sy^ + Co(^)^ + &^- 
Ai, Bi, Ci, &c., Ao> -Bo, Co, &c- being constants. 
For in the expressions 

I uidx, &c., fiodx, &c., 
the same supposition is made as in the case of 

\ dx A \ dx Jo 

and the other coefficients of the several increments which enter 
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into «! - On in Prop, 11. ; the supposition, namely, that the value 
of y derived from the equation 

has been substituted in /tj, fn„ &c. If this substitution be made, 
and the operation of definite integration be then performed, the 
terms 

■will become constants. 

Hence it is evident that the mode of treating the equation 

Z)Z7=0, 

in the several ciwes which may occur, is preciaely similar to that 
given in Prop. II. 

The restriction on the possibility of the problem is analogous 
to that which we found to hold in Prop. III. If either n' or n" 
exceed m - 1, it is easily seen that the number of arbitrary incre- 
ments in m ~ oo is greater than the number of arbitrary constants 
in the integral of the equation 

p-o, 

and that, therefore, it is not, in general, possible to satisfy the con- 
dition 

I)U=0. 

From this and the preceding Proposition we infer that the 
quantity 

V + p Vdx 

does not, in general, admit of a maximum or minimum, if either 
F"or V contain either of the limiting values of a differential co- 
efficient of an order equal to or greater than the order of the 
highest general coefficient, 

dx'^' 
which is found in V. 
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Example. 

U=\ j-——-dx, 

in whicli (t is a given function of a;i, y, ; and let it be required to 
determine p so as to make U a minimum. 

In tliis case, V bemg a function of y and -j , not containing 
the independent variable, we have, (p. 53) (b), 

K-c + P.I. 
dm 

But since 



_v__«^, and /-!= 77 ^TsT-' 

we have, by substituting these values, 



i/(-^g) 






Whence, by reduction, 

or, putting -j = ^, and solving for -j^, 

|V(^'). (H) 

This equation, which is easily integrated by putting 

4'=6oos-i \/(^) + i'|5(i>-s)-(«-y)'). (I) 



gives 
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To determine the arbitrary constante b and h': 

1. If the limiting values of both x and y be given, it is plain 
that a will be a given constant, and that^ therefore, the problem 
differs in no respect from that of Prop. II. All the terms of 
ai - oo wiU in this case disappear of themselves, and the constants 
b, b' will be determined, as in Prop. II., by the substitution of the 
given limiting values of as and y in the general solution- 

2. Let the limiting values of x be given, those of ^ remaining 
indeterminate. 

Since a is only a function ofa^i, ?/], we have, in the formula of 
Art. 13, p. 18, 

"' = [^' ^C {"' ^ " ©1 } '^''Y'"^ "l ^^'^' ^ C/"^*} ^^" 

or, since the limiting values, a;i, Xi,, are fixed, and, therefore, 

The equation 

is, tiierefore, equivalent to 

(P,)t + f" >•.<& - 0, (Pi)« - 0. 



But 



dV dV da 



:iV(l 



djf\ 



(»-s)l 



Substituting the values of (i*i)i, (^i)o, vi> in the above equations, 
we easily find that the second is equivalent to 
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or, substituting for -~ its valuo dorived from (H), 

If we put for dx its value, 

we have 

J(«-2/)^ ]{a-yf.^{b-a^y) l^ \ a-y ! 
Substituting this value in (K), and recollecting tliat 

I/O - a4 5 - 0, 
we have 

This equation may he satisfied by mating either 






The first of these gives 

yi = y!,= a-b. 

Substituting this value of !/j in the general solution (I), we find 

Xi4- 5' = 5cos-'l = 2i7r5- 

Similarly, 

Xit + h' - icos^'l = 2iiTh. 
Hence 

h = ^^ ~ •^0 i' ^ ^'^i - ^ 
2{i-i'y i-i' ■ 
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Tiie form of the fuiictzon u being given, its value is found from 
the equation 

«=/(^byi)=/(iKu «-*)■ 

If we suppose the second factor of equation (L) to vanish, it 
is easy to see that we shall have for the determination of the arbi- 
trary consents the equations 

xo + h' = 2iirb, 

xi + h' = bcos-'yi^^-^j + V I^C«-^i) - («-2/i)}^ 

yi being given by the equation 



It is unnecessary to dwell further upon this example, which 
will occur again in the applications of the Calculus of Variations 
to Mechanics. 



38. If J be a function o£x which satisfies the equation 
' Vdx=0, 



<' 



to determine what further conditiona are requisite, in order that 
the corresponding value of the given integral should be a real 
maximum or minimum, and to distinguish between maxima and 
minima. 

The solution of this problem, which is one of the most difficult 
in the whole science, may be justly said to be due to Jacob!. 
For although Legendre, and, subsequently, Lagrange, have exa- 
mined and partially solved it, the methods which they have 
given are encumbered with difficulties, which render fchem, in 
practice, comparatively useless, Both these writers have, it is 
true, succeeded in pointing out the criterion by wliich a maximum 
is distinguished from a minimum value, as well as in establisKing 
one of the conditions essential to the existence of any such value. 
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But tlie condition tlius estatlislied, although necessary, is easily 
seen to be insufficient; and the methods by which they have en- 
deavoured to remedy this deficiency depend upon differential 
equations, or (in the latter case) inequalities, which they have 
given no means of integrating. This important defect in the 
theory of maxima and minima has been fully supplied by the 
method of M. Jacobi, which we shall now proceed to state.* 

39. We have already seen that the form of the function y, 
which correspond to a maximum or minimum value of a given 
integral, is determined by a differential equation of an order 
double of that of the highest differential coefiicient which ^con- 
tains. The value of j so determined is, therefore, of the form 

/(a-, ci, cs, c^). 

If, then, this value of »/ be substituted in the given integral, it is 
evident that the value of that integral will depend partly upon 
tho form of the function/, and partly upon the values of the seve- 
ral constants, ci, cg, . . . . cs„, which are introduced in the expres- 
sion for y. This consideration naturally suggests the division of 
the question, with which we are at present concerned, into two, 
namely, 

1. Whether the general /o?'!7i of the function ?/, as determined 
by the equation 

iV-^ + &c. = 0, 

be such as to give a real maximum or minimum value to jFdx, 
for given values of the constants which enter into the solution of 
that equation. 

2. Whether the values so assigned to these constants in any 
particular case be such as to render the value of the given integral 
greater or less than that of any other which might bo deduced 
from it by an indefinitely small change in any of these constants. 

* E(K the ori^nal Memoir of M. Jacobi, the reader is refBTred to Crelle, E. 17, S. 68, 
or to Uonvllle, Joucnal de MaOi., torn. iii. p. 44. The anthor of the present work has 
also been largely indebted to 3, very able Memoir by M. Delannay {liouville, torn, vi, 
p. 209), contiuning a development of M. Jacobi's discovei^ee. Such a development was 
the more to tie desired, on acMunt of the very sncoinct nature of M. Jacobi's nicinoiv. 
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Thcao two questions are evidently perfectly distinct, and 
therefore admit of being considered separately from each other. 
Thus, for example, if we can show that the value of the integral 
\Vdx, corresponding to 

y = f{is, ci, eg, Can), 

cannot be augmented either by an indefinitely small change in 
the form of the function/, the values of Ci, c^i ■ ■ ■ ■ C2„ remaining 
unchanged, or by a similar change in any one or more of these 
constants, the form of the function remaining unchanged, it is 
evident that the value so assigned to the integral is a real maxi- 
mum. Now we have already seen (Prop. II.) that if the limiting 
values of 

dy d"~^7/ 

^ 'd^ 

be given, the values of the constants ci, c-i, . ■ ■ .e^ will be found 
as functions of those limiting values ; and it is easy to sec, con- 
versely, that if the values of ci, cs, . . . . 02n be ^veti, the limiting 
values x, y, &c., must have been given also. 

Hence it is evident that the foregoing subdivision of the ques- 
tion may be stated as follows; 

1. Whether the form of the function y, as deduced from the 
equation 

(3-0, 

be such as to render the given integral a maximum or minimum 
for given values of 

-*©.■■■■(£?).•--©. (£3).- 

2, Whether the particular values of these quantities, derived 
from the equation 

fi - «o = 0- 
be such as to render the corresponding value of the given integral 
greater or leas than any other which might bo deduced from it by 
an indefinitely small change in any one or more of them. 

It is with the former of these questions only that the Calculus 
of Valuations is, properly spcahing, concerned. The second be- 
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longs to the ordinaiy problem of maxima and minima of functions 
of more tliim one vaiiable, and is completely solved by the rules 
■which the Differential Calculus furnishes for such cases, Wc shall, 
therefore, confine our attention to the former question. 

The essential condition of the existence of a maximum or 
minimum value of a given derived function is, as has been stated 
at the commencement of the present Chapter, that the value a£y, 
which causes \h.e first variation to vanish, should render the sign 
of the second independent of the form of %y or if, provided that 
that form be not inconsistent with any of the conditions of the 
question. Now in the case ■which we are here considering, in 
which the limiting values of y and its first w - 1 differential co- 
efficients, are supposed to be fixed, it is plain that no form of ^y 
is admissible which does not satisfy the conditions 

It is, therefore, essential to the existence of a maximum or mini- 
mum, that the sign of the second variation of the given integral 
should be the same for every form of ^y which does satisfy these 
conditions, in addition to those noticed in Art. 9. 

It is, moreover, necessary that no such form of ^y should ren- 
der the quantity under the integral sign in the second variation 
infinite, for any value of x ■within the limits of integration. 

Lastly, it is, in general, necessary that no form of 8y which 
satisfies the foregoing conditions should cause the second variation 
to vanish. For if any such form of 8j cause the second variation 
to vanish, without, at the same time, annulling the lAird, it is 
plain (as in the Differential Calculus) that there will be neither 
maximum nor minimum. 

40. It will contribute to the clearness of the subsequent dis- 
cussion, which is necessarily somewhat tedious, to premise that 
the object of the metliod which we are now about to state is to 
prove that the second variation of the given integral may be re- 
duced (by the method of integration by parts) to the form 
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Q.- 



[-W 



aiiii A, Ai, Ag, .... j^n are functions of «. 

From this transformation it will immediately appear — 
1. That the si-jn of the second variation depends upon the 
sign of Q,„ the other factor being essentially positive, and that, 
therefore, one of the required conditions is 

(3„ > or < 0, 
for all values of x from Xg to xi. For, if Q„ change its sign within 
the limits of integration, it is possible, as we shall hereafler show, 
to render the sign of the second variation either positive or negar 
tive. In such a case there would be neither maximum nor mini- 
mum.* 

3, That if this condition be fulfilled, the value of the integral 
will be a maximum or minimura (according as Q„ is negative or 
positive), provided that the quantity 

Q. u + ^, *. ^, !».&.+ A ^y, 

^ \ ^ dx dx" d^ J 

do not become infinite for any value of x within the limits of 
integration, and provided also that no admissible value of Sy satisfy 
the equation 

ASy + ^1 ^ + &c. = 0. 

3. We shall further show that, in order to determine whether 
or not this condition be satisfied, it is only necessary to have the 
complete integral of the equation 

and that, therefore, in every case in which we are enabled to 
solve the problem of Prop. II., we shall also have the means of 
deciding whether or not the solution so found give a real maxi- 



"■ Thig WJndJtion liaa leeii noticed botli i>y Lege 
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We shall commence with the following Lemmas, which are 
necessary to this investigation : 



41. If /3 he the coefficient oi'St/ under the sign of integration 
in the variation of a given integral, the variation S/3 may he put 
under the form 






Putting for ji its value, 

,, dPi d^P-2 



and taking the variation, we have 



Consider any term of this scries, e. g., 



Forming the variation of Pm according to the usual rules, ■ 

„„ rfP™ . dP,^ dSy „ dP^ rf"''g)/ . 

at/ ay ax , a°'p ax^ 



p " 



l.pL'.l.'pLi.'L 

dx™ ax"' Ci 
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Hence, if we assume, for the sake of brevity, 

yWl _ ^ y(m') _ Z. u = 



tlie general tenn of the series for 

dx"' 
may be written 

^( -"^ .■'^y (1) 

rfa:™ Wy"* rf)/""'* dx"'J ^ ' 

Now if m be equal to rd, this term has already the required form. 
If m be not equal to ra', it is plain that in the expansion of 

dx™' 
there will be found a term 

And, as the terms in the original series for §^ are alternately po- 
sitive and negative, the terms (1) and (2) will have the same or 
contrary signs, according as m - m' is even or odd. 

Hence it appears that the entire series for S/3, with the excep- 
tion of those terms which have already the required i'orm, may be 
arranged in groups of the form 

(?™M (?"^ 

d'" , K -, — ; «™ . K -, — 
dx"' dx'" 






But, by a theorem of the Differential Calculus,* a group such as 
the foregoing may always bo represented by a series of the form 



' Bor a proof of this liiGcre»i, vid. 
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m being supposed less than m. Hence the proposition is evident, 
as it is plain that no term can occur of an order higher than 

da!'- 
t/x" 
It is e;isily seen that 

J. - ± -^i^, 

the upper sign corresponding to the case in which n is even, and 
the lower to that in which n is odd. 
For the coefficient of 

in g/3 is evidently 

* df"> ~ - {dyfif * 

The coefficient of the same term in the series just given is A„. 
Hence, as tliese coefficients must be identical, we have 

Lemma II. 
42. If u ha a function of x which satisfies the differential 
equation 

d.Ai^ d".An -j^ 

A %' ■ -L - 

dx ' ' dw" ' 

{J, Ai, &c., being functions of a'), the expression 

is iiitegrable independent!}' of y, and the integral may he ex- 
pressed as follows : 
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Udx^B-i-y- + + &c, + — -J— -J — 1 

J rt.-e aa> ax ' 

where ;(==-, and Bi, £g, &c., are functions of &■ depending npon 

-4i, A2f &c. The value of the last of these, B„, is 

Lemma III. 
43. Let 

y = f {x, ci, C2, . ■ . . c-i^) 
be the integral of the equation 

p.o, 



and let 



5^,^,&c -^ 

dci dca' dc2n 



be the differential coefficients of y with regard to the several ar- 
bitrary constants wliich it contains. Then if 

Ci, ft, ... . G„t 
be a new system of arbitrary constants, the complete integral of 
the equation 

will be 

'dci 
For, if in the equation 

we suppose the several constants, ci, ca . . . . dn, to receive the in- 
definitely small increments dci, dc^, dci„, the corresponding 

increment of j will be 

dci dc2 dc'ia 

* The proof of this theorem of M. Jaoobi wiE he found in iho nobj ou p. 84. As it 
properly belongs to tlie Integral Calcnlna, I have, in the test, contented myself with 
eHiiiicialiiiB: it. 

f These coiialiinta arc, of i^oiirse, iiirtennitely auiall, 
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But as the new value of y is dcmed from tlie former one by an 
indefinitely small change in the values of the arbitrary constants 
which it contains, it is plain that thia value will Still continue to 
satisfy the equation 

If, therefore, we make 

it is evident that this value ofZy will satisfy the eqiiatioo 

S/3 = 0. 
But since dci, dca dca^ are arbitraiy increments, we may re- 
place them by the arbitrary constants Ci, Cs, . . . . Cs„. Hence 
it appeal's that the expression 

s„-r ''^ 4 r ^ + .(-^r ^ r. ^- 

cy = (,1 —, — 1 Oa "T— + ii.c. 4- L-sn , — 



will satisfy the equation 
But as /3 contains, in general, 



■ dx^"' 



d-n 



it is plain that S|3 will contain 

Tlie equation 

8/3 = 

will therefore be of the order 2w in hj. Hence the value given 
above for Sy contains a number of arbiti'ary constants equal to the 
order of the equation. It is, therefore, the complete integral. 

Lkmma IV. 
44. If/3 be the coolTicient of S?/ undei' the sign of integration 
in St', tlie second variation will be given by the equation 
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For in the case which we are now considering, that, namely, in 
which the limiting vahiea of 

are given, the first variation becomes 

Taking the variation of both sides of this eq^nation, and recollect- 
ing that 

S'y - 0, 
we have 

PU = ^'^iZydw. 

45. These Lommas being premised, we shall next proceed to 
consider the mode of effecting the transformation indicated in 
Art. 40; and, to render the reasoning more easily intelligible, we 
ehaU cominence with the simplest cases. 

(1.) Let 

In this case (Art. 11) 



and therefore (Lemma I.), 

Let C|, cs be tlio arbitrary coiistants contained in the integral of 
the equation 

p-o, 

and assume 



dci dci 

Then (Lemma III.) the equation 
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is satisfied by making 

h . .., 

and tlicrefore (Lemma II.) wS/5 is si perfect diffevcTitia!, whoso 
integral is of the form 

dx\u J 
Assume 

and substitute this value in the second variation, 

This gives 

S'U=tudi3^'yd^. (a) 

But since 

if we integrate the right hand member of equation (a) by parts, 
we have 

Now since the limiting values of ^ are fixed, we must have 

and, therefore, 

wig-yi^O, iio8'7/o = 0. 

If, therefore, it be possible to determine the arbitrary constants 
which enter into the value of m in such a way that neither Mq nor 
wi may vanish, we have, necessarily, 

S-j/i-O, S-y.-O; 
and, therefore. 



Moreover, we have seen (Lemmas I- II.) that 
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dSy du 
^ w' da: li^ 

Making these substitutions in the value of 8^ U, we find 



--£^(i^^,,.md.. (b) 

^0 /^j <'i/\ V"^-« -^ dx ) ' 

46. From this expression it immediately appears that the 
given integral 17 will not admit of either maximum or minimum 
if 



(^■fj 



change its sign between the limits of integration. For since we 
are at liberty to assume for Sy {= i^jji^)] any function which va- 
nishes at the limits of integration, and satisfies the conditions 

^^ ' ' dx ' 

for all values of x lying between the limiting values, it is evident 
that we may, consistently with these conditions, suppose 

* = ». f =». 

for all values of x which make Qj negative. This supposition 
would render S* Z7 positive. But if wo suppose S>/ to satisfy tlie 
same conditions for all values of a; which render Qi positive, it is 
plain that we shall have S" U negative. As, therefore, the second 
variation, S^ U, may, in this case, be made either positive or nega- 
tive, the given integral will not admit of either maximum or 
minimum. 

Again, it is necessary to the existence of either maximum or 
minimum, that the q^uantity under the integral sign in S^C/ should 
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not become infinite for any value of ic lying between the liraiting 
valnee. Whether or not this condition be fulfilled, will be seen 
immediately when the complete integral of the equation 

ft-O 
is known. For in that case the values of the several quantities, 

are found by simple differentiation in terms of w. Let the values 
so found be substituted in the expression 

(d ^y ^" '^■^ ''^^ ' 

\ ' dxj 

and it will at once appear whether or not it be possible to deter- 
mine the arbitrary constants which enter into u, so as to render 
this expression finite for all values of a: lying between ccq and ic,. 
Lastly, it is, in general, necessary to the existence of either 
maximnm or minimum that no admissible value of dp satisfy the 
equation 

1*8,-*. 0, 

u dx " dx 



Hence it is easily seen that the integi-al will not, in general, admit 
of either maximum or minimum, if it be possible io dctennine u 
so as to satisfy the conditions 

M, = 0, u„ = 0. 
This is also evident from the equation 

for we have seen (Lemma IlL) that the supposition 

Sj... 
satisfies the equation 

' It Is iiliii]! from tlie fumi of n that tiia avliili-?i-v coiisfaiit mny be "[■(-li^ifi'd. 
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and therefore reduces the second variation to zero. If, therefore, 
1* be an admissible value for Zy, i. e. if it be possible to determine 
the arbitrary constants which enter into u, so as to cause its limits 
ing values to vanish, there will be, in general, neither maximum 
nor minimum. 

47. If Qi remain finite for all valuesjlof a; between x^ and Xx, 
it is evident, from the form to which the second variation has 
been reduced, that the quantity under the sign of integration can 
be rendered infinite only by one of the suppositions, 

du 

-J- = cc, or M = 0. 

d;e 

We have before seen (Art, 46) that the given integral will not, 
in general, admit of either maximum or minimum, if it be pos- 
sible so to determine C\ and C^ as to satisfy the equations 

Ml - 0, M„ = 0. 

Again, it appears from the latter of the two foregoing suppo- 
sitions, that it is further necessary that it be possible to determine 
these constants in such a way that u may not vanish for any value 
of a; between xo and a;,. These cases admit of important geome- 
trical interpretations. 

Let AB (fig, 2) be a curve whose equation is 

the integral of the equation 

(3-0; 
and let A, B be the points corresponding to the limiting values 
of ^ and X. 

Then, in the first of the above-mentioned cases it is evidently 
possible to di'aw between A and B a second curve, satisfying the 
same general equation, and indefinitely near the first. For it has 
been already shown that the curve whose equation is 

satisfies the general equation 

p-o. 
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And since 

Ml = 0, Mo = Oi 

it is plain that this curve passes through the points A, B. 

In the second case, it is possible to draw through A and some 
intermediate point C a curve satisfying the genera! differential 
equation, and indefinitely near to the first. For if we make 






C,-' (dy\ 
\dcJo 
it is plain that we shall have 

M(l = 0. 
Now if u vanish for some intermediate value of x, it is easily 
seen, as in the former case, that there must be some intermediate 
point C at which the curve 

will intersect the curve AB. Hence it is evidently possible to 

draw the curve as above described. 

We have, therefore, the following rule: 

Let AB be the curve whose differential equation is 

/3-0, 

and which passes through the given points A, B. Draw through 
A a curve satisfying the same general equation, and indefinitely 
near to AB. This curve will, in general, meet the curve AB at 
some other point C. Then it appears from the foregoing discus- 
sion that the given integral will not, in general, admit of a maxi- 
mum or minimum unless C fall beyond B. 

48. As an example of the foregoing theory, let us consider 
the case discussed in Ex. 1. 

Here we have 



-V(i^S) 
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Now as the radical in /^is supposed to be taken positimly through- 
out tho integration, it is plain that Q^ will continue always foat- 
tive. This is the first condition requisite to ttie existence of a 
minimimi value of the integral. 

Let us now consider whether the other conditions be satisfied. 
The complete integral of tho equation 

/3.0 

being, in this case, of the form 

1/ = ciX + d, 

we have 

^ = r ^ =] 
dc, ' ' de-^ ' 

and, therefore, 

Substituting these values in equation (fa), p. 88, we have 

8.p.__l ,("(-« Ss-'Ml'- 

Now if we assume values for d and Cg, such that Cix + Ca may 
not vanish for any value of x between xo and xi, it is plain that 
the quantity under the sign of integration cannot become infinite. 
Lastly, it is easily seen that no admissible value of Sy will 
cause the second variation to vanish. For we have before seen 
(p. 89) that tho only value of Sy which satisfies this condition is 



and that, in order to render this an adtiiKsible value, we should 
have 

Wi = 0, Wo = 0. 

These equations become, in the present case, 

which are manifestly impossible for any finite values of Ci, Cs. 
Hence it is evident that the value of?/ found in Ex. 1 renders the 
given integral a minimum. 
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The conclusion here arrived at may be extended beyond the 
individual case. For we have seen, p. 52 (a), that, in general, if 



-/(!)■ 



the complete integral of the equation 

p.o 

will be 

y = C\X + Oii ; 

we, have, therefore, as before, 

u = CyX + Ca- 

Hence it will readily appear, as in the preceding article, that such 
values may be assigned to Ci and C2 aa to render the quantity 
under the sign of integration in ^U finite for all values of a; be- 
tween xq and i^i ; and further, that no admissible value of ^y will 
cause S^t/'to vanish. 

Again, the value of Q\ being 



(-sy 



dyy dci^' 



and therefore constant, cannot change its sign. Hence, and from 
p. 52, we infer— 

(1.) That every integral of tho form 



i:v(s* 



(which is not in itself integrable) admits of a maximum or mini- 
mum value when the limiting values of y and x are fixed. 
(2.) That this value is found by making 

dx 
and is, therefore, 

(3.) That, as in all other cases, the maximum and 
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values are distinguished i'rom each other by the sign of Qi, or (in 
this case) hy that of 

49. Let 

■'V'^'dx'dxV 



In thia case (Art. 11) 



rfPi (^P^ 



and therefore (Lemma I.) 

Denoting by Ci, c^, cj, Ci the arbitrary constants which enter into 
the integral of the equation 

and assuming 

, % ^ (^ ^. 
dci dc3 

it appears, as before, that the equation 

S/3 = 

is satislied by making 

and that, therefore, 

/ d.A,fl d'.A/^\ 

.p ax dx' 

is integrable. 

Assuming, as before, 

' Ae other examples of this theoiy will be given in the folluiviiig fiiapter, I (to not 
think it necessary here to mHltiply Ihem further. 
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and integrating by parts, we have 

di 

, dx ^ dx dx 



ldx;(o) 



the parts outside the sign of integration vanishing, as before, at 
the limits. 

Nowif Ci, d, C's, C'i be anew system of arbitrary constants, 
and if we make 

„'- r '^y . r '^^ ^ r '^■^ A. r.^ 

U = L I -X 1- Lz-Y^+ C-3-T— + C 4-7-, 

aoi dc2 (IC3 aci 

it is easily seen that the supposition 



will satisfy the equation 




(=1) 



it is plain that every value o£St/ which satisfies the equation 

8/3 = 
will also satisfy equation (d). But the supposition 

and therefore S^ =0 (Lemma III.) 

Hence it appears that this supposition satisfies equation (d), 
and therefore renders the expression 
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Proceeding as before, assume 

and integrate by parts the second member of equation (c). 
Then, since, by the principle of Lemma II., 

i (Ix ^ dx dx ' "* 

we shall have, ultimately, 



j:«-=j:^-^^v. 



\dxj ■ 

The conclusions derived from this transformation are analogous 
to those obtained in the preceding case : 

(1,) It is essential to the existence of a maximum or minimum 
value that Ei should not change sign within the limits of inte- 
gration. But since 

it is plain that the sign of -Ei is the same as that of 

Hence, in the case of a maximum, we must have 

«.<o, 

and in that of a minimum, 

for all values of x between .to and xi. 

(2.) It is, moreover, necessary that the quantity under the sign 
of integration, 



y Google 



OF ONE INDEPBNDBHT VARIABLE. 97 

should not become infinite for any value of x within the limiting 
values. 

But since 

dx dx dx ' 

if we assume, for the sake of brevity, 



and differentiate, we shall find 

dx dv ' u d^ dx^ u 
dx da? dx^ dx 

Substituting this value, we find 



where 



du <Pu du' d?u 
dx dx^ dx dx^ 



^ du , du 
dx dx 

Hence we have, in the case of a maximum, 

(1.) (^ < for all values of ar between xo and xi. 
(3.) (2.(^83,. A 5.- 07 not infinite. 
(3.) The equation 

impossible for any admissible value ofSy- 
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For a minimum the conditions arc : 

(L) Qi>0 for all values of x between xq and a;i. 



2.) 1 

' . f-As before. 



(3-) J 
Now if the general solution of the equation 

13.0 
be known, the quantities u, u' are known also in terms of x and 
arbitrai-y constants. If then from these values we form the values 
of A and Ai, it will immediately appear whether or not these con- 
ditions be satisfied. 

50. Conclusions similar to those of the preceding article may 
be drawn aa to the geometrical interpretation of the foregoing 
conditions. 

Thus if the equation 

'^ ax da^ 

bo satisfied by any admissible value of St/, it ia easy to see that if 
Ali (fig. 3) be a curve whoso equation is 

(3-0, 
and which has, at the points A, B, the given limiting values of 

it is possible to draw a second curve indefinitely near to the first, 
satisfying the same difterential equation, and touching the curve 
AB at the points A, B. 

For it will readily appear, as in the preceding case, that the 
general solution of 

If, then, this be an admissible value of ?^, we must have 



,.,=(, ,.=0, ©_=, G 



2r«- 
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Now the eq\iation of a curve iiidc finitely near to the curve AB, 
and satisfying the same differential equation, will evidently be of 
the form 

y being the ordinate of the curve AB. And it is plain that if « 
Satisfy the four equations (c), this second curve will touch tlio 
curve AB in the points A, B. 

And it may be readily shown, as in the foregoing case, that 
the given integral will not admit of either maximum or mini- 
mum, if a second curve can be drawn, as above described, between 
A and any intermediate point C. 

51. Aa an example of the foregoing theory, let 



and lot it be required to determine y, such as to make 

T' Fdx 
a maximum or minimum, the limiting values of a.', y, and -j- be- 



ing given. 










In this case we have 








iV = 0, 


Pi=0, 


--»(S)'" 




The equation 





. 






becomes, therefore, 


die' 


.0; 






or, integrating twice, 


and substituting 


for ft its 


value. 




i',_,_ 


,«^7.\: 


ij. 





Hence it is easy to see that the complete integral will be 

y = {c^x + Cs)™-! -V c-ix H- ci. (a) 
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From this we find 



.(g)".»..:„^i.(„.j)S 



Let us suppose »i to be an integer. Now it is evident that if m 
be even, the factor 

{ax + 5)"'"' 

is always positive. If m be odd, this factor is positive or nega- 
tive according as we agree to take the positive or negative sign of 
the radical 

±(<,»+J)!Si. 

In either case Qa cannot change its sign. The remaining factor, 
■m.m ~ 1, is evidently always positive, whiie m is any integer dif- 
ferent from unity. But, as the effect of giving a negative sign to 

{ax + by"'^ 

would merely be to render -j-^, and therefore V, negative, it is 

plain that, if we understand by a minimum that value which is 
nearest to zero, the value here found will in all cases be a mini- 
mam value. 

Let us next consider whether the other conditions stated in 
the previous Article be fulfilled. 

Putting, for the sake of brevity, 

2m - 1 



and differentiating equation (a), with respect to the arbitrary 
constants which it contains, we find 



^ = 
dc3 
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Hence 

u = w (aa; + ca)"-' ( Cix + Ca) + Cs^i + d ; 
and, similarly, 

u=n {c^x + a)'^^ { Cix + Ca) + CzX + d. 
Now it ia easy to see that if we make 

the second variation will become 



---ty-m"- 



Hence it is evident that the quantity under the sign of inte- 
gration in S^ f may always be made finite, provided that Q2 does 
not become infinite within the limits of integration. But we 
have already seen that 

Qii = m.m-l.{aa: + b)^^' 
Now since m is supposed to be an integer, it is plain that 

m~2 
m-1 

cannot be negative, and therefore that Qi cannot become infinite 
for any finite value of ;». 

It i-emains then to consider whether the second variation can 
be made to vanish by any admissible form of By. Now we have 
seen that the most general value of Sy, which causes the second 
variation to vanish, is 



In order, therefore, that this may be an admissible value of Bt/, it 
ia plain that it must be possible to detennine the constants which 
u contains, in such a way as to satisfy the equations 



-«. «'=". (£!=». ©.-■ 



(I) 
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Let US suppose 

-». ^-». (I)r»- 

These conditlona reduce the complete integral to 

y = {aa; + b)" - nab'^^ x - b", (c) 

putting a, h, for ci, d. Hence 

u = niax^ hf-^ {Cxm + d) + Ca* + C^, 

The four conditions (b) give, therefore, 

Ti(aci + ^')"-i (Ci^i + a) + C83!i+ C4= 0; 
?(Ci((Wi + 6)"-i + n.«-l(Cia;i+ Ca) (aa^i + ^i)""^ fl + C3 = 0. 
Eliminating the several quantities, 
Cg Cs C4 



(^) 



between these equations and the equations 

y\ = (axi + 5)" - JinS""' ^1 - b" 

i-f-] =mi((T3;i 4- 6)"-' -na6""i, 

formed by the substitution of the given limiting values, 

in (c) and its first differential, we shall finally arrive at an equation 
containing these limiting values only. If this equation be satisfied 
cither by these limiting values, or by any other system of values of 
dy 
'•" dx 
which is found within the limits of integration, the gi^'cn integral 
will not, in general, admit of either maximum or minimum. 
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52. The question may, however, be treated in somewhat a 
simpler manner, by the geometrical considerations of p. 98. For 
wc have there seen that, If it be possible to make the second 
variation vanish, a curve may be drawn between the extreme 
points j4, -C, indefinitely near to the first, satisfying the same ge- 
neral equation, and having the same limiting values of the diffe- 
rential coefficient. Now it is evident that if the extreme points 
be such as to satisfy this condition, we must have 






■dy\ <B_ 
,(/Wo da 



(£l\ + (■-^^ ^ „ 

\dxdajv \dxdbja da ' 

fdn _^ (dj,\ di _ 

\dal, \dl>Ji da ' 

(Jl!L) +('^'1 ^.0. 
\diedaJi \dxdb)\ da 

Substituting the values of these differential coefficients derived 
from (c), it is easily seen that the first two are identical, as they 
ought to be. 

The third and fourth become, by the same process, 

\{axi + ft)"-! - h'^^}a!i+ {(axi + bf-^ - b""' - {n-l)ab''-^Xi] ^ = 0, 

(a.vi + i)"-' - S"-! + (« - 1) («a:i + by-^axi 

db . 



1(0^1 + by^ - S™-! j^ = {n - ly a-'xi^ {axi + b)-^ b^'^ (e) 

Eliminating a and b between the equations (e) and (d), we find, 
as before, an equation between 



-.(I).- 
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If this equation be satisfied either by these quantities or by any 
system of values of 

dy 

which 19 found within the limits of integration, wc infer, as be- 
fore, that the given integral does not admit of either maximum or 
minimum. 

For example, suppose 

m- \ 
equation (e) becomes, in this case, 

\{axi +hf-b^]'^ = 4a2,ri2(a^i + b) b, 

or, by reduction, 

fl%i« = ; 
or, since tt\ cannot vanish, 

n = 0, 

lation, since it would reduce equation (c) to 



It is, therefore, In the present case, impossible to draw a curve in 
the manner stated at the commencement of this article. 

Hence, and from p. 100, vi'e infer that the va.luc of the given 
integral is in this case a real minimum. 

53. The mode of applying the theory of M, Jacobi to func- 
tions involving differential coefficients of an order higher than 
the second, being strictly analogous to that which has been stated 
in the preceding pages, it may be sufficient here to give a brief 
sketch of tiis extension. 

(1,) The second variation being, in general, of the form 





iy^" 






da)' 


assume, 


as before, 














u. 






di, ^^ 
(hi 


.+ C, 


dy 
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and iatograte the expression by parts. It will thus be reduced to 
the form 



^U=-\ \B> 



dll. 



(3.) Assume 

aci doa 



d.~ 



and integrate again by parts. The second variation will thus be 
reduced a second order. 

(3.) Assuming, for the sate of brevity, 



let v be a quantity formed from v in the same way in which ut 
was formed from u, namely, by a change in the arbitrary constants 
which it contains, and make 

, v_ 

dx das "' 

Integrate by parte as before, and proceed with similar assumptions 
and intcgi-ations, until the second variation is reduced to the form 



^i:--f-£-'^ 



the upper sign being taken if w be even, and the lower, if w be 
odd. 

(4.) It is evident, from Lemmas I, and II., that this quantity 
has the same sign as Q,i. For it appears, from the conchiding 
remark of Lemma I., that 



yGoosle 
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Similarly, if Z)„ be the coefficient of 

in the quantity which remains after the next integration, 



and, finally, 



E„ = A„u^ \ 



dx ' 



But from Lemma I. we have 

Hence in ail cases the form to which the second variation has 
been reduced is 



"'yv 



^ dx ' 



dx 



It appears, therefore, as in the preceding cases, that for a inaxi= 
mum we must have 

and for a minimum, 

Qn>0, 

ibr all values of x from Xt, to x\. 

(5.) It is easily seen that the form to which we have reduced 
^Uh identical with that indicated in Art. 40. For 



dZ-7j ^ d n 
dx daj \v 



dx dx\u J' 
dxJ d^\v dx\u J J' 
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If these several differentiations be actually performed, it is evident 
that the form of S^C/ will be as stated in Art. 40, 

(6.) If ji, B be the given extreme points of the curve satisfy- 
ing the several conditions of the question, the given integral will 
not, in general, admit of either maximum or minimum, if between 
A and B there be found two points, C, D, such that a second curve 
may be drawn through them indefinitely near to the first, satisfy- 
ing the same differential equation, and having at the points C, D 
the same values of 

dy (Py d''~'^y 

(7.) As the determination of the curve which satisfies all the 
conditions of the question depends upon the solution of the system 
of equations formed by the substitution of the given limiting 
values o£x, y, &c., in 

(3.0, 

it is plain that there will be, in general, more tlian one such 
curve. Now if two of these curves become coincident, i. e., if 
the equations by which they ai'c determined have one or more 
pairs of equal roots, it appears from (6) that the given integral 
does not admit of either maximum or minimum. 



Prop. VI. 
53. To determine the functions y, z, which will render 
Vda: a maximum or minimum, where 



d''y dz d"'-e\ 

;■'»'£■■■ — ' - — ' 

The equation 



^ \ ' •^' dx' ' ' ' di^"' '' dm ' ' ' ' dx^". 



becomes, in this case (Chap. II. Prop. V.), 
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+ &c. (A) 

\ •• dx'-^ >, V- dig"' I, 

+ 40. 
\ -dx-'J, \ 'd>f'-')> 



.0. 

If the functions j/, « be independent of each other, their va- 
riations, 8?/, &, will also ho independent ; and, therefore, by the 
same reasoning aa that employed in Prop. 11., we must have the 
general eqnations, 

,, dPi dfPt , , ,,,d^P. 

(B) 
dx' 
and the eqnation at the limits, 

Fidx, - IVi, + (.Pi - 5 * *"■) *' ~ i^' ' ^ * *'=-),%» 
.KP.-.o.,r(t).-(n-*o.).(f), 

+ &e. (C) 
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^(«--).(S).-(p.-->(f). 

+ &c. = 0. 
The mode of treating these equations is perfectly analogous to 
that used in Prop. II., and it appears conclusively, from the rea- 
soning there adopted, that the numbei of equations is not, in 
general, affected by any auxiliary equations which may bo intro- 
duced. For every such equation will either remove a term from 
(C), by annulling the variation which enters into that term, or it 
will oonsolidato two terms into one ; thus in all cases diminishing 
by one the number of equations to which (C) is equivalent, and, 
at the same time, increasing the number by one, namely, itself. 
In proving, therefore, that (B) and (C) furnish a suiEoient num- 
ber of equations for the complete solution of the problem, it will 
be suificient to show it for a single case, namely, that in which 
the limiting values of x only are fixed. Now it is easy to see 
that the equation 

jv _:?£. + 40. + (-i).:g: = o 

is of the order 2n in p, and m + nin s; and the equation 

of the order m+nin p, and 2m in z. These equations are, there- 
fore, of the form 



>{-«-t 



dy d^'y dz d"""z'' 

dx^' 'dx <fa™™, 

^ rf"""y dz_ rf^''^ ' 

dx" ' ' d^"""' ' dje cLv^'", 



If, according to the ordinary method, wo differentiate the first 
of these 2m times, and the second m + n times, we shall thus have 
3m + n -I- 2 equations, between which, if we eliminate 

' dx ' ' ' (/a:^"""' 
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we shall have a resulting equation la y of the order 2(m + w), 
whose solution, therefore, will cont^n 2(m+3i) arbitrary con- 
stants. Now it ia evident that the equations at the limits are 
precisely 2{m + w) in number, namely, the 2n equations, 

= 0, 



(-.-f^H-. 


(-'-f^-)r 


(P,-&c.)«-0. 


(P-i - &o.)i . 0, 


&0. 


&c. 


(P.). - 0, 


(P.). - Oi 


and the 2m equations, 




(-.-S-'-4-' 


{--'S^^), 


(Fs-AoOo-O, 


{Pi -Sx.)i- 0, 


(P.).-©, 


(P.h'O. 



The problem is, therefore, In general, perfectly determinate. 
Similar exceptions to those noticed In the case of a single depen- 
dent variable will of course occur. Thus, for example, if N= 0, 
and neither of the limiting values ofy be given, the problem is 
indeterminate, and the explanation is precisely the same as before. 

54. If V do not contain the independent variable, wc may 
find a single equation of the order 2(m + w) - 1 without any par- 
ticular determination of the form of the function V. 

For since M^ 0, we have 

■^ dm dx^ ax"- 

+ Ndz + P'lrf. J + Farf, '—, + &c. + P\4 . —■ 

Substituting for N and N' their values, derived from tlic equa- 
tions 
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and proceeding exactly as in Art. (29), wc find 



dz_ (p' ^ _^ «£2"\ 
dx \ dx^ dx' dx J 



A more particular enumeration of the several cases which may 
occur is obviously unnecessary. 

Example. 

55. To find the forms of the functions y and s which will 
render 



l/(^ 



■r mmimum. 

Here 

A^=0, N' = 0, 



Pa = 0, &c. Pa = 0, &c. 
The equations 

dp, dP\ 

ax dx 



become, therefore, 

dx dx 
or, 

dy 

I. dx .73' 




vli-s + srO ■ V 


y, df d2'\ 
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Tlicse equations, if solved for tlio two differential coefficients, 
will evidently give results of the form 

dy ^'^ _ . 

dx ' dx ' 
o!', finally, 

y = mx +p, z = n!B + q. 

To determine tlie arbitrary constants ; 

(1.) If the limititig values of ic, y, z be given, the constants 
in, n, p, q are determined by the four ec[uations, 

yi = inxi +p, si = na!i + q, 

(2.) Let the limiting values of « only be given, those of?/ and 
s remaining indeterminate. 

Here the terms without the sign of integration give, as is 
easily seen, the equations 

(Pi)i = 0- (^i)i = 0. 

These are, however, only equivalent to the two equations, 

m = 0, n = 0. 

The remaining eonstanta,^, q, are therefore indeterminate. This 
case is analogous to that of Ex, (3), Art. 28. 

(3.) Let tlie limiting values of x, y, z be connected by the 
equations, 

/l (-^b yu Zl) = 0, /„ (.I'o, 7/0, «^o) = 0. 

Taking the complete increments of these equations, aa in Art. 
27, (4), we have 

\dxi dy\ dxi dzi rfflrf/ dyi '' dzi ' 

(») 

(I? + fl *! + S *«U. + * S» + *! S.. . 0. 
\<u-o rhji, d.v.t, dzji dxaJ dya asa 
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df. 


*, 


-1 




<tfl 


* 


in 




and substitute for 






£&i' dxa 



their values derived from e<iuatioii (a). We have then 
(1 + mmi + wwi) dx\ + ffiiSyi + iiiSsi = 0, 
(1 + jwmo + jiJio)(^i) + nJoSyo + no&o = 0. 

Eliminating, by means of these equations, dix\, d^a, from the 
equations 

Vl<b!l + (Pl)lS!/l + (P'Oi&i = 0, 
Vod^a + (Pi)<,Spo + (-P'o)og^o = 0, 
and equating to zero the coefficients of the variations 

Sffi, S^i, Si/o, &o, 
we have 

miFi - (-Pi)i (1 +mmi +nni) = 0, 
«i ^1 - (-fi)! (1 + "i"'! + "Wi) = 0, 
moFti - (i'i)o (1 + "iw** + w^io) = 0, 
Mfl ^0 - (-P'i)o (1 + ™»«o + w«o) = 0. 

Replacing Vi, (Pi), &c-, by their values, and solving the first two 
equations for m, n, we easily find 

m - mi, n = n,. (b) 

Similarly, fi'om the third and fourth equations we find 

m^ma, m = «o. (c) 
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Eliminating .i;i, !/i, «i, w^, ya, st), by the equations 

Zi = n^i + q, 2-0 = nxo + q, 

f\ (fl.-i, yi, zi) = 0, /u (ifio, yti, 2o) = 0, 
we have the four equations (b) and (c) for the determination of 
the four unknown quantities, m, n, p, q. 

56. We may here extend to funetionB containing two or more 
dependent variables a remark made in Art. 29. 

Let 



V=f{ 



' dy dz '\ 
.dx dxf 



and let it be required to determine the functions y, , 
make 



a maximum or minimum. 
The equations 

iV_ ^ ^- &c. = 0, A^' - ^ + &c. = 0, 

ax (Uv 

become, as in the foregoing example, 

d,v ax 

or, 

p, . c, P'l = c'. 

But since F, and therefore P|, P'l, arc functions of 

dp dz 

dx' dx 
only, it is plain that these equations arc equivalent to 

dy _ ^ _ . 

dx ' dx ' 
or, as before, 

y = ma) + p, s = nx + q. 

We infer, therefore, as in Art. 29, that if I^contain only differen- 
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tial coefficients of the first order, the given integral will receive a 
maximum or minimum value, by making the several dependent 
variables which it contains linear functions of the independent 
variable. If 



F=/, 



^dx"' did'"' 



containing but one differential coefficient of each ^ 

liable, it is easy to see that the solution will be obtained from the 

system of diflerentia! equations, 

p.x, ??.X,fe, 

dor «iC"' 

X, X', &;,, being given functions of «. 

Prop. VII. 
57. To determine the functions y and z which will render 

a maximum or minimum ; V having the same form aa in the fore- 
going Proposition, and the functions y and e being connected by 
the equation 

X = 0. 

It has been already shown (Prop. VI,, Chap. II.) that, if the 
equation 

L = 

be integrable with regard to either of the dependent variables 
which it contains, so as to furnish a result of the form 

the given integral, and therefore its variation, will have the same 
form with that found in Prop. III. of the same Chapter. In such 
a case, then, the present problem would differ in no respect from 
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that of Prop. II. But as it is in general impossible to effect this 
integration, we are obliged, for the solution of the present prob- 
lem, to have recourse to the method of Lagrange, which has 
been already partly explained in Art. 16. The spirit of this me- 
thod, as will be seen by referring to the Article quoted, consists in 
the introduction of a new indeterminate quantity, A, by a suitable 
determination of which we are enabled to reduce the variation of 
the given integral to a form in which but one of the arbitrary va- 
riations, By or Bz, shall appear under the sign of integration. 

In fact, if we denote by the aggregate of terms without the 
sign of integration in S U, the general formula of p. 23 gives 



}xa\ 



Suppose now that the indeterminate quantity \ is so assumed as 
to satisfy the equation 



Then it will appear, by reasoning precisely analogous to that of 
Prop. II., that the equation 



e + n (n +\a- '^^^2^^'' "^ ^'') ^^'^ ^ ^' 

cannot be satisfied (without restricting the variation §y) in any 
other way than by making 

e = o, 

ax 

Hence it is evident that we have, in general, for the solution of 
the problem, the three general equations, 
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N- 



dx 



being the same m number with the unknown quantities y, z, \. 
58. The whole method may be otherwise stated as follows : 
The general value of 8 f' is 

8r= my + P,^+ &c. + N'Zz +F\f^+ &c., 
aw da: 

being the same as when y and s are actually independent. Now 

it is plain that the defect of this exprcasiooj in its present form, is 

that Sy, 8s cannot be treated as independent variations, and, 

therefore, that the rules of the foregoing Proposition cannot be 

applied. It is necessary, therefore, in the first place, to detei-mine 

such a modification of the value of S F as will enable us to regard 

these variations as independent of each other. Now the equation 

by which they are connected, namely, 

J ^;— + &C. = 0, 

dx 



aiz^li-". 



being a linear equation, it follows, from the theory of such equa- 
tions, that the condition which it furnishes is satisfied by multiply- 
ing its left hand member by an indeterminate "Quantity A, adding 
it to the value of § V, and then treating 8y, Ss as independent of 
each other. 

This will evidently give, as before, 



which, with the given equation, 

X = 0, 
are sufficient to determine the tliree functions, y, z, \, in terms oi' 
z and arbitrary constants. 
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For the determination of these constants we have, as be- 
fore, the several equations which are formed by equating to zero 
the several coefficients of Si/i, Sz\, 8yo. Bso, &c., which occur in 
the terms freed from the integral sign; i. e., we have as many 
equations as there are independent variations among these terms. 
But as the equation 

Z = 
is supposed to hold between the functions y and s> however these 
functions may be varied, it is plain that the variations Syi, &], &G; 
Si/oj Ssoi &c , are not necessarily independent of each other, and, 
therefore, that the number of the ancillary equations may not be 
equal to the number of these variations. 

In order, then, to determine how far the question admits of a 
definite solution, we must consider, firstly, what is the number of 
arbitrary constants contained in the values of y, 2, X; and, se- 
condly, what is the number of the ancillary equations which the 
conditions of the question furnish for their determination. 

In discussing the general theory of the number of equations 
furnished by the terms outside the sign of integration, it will be 
suf&cient to consider one out of the many cases which may arise 
from the various data of the problems to be solved. For it is 
plain, from what has been said, p. 43, that this variety does not, 
in general, affect the number of the ancillary equations. Stippose, 
then, that the limiting values of x are given, those of 

V, -—-, &c., z, ^ri &c., 
dx dx 

remaining indeterminate. Svippose also that V contains y and its 
differential coefficients, as far as the n"' order, inclusive, and sand 
its coefficients, as far as the m'* order, also inclusive. Suppose, 
lastly, that the equation 

i = 
is of the order n in y, and in in s. 

59. We shall consider successively the three cases: 

(1 .) Let m > m and u > n. In this case it is evident that the 
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equations for the determination of?/, s, X are of the following 

orders : 

2n in ?/, m + n in «, n' in X, (1) 

m + n. .. 2m m' (2) 

n ^n . . . . (3) 

Pifferentiatiiig, according to the usual method, equation (1) 
m' times, and equation (2) n times, and eliminating X, we have 
two equations of the orders 

m + n + n in y, 2m + n' in s, (!') 

n .»' (2-) 

it being supposed that m-m'> n- n. 

Again, differentiating (1') m times, and (2') 2m + n times, 
and eliminating z, we have a final equation in y of the order 
2(m + n'), whose solution, therefore, will contain 2 (m + n) arbi- 
trary constants. As in the process of elimination, X and z have 
been successively determined in terms of the remaining variables, 
no new arbitrary constants will be introduced in the values of 
these quantities. The total number of these constants will there- 
fore be 2{m + n'). 

Let us next consider the number of equations which are fur- 
nished for the determination of these constants, by the terms 
which are &ee from the sign of integration. The number of 
distinct variations which enter into tliese terms is evidently 
2 (m + n), namely: 

/%\ ff^\ 

««(a'). p).. 

-..(f). (SS). 

' \da: jo \ dx'"''^ Jo' 

If, then, these variations were independent of each other, we 
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shouldliave, by eijuating to zero their several coefficients, 2(m + «) 
equations. But as the equation 

X = 
is supposed to hold among all the admissible values of «/ and z, it 
is plain that the variations S^i, &c., are not independent, but are 
connected by the 2(n - n) equations 

». = o.,x. = o.(f)_ = o, (f^) = o ^^ 

These equations being 2(w - n') in number, it is evident that the 
number of independent variations contained in the terms which 
are free from the sign of integration is only 2(m + n) - 2()i - m') = 
2(m + n'), the same as that of the arbitrary constants. The dif- 
ierentiation of BL cannot be pushed beyond the order n-n -1, 
inasmuch as the next step would introduce the new variations, 

Xdaf Ji' \da" Jo' 

(2.) Let m > m and n < n. Then, if m + n > »i' + «', the three 
equations are of the orders, 

2n-inj,, m + «;ni, «' in X, (1) 

m + ».... 2m m (2) 

«• '»' »■•■■ (3) 

Eliminating A, as before, between (1) and (2), we have in 7/ and 
z two equations of the orders 

m + n + Ji' in t/, 2m + n in 2, (1') 

"■ ■»• (2) 

Eliminating s between these equations, we have a final equation 
in y of the order 2 (m + n), whose solution will therefore, as be- 
fore, contain 2 (m + w') arbitrary constants. And it is easy to see 
that a similar result would be obtained by supposing 
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No relations between the variations Syi, Sya, &c., arc furnished in 
this case by the equation 

for it is evident that dLi, ILo will contain 



respectively, while the highest which occui in the terms free 
from the sign of integration are only 

V (i*"'-^ /i' \ dif'-'- Jo' 
It is therefore impossible to eliminate any of the quantities S;/i, 
Sy„ &c., by means of the equations 

g£,=0, Sio = 0; 
and, (i fortiori, no such elimination can be effected by any of the 
equations 

Each of these equations, in fact, introduces a new variation. 
The number of equations which are furnished by the terms free 
from the sign of integration is therefore, in this case, equal to the 
number of the variations, 

%.,S,.,(§),.c„S.,.8.,(f),*c., 

which they contain. But of these quantities there are evidently 
2 (m + n'), namely, the 2n' quantities, 

*" [s),---- [-s^),' *■ [di), ■■■■ [-d^),- 

and the 2m quantities, 

«-(tV-(£¥).. «-(f).--(£?V 

The number of ancillary equations is therefore again the same as 
that of the arbitrary eonstante. 
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(3.) Let m > m and ti > n. The equations in y, z, X are, i 
this case, of the orders 



»mX, 


(1) 


m 


(2) 





(3) 



Eliminating X, as "before, between equations (1) and (2), we have, 
for the deternunation of »/ and z, two equations of the orders 

2n' + m in y, 2m' + n in z, (!') 

n' m' (2') 

Again, eliminating s, we have a final result in y of the order 
2(m'+n'). The number ofarbitrary constants is, therefore, in this 
case, 2{m'+n'). 

With regard to the miniber of the ancillaiy equations which 
are furnished by the terms free from the sign of integration, it is, 
in the first place, evident that these terms contain 2 (m' + n') inde- 
pendent Tariations, sc. 






\dx Ji' ' ' ' \ dw'"''^ J: 



\ dx Jo ' ' ' ' \ dx'^'~'^ , 



It wouM seem, therefore, at first sight, that the number of equa- 
tions should be 2 {m + n"), the same as that of the arbitrary con- 
stants. But this case requires a little more consideration. 
If we assume 

(3.._£|^, p.,_, ^, fc, 



y Google 



OF ONE IMDEPEJfDENT VARIABLE. 

(te"' ax'" 1 

Y to sec that the coefficient of 



will be 


AiO.,)., 


and that the coe 


ifficients of 


will be 


(£S),. (£3^)..-. 


x.o„),-(!' 


m *-'^-(^^(^).- 


Equating these 
ditions, 


coefficients to zero, we have the several con- 

x,o,), - 0, 



X,M.-(^'),.(^), = «, 
&c. &e. 

These equations, which are n - w in number, teing derived from 
the coefficients of 



are, as is evident, wholly free from any terms derived i'rom V. 

The lirst of these equations may bo satisfied by making either 
Xi = or 0«')i = 0. We shall examine these suppositions sepa- 
rately. 



y Google 



124 MAXIMA AND MINIMA OF IKDETERMmATE FUNCTIOKS 

(1.) Let \| = 0, aad {/3w)i > or < 0. This supposition reduces 
the second of the preceding equations to 

(M..(S), = 0; 

or, since (jin>)i ia not supposed to vanish, 

and it is easily seen that the suppositions, 

reduce the third of these equations to 

and so on for the other equations. 

Hence it is evident that if (/3n/)i be not supposed to vanish, 
the foregoing equations are equivalent to 

^.-. (S)r«- (§).-■-■ vs-y 

Now if we proceed in a similar manner to consider the equa- 
tions derived from tlie coefficients of 

supposing, as before, that 

dL 



PV or 
does not vanish at the superior limit, we shall find 

^.-.(S).=»--(£s^; 

If, then, wc suppose that n -n > m - m, it is plain that these equa- 
tions are identical with the iirst m' ~ m equations of group (D). 



- 0- (E) 
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Thus the number of the ancillary equations is (diminished by 
id -m; and if the same supposition be applied to the lower 
limit, a similar diminution will take place. In this case, tliere- 
fore, the number of the equations for the determination of the 
arbitrary constants will be only 2 (m' + n') - 2 (m' - m) = 2 (m + n') . 
There will be, therefore, 2(m'- m) constants remaining still un- 
determined. 

(2.) Suppose Ai > or < 0. In this case the first of equations 
(C) becomes 

(A.), " 0. 

This supposition, together with \\ > or < 0, reduces the second 
of these equations to 

and the third becomes 

Without pursuing this discussion any further, it is sufficient 
to remark that the reduction in the number of the ancillary equa- 
tions which was found to take place in the preceding case, does 
not occur here, as it is evident that the equations just found, as 
given by the coefficients of 

are different from those derived from the coefBcients of 



(3.) Again, the first two of the equations (C) may be satisfied 
by making 

A, = 0, (/3,^), =0. 
This supposition reduces the third equation to 
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wiiicli may be satisfied either by making 

fdX\ 



r by making 



'm .0. 



If we adopt the former of these suppositions, the first three equa- 
tions (C) will be equivalent to 

and if the latter, we shall have 

x,^o, o,)..o, (fr-, -«=:), = 0. 

Upon refen-ing to the equations derived from the coefficients of 

it is plain that the former of these suppositions annuls the first 
two, those, namely, which are derived from the coefficients of tlie 
variations, 

\ d^™''^ /i \ dx)'"-''^/! 

thus diminishing the number of the ancillary eq^uations by two. 
The latter will only diminish the same number by one. 

Without following this reasoning any further, it sufficiently 
appears from what has been said, — 1. That if either of the quan- 
tities, ((3n')i. (/3'm')i, be taken to be finite, the number of the an- 
cillary equations will be diminished by m ~ m\ and that if a 
similar supposition be made with respect to either of the quan- 
tities {|3n')oi O'«i')o, a similar diminution will be effected. 2. That 
if the first equation of each group, those, namely, which are de- 
rived from the coefficients of the variations, 
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be satisfied by making 

{(3.,),-0, O-,,,),.0. 
the number of the ancillary equations may be diminished by any 
number from to 2 (m'-m), tlie particular number depending 
upon the selection which we make among the many methods of 
satisfying the remaining equations. 

The result of the entire discussion may be stated as follows: 
(1.) If m > m', and n > n, the order of the final differential 
equation will bo the greater of the two quantities, 

and there will be a sufficient number of ancillary equations to de- 
termine the arbitrary constants which enter into its solution. 
(2.) The same conclusion holds for the case in which m>m' 

(3.) If m' > wi and n > n, the order of the final equation will 
be, in general, 

2 («.- + »■); 

and its solution may contain any number of indeterminate con- 
stants not exceeding the lesser of the two quantities, 

2(m'-™), 2(„'-„). 



60. M. PoJsson, in his valuable memoir upon the Calculus of 
Variations, states, that the solution of a question such as that 
which has been di ussed ab e will, in general, contain indeter- 
minate constant na mu 1 a the relation between y and z is 
given by a diffe al i b. n: " Toutefois, une partie de ces 
constantes sera, en g n al abondante, et restera indeterrainee 
— cc qui provien d q lun,;desinconnues ^ et .s n'est deter- 
minee implieitement an moyen de I'autre que par I'equation dif- 
ferentielle i = 0."* M. Poisson has not given the reasoning by 
which he arrives at this conclusion, which is wholly at variance 
with that which I have endeavoured to establish, I can, there- 
fore, merely conjecture that it was something of the following 
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Suppose that the equation 

i = 
were iiitegrable, so as to give the value o?z in terms o£y,x, and a 
number of arbitrary constants. Let this value be 

and let tlie values of 

dz (Pz 

dx dx^' 
be derived from it, and substituted in the given quantity V. 
This process will reduce V to the form 

and if we then apply the Calculus of Variations to discover when 
\Vdx is a maximum or minimum, it is evident that the solution 
will, in general, contain all the constants which are to be found 
in V, that is to say, all the constants, c, c', &c., which have been 
introduced in the integration of the equation 
Z = 0. 

As, therefore, the method of Lagrange is but a different mode of 
effecting the same object, it may be expected that the final result 
will contain a similar number of undetermined constants. To 
this I reply, that the questions solved by these two methods are 
essentially different. In the first, in which the quantities c, e', &c. 
are not supposed to vary, we seek to determine, among all the 
systems of values o?y and z which satisfy the particular equation, 

that system which will render the given integral a maximum or 
minimum. But in the method of Lagrange the required system 
is to be sought, not among those onlywhich satisfy this particular 
equation, but among all those which satisfy the general equation 
Z = 0. 
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If, therefore, tliat method be perfect, it ought to furnish means 
for determining the required syBtcm irom among all those which 
satisfy any one of the infinite number of equations which may be 
deduced from 



'/[':. S, 



dx ' 



by assigning different values to the constants c, c', &c. It ought, 
therefore, to fnrnkh a sufficient number of equations for the de- 
teimiaation of these constants. A single example will sufficiently 
elucidate this reasoning. 

Suppose that it were required to determine the functions y 
and z of such a form as to render 



W[ 



"^rfa^"^ da'^j 



a minimum, y and z being connected by the difFerentia! equation 
dy d^ n 



dx dx 



(A) 



As this equation is integrable, the problem may be treated by 
either of the methods just alluded to, that is to say, we may either 
integrate the equation (A), and, by means of its integral, 

*' + J' + ^' = «'- 

d& 
eliminate -j- from V previous to the application of the Calculus 

of Variations ; or wo may apply that science immediately to the 



w> 



H'*s)^- 



using, according to the method of Lagrange, the equation (A) as 
an equation of condition. But the problems solved by these two 
methods are not identical. This will appear most clearly if wc 
consider their respective geometrical significations. 

In the first method, where equation (A) is integrated previous 
to the application of the Calculus of Variations, the object of the 
problem is to draw a line of minimum length upon a given sphere 



y Google 



130 MAXIMA AND MINIMA Or INDETERMINATE FUNCTIONS 

whose radius is a. The surface upon which the line is to be 
drawn is therefore absolutely fixed, both the centre and radius of 
the sphere being given. But in treating the problem by the 
method of Lagrange, we are at liberty to select, as the surface 
upon which the line is to be drawn, any sphere whose centre is at 
the origin of co-ordinates. And if the solution be complete, this 
method ought to furnish not only a rule for drawing the line 
upon any particular sphere so selected, but also an equation for 
determining the radius of the sphere upon which the line so 
drawn is less than that similarly drawn upon any of the others ; 
and if we actually apply this method we shall find that it does 
give the equation 

a= TO. 
To prove this, let it be supposed that the extreme values 
of ;b are given, or, in other words, let it be required to determine 
the functions y and z of such a form as to render 



;y(' 



, if , <i»'\ 



a minimum, the limiting values, xtf,x\, being given, and the func- 
tions y, z being connected by the equation 





"'1-S=»- 


Here we have 






-/(-£^£) 


and, therefore. 






d,j da 
dx jy dx 


"V(i 


dy'd.'V ^' ,/(,dfd:'-. 




If.O, N-.O. 


"We have also, from equation (A), 


a 


-s' '^■»' °-S' f"-'- 
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The equations 

ax 

become, tlierefore, 



dx dx 






-0, 



dx da: 



\y \ dx^ d^:> 

icieiit of \ in e 
inating — bet 



(B) 



the coefficient of \ in each equation vanishing of itself. 
Eliminating — between these equations, we have 



dxVJ Xy \ dx^^ dx^)_ 



Integrating this equation (which is evidently possible), we find 

dv dz 
z S. ^ y 

(B) 



//, df di'\ ' 



c being an arbitrary constant. 

To determine this constant we must have recourse to the 
terms free from the sign of integration. Now since Xi, Xa are 
given, and yi, yn, z\, «o> indeterminate, it is evident that the co- 
efficients of hji, Si/oi S^ii 8^0) must vanish of themselves. Hence 
we have the equations 

(Pi + A/3}i = 0, {Px + X^')i = 0, 
(Pi + X|3)o = 0, (Pi + Xp')o = 0, 
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or 



/(>-£- 






(0) 

dz 



y \ 111? di?ji 

for the superior limit, with two similar equations for the inferior. 
Eliminating Xi, we find 



TH 



d^^ daP, 



Hence e = 0, and equation (B') is reduced to 

ax ax 
or, by integration, 

y = mz. 
The required functions are, therefore, given by the system of 
equations. 



If now we recur to the first of equations (B), and eliminate y 
and z by means of the equations just found, we shall have 



or, by integration, 

X-isi„-.^.». 
Hence, at the superior limit, 

X, ..Isin-'Sl.i. (D) 
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Again, if in the first of equations (C) we substitute for 

their values in terms of x, we find 

Eliminating Ai between (D) and (E), we have 

(F) 

-]-'•■ (8) 



and in the same way for the other limit, 
1 / a!o 



These equations are satisfied by 

a =<»,& = 0. 
If a be not infinite, we have, by subtracting these equati 



V(««-^i^) -^ « V(a^ 


-V) 




sible equation, since 






X\ > Hto! 







and, therefore, as is easily seen, the left hand member is always 
greater than the other. In fact the differential coefficient of 



is always positive while V(«^ - a;^) is so. 

Hence it is evident that the ordy value of « which satisfies the 
equations (F) and (G) is 

This example shows conclusively that by the method of 
Lagrange we are furnished with an equation for the determination 
of tho arbitrary constant introduced in the integration of the 
equation of condition ; and that, therefore, the solution arrived at 
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by that method does not, in general, contain arbitrary constants. 
With regard to the arbitrary constant m, which this solution does 
contain, it is easily seen that the existence of this constant is an 
accidental peculiarity of the individual question, and in no way 
connected with the fact that the equation of condition ia a diffe- 
rmtiai equation. In fact, it will readily appear that if we take, 
as equation of condition, the integral equation, 

0!^ + f + z'^ = a^, 
and eliminate s from 



ryi 



dn^ da? J 



previous to the application of the Calculus of Vai'iations, the so- 
lution will still contain the arbitrary constant m. Geometrically 
speaking, the existence of this constant denotes that if it be re- 
quired to draw between two paiallel circles upon a sphere a line 
of minimum length, the problem is solved by any common se- 
condary. 

This theory may be extended to the case of three or more 
dependent variables, and the method to be adopted is precisely 
similar, both in the deduction of the general differential equations, 
and in the determination of the arbitrary constants which enter 
into the solution. Examples of the application of this method 
will be found in Chapter IV. 

Peop. VIII. 

fil. To determine the form of the function y which will ren- 
der \Vdx a maximum or minimum, and at tho same time satisfy 
the condition 

\V'd^ = c, 

V and V being functions of 

^ dx 
The condition that jFdx shall be a maximum or minimum 
gives, as before, 
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gives 



D.jV'dx = 0. 



Hence, according to tLe principle of Lagrange previously laid 
down, tlie solution oi' thia question is to be found by multiplying 
the second of these equations by an indeterminate coefficient X, 
and adding it to the former. This will give 



Vidan - Fo<&o - 



V + \(V'idxi - Vndwo + S.\f"dw) = 0. 



f 


It m he 


n 


d vin 


h 


i Iiat 


h 


f ni, 



Now it is plain, from the form of this equation, that it can be sa- 
tisfied only by mating 

X = const. ; 
for if we substitute for d.\Fdx and S.jV'dx their values, and pro- 
ceed as before, the equation furnished b} h 
sign of integration will contiun only \ d 
therefore give for X a constant value. I pi 
the given problem will be solved by tl I 

which renders the integral 

an absolute maximum or minimum. This integral, therefore, is 
to be treated precisely in the same way as that employed in dis- 
cussing the maximum or minimum values of jVdx in Prop. II, 
The value of t/, as found by that method, will, of course, contain 
the arbitrary constant m, inasmuch as the equations furnished by 
the method of Prop. II. are only sufficient to determine the con- 
stants introduced in the integration of the differential equation. 
This constant is to be determined by calculating the value of 
^V'dis from that of i/, and equating it to the given constant e. 
Thus, for example, if it were required to determine, among all 
the forms of the function y which render 



lA- 



dx^ 



dx= c. 



that one which will mahe jydx a maximum, it would be neces- 
sary, in the first place, to determine y, such as to render 
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f{,.V(i-£)^ 



an absolute maximum, and irom the value so found, which will 
contain the arbitrary constant m, to determine the value of the 
integral 



\A 



'»*■ 



Equating then this value to the given constant c, we shall find 
the value of m. The solution is thus complete. 

This theory may he extended with equal facility to the case 
in which the values of two or more integrals are given. For it 
will readily appear, by reasoning similar to that of the present 
Prop,, that if 

IV'dx, J7"(&, &c., 

be the integrals whose values are given, the expression which is 
to be rendered an absolute maximum is 

^{V-nnV' + m'V" + &c.)da:. 

Problems of this nature were formerly denominated isoperi- 
metriml, from a remarkable class which they contain, that, namely, 
in which it is proposed to determine, among all curves of given 
length, that one which renders a given integral a maximum or 
minimum. As thia name, however, is of too limited a significa- 
tion to include the entire class, it will be more correct to give 
them the name of relative maxima and minima. 

Examples of this class will be found in Chapter IV. It is 
evidently unnecessary to dwell further upon the theory of such 
cases, which, after the first step, differs in no respect from that of 
absolute maxima and minima.* 
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CHAPTER IV. 



APPLICATION OF THE CALCULUS OF VARIATIONS TO GEOMETRY. 

I. — Theory of Curves. 

62. The geometrical applications of the Calculus of Variations 
are confined exclusively to the theory of maxima and minima; 
and, if that science be defined with especial reference to this 
theory, may he considered as co-extensive with the science itself, 
at least as far as it is concerned with integrals of the first two 
orders. For as, in the Differential Calculus, it is possible to give 
a geometrical statement of any problem of maxima and minima 
which does not involve more than two independent variables, so 
in the Calculus of Variations it is possible to give a geometrical 
statement of any problem of maxima or minima not involving in- 
tegrals of an order higher than the second. In the Differential 
Calculus it is known that any such problem may be stated aa 
foUows: — " To find a point in a given curve or surface at which 
the ordinate of that curve or surface is a maximum or minimum." 
Here the curve or surface is given. But in the Calculus of Va- 
riations the principal question is to determine, not a point on a 
curve or surface, but the curve or surface itself. Geometrically 
stated, the problem is this : — " To determine a curve or surface 
which may have the property of rendering the value of a given 
integral a maximum or minimum." In fact, if the words " na- 
ture of the curve or surface" be substituted in any of the pre- 
ceding chapters for " form of the function," we shall have the 
geometrical statement of the problem.* This statement is evi- 
dently confined to integrals of the first and second orders, for 
geometry does not admit of more than two independent variables. 
But in devoting a chapter to the "Application of the Calculus 
of Variations to Geometry," we shall give to the words a some- 

* This was tJie foi-m in which the problem of maxium auil minima was fii'st stated 
hy John and Jamca Bcraoiiilli.— Vid. Acta Erurt. 1096-7. 
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■what more restricted signilication, considering those problems 
only* in which the definite integral represents a purely geometrical 
quantity, viz., either a length, an area, or a solid, and reserving 
to a future chapter those problems in which, although the thing 
to be determined is a curve or surface, and therefore geometrical, 
the quantity expressed by the definite integral is one which pro- 
perly belongs to Mechanics, such as a time, a force, or a velocity. 
We shall commence with the following very general problem, 
which will be found useful both in the geometrical and in the 
mechanical applications of our science. 

Prop. I. 

63. Let ds be the element of a plane carve, and /x a given 
function of its co-ordinates, and lot it be required to determine 
the nature of the curve, such as to render j/ids a maximum or 
minimum. 

Adopting the method of Lagrange as being the more symme- 
trical, we shall take s as the independent variable, treating the 
co-ordinates ,« and y as functions of s connected by the equation 

d?^ d^^ 
The equations (A), p. 117, will become in this case 



d/i ''da 



= 0, 



d.\ 



dy 



(A) 



Multiplying these equations by — and ~- respectively, and add- 
ing them, it is easy to see that we shall have 

dX dfi 

ds ds' 
whence 

X-^ + o. 

• General propoaUiona. winch ai'o useful in both kinds of application, aic, as will be 
setn, excepted from tliia r< 



y Google 



CALCCLUS OF VAItlATIONS 'I 



The existence of the arbitrary constant a is an ambiguity ne- 
cessarily introduced by the selection of s for the independent 
variable. For it is easy to see that the equations arrived at by 
the meihod here employed will be the same whether the original 
integral be \ftds or |(^ + G)ds. Geometrically speaking, therefore, 
we shall, by this method, arrive at the same conclusion, whether 
the length of the curve be or be not given. It is easy to see, how- 
ever, that the question which we are now considering is to be 
distinguished from the isoperi metrical problem by making a = 0. 
For if we suppose the independent variable to be changed from s 
to Q, it ia plain that the equation 

may be written, putting jix + a for X, 

's , Ad9' db^ dd' dO j 



dx dSio dy d^y ds dSs 
WW ^dd''dd"^'M'd& 



which is evidently identical with the equation 

Unless, then, a = 0, it is plain that the problem solved by this, 
method is of the isoperi metrical class, namely, to find among all 

curves of given length that one which renders y-i-jn '^^ '^^ Ia"^" '^ 



maximum or n 

Putting then a = 0, we have X = fi, and substituting this value 
in each of equations (A), we find 



y Google 



dx ds ' ds ds^' 

dft dy dfi _ (Py _ 
dt/ ds ' da " d^' 

,. du .^ , da dx du 

; putting ior ~ its value, ^^ . -^ + -7- . - 

^ ° ds dijo ds dy a 

dy /dfi dy ^dfi diB\ _ 
ds \dx ' ds dy' ds j ' 



(B) 

Let p be the radius of curvature. Multiply the first of these 



dx Idj. 
ds \di 



dx Idjx dx du dy\ 
dx' ds j 



(dy d?x dx d?y\ /x d/i dy d/t dx 
^ \dB ' ds^ da ' ds^j p dx' ds dy' ds ' 

or, if o, |3 be the aeute angles which the normal makes with the 
axes of co-ordinates, 

l^lf^COSa + j^COS^Y (C) 

This equation gives the geometrical definition of the curve. It 
is evidently impossible to proceed further with the integration 
without previously fixing the form of ft, but the following pro- 
perty may be deduced from the general equation : 

If the given integral had been — , it is evident that the equa- 
tion arrived at would Lave differed from (C) merely in the sign 
of its right hand member. It would, in fact, have been 



1 , 1 fd^ djx 
p ^11 \dx dy 


cos/3^ 


Now both these soliations are included ii 




1 1 /du da 
/.« f,^\dx dy 


.os^J 
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Hence it appears that the two curves contained in the equation 



^-/(-^.|) 



are connected by this relation, that if the one renders jfxds a maxi- 
mum or minimum, the other will have the same property with 

Cds 
regard to | —. 

64. If the limiting values of x and y be given, the arbitrary 
constants contained in the solution of (C) will be determined by 
the substitution of these values. But if the limiting points of the 
curve be determined by its intersection with two given curves, it 
may be shown generally that one class of curves included in this 
problem will intersect their bounding curves at right angles. For 
the terms outside the sign of integration will furnish two equa- 
tions : 



.{(S>-(I>"}="- 



(D) 



These equations are satisfied either by making 
or by making 



Uo + 



m*--^ 



(E) 



or by a combination of the first and fourth, or of the second and 
third, of these suppositions. 

Neglecting the suppositions (which are seldom admissible) 

in =0, /w = 0, 

let it be supposed that the equations of the limiting curves are 

dy, = midwi, dyn ~ vi^dx(,. 
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As the conditions of the problem require that the curve, however 
varied, should terminate in these bounding curves, we have 

Equations (E) become, therefore, 



f^\ 



(F) 



= 0, 



which evidently contain the theorem in question. 

65. To determine whether the solution at which we have ar- 
rived gives a maximum or a minimum, it will be most convenient 
to put the given integral under the form 



I' 



A 



'^S)^- 



This will gi™ 



<fVl/(: 



(G) 



The result, therefore, will be (p. 80) a maximum or r 
according as this quantity is negative or positive, i. e. according 

as /i and \/ [ 1 + -^ i have opposite or similar signs. But as the 

former supposition would render the sign of the entire integral 
negative, it is plain that in that case a maximum value would de- 
note the value furthest removed from - cc, and therefore nearest 
to zero of all those immediately adjoining it. The value arrived 
at is, therefore, in all cases, so far as its magnitude alone ia con- 
cerned, a minimum. 

It has been shown (p. 88) that it is essential to the existence 
of a maximum or minimum value, that the coefficient 



yGoosle 



CALCUtUS OF VARIATIONS TO 



should not cliange Its sign within the limits of integration. Now 
when the length of a curve is expressed by the integral 



tVi 



1+£K«. 



it is, of course, supposed that the radical is taken positively 
throughout. Hence, and from equation (G), it appears that the 
condition just alluded to requires that fi should preserve the same 
sign for all values of x between «o and ati. With respect to the 
other conditions of Art. 46, it is plain that these must be consi- 
dered separately in each individual case. For it is, as has been 
there shown, essential to this investigation that the complete in- 
tegral of the differential equation furnished by the Calculus of 
Variations be hnown. But we have already seen that this inte- 
gration cannot be effected while the form of the function /» re- 
mains undetermined. 

Example 1. 

66. To draw the shortest line between two given points or 
between two given curves. 

In this case 

.. _ 1 ^ 

dx 

Equation (C) gives, therefore, 

i.o, 

9 

or 

ds^ ' ds^ ~ "■ 
These equations, being integrated, give 
dx dy , 



and, therefore, 



dx dy 



0. 
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A second integration gives 

fa-aj.o, (2) 

the equation of a right line. 

To determine the constants we have, if the extreme points he 
given, the equations 



The last of these equations is obtained hy squaring, and a 

the equations (1), If tlie line is to be drawn between two given 

curves, whose equations are 

the condition that the required line must out these curves at right 
angles gives the two equations, 

These, with the five equations, 

hail — ayi - c, hx^ - ayi\ - c, 
a^ + ¥ = 1, 
arc sufficient to determino the seven quantities, 

a^i, Vu xt,, ym a, h, e. 
If the given curves, 

;,./(«), y = F{x), 

be so related that every line which is perpendicular to one is also 
perpendicular to the other, these equations arc not independent, 
and therefore one of the constants remains indeterminate. In this 
case it is obvious that the curves have the same evolute, and that 
the intercepted portion of the line is the same for every point. 
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Example 2. 

67. To find a curve such tliat the surface generated by its re- 
volution about a given line may be a minimum. 

Taking the given line as axis of ;», the surface generated will 
be represontod by 27T\t/ds. The integral which is to be made a 
minimum is therefore jyds, giving 

"^ " dm ay 

Equation (C) becomes, therefore, 

- = — cos ii, 
fi If 

or 

p = - y secfi = -y coseca. (a) 

But y coseca expresses evidently the intercept of the normal be- 
tween the curve and the axis oi x. The required curve ia there- 
fore such that the radius of curvature is equal to the normal, and 
in an opposite direction. This is a well-known property of the 
catenary, which is therefore the curve required. Its eqnation 
may readily be deduced as follows : 
The equation 

- = COSH, 

expressed in rectangular co-ordinates, gives 



(t) 



\ds'(l^ j 



fy^ 1 d^ ^ !/._ 
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As the radius of curvature and the normal are opposed in direc- 
tion, it is plain that the cuive is convex towards the axis of x, 

and therefore that -r^ is positive ; and as ?/ is taken positively 

throughout, the upper sign is the one to he used, giving 



^d?"^ ds^' °^ ^ds^ '^ ds^ ' 



= 1 T-r-, or U ~ + -T-T = 1. 



Integrating this, and adding an arbitrary constant, we have 
dp 

and hence 

?».(» + a)' + *•. 





Sqi, 


•ring 


the former of thes 


e equat 


ions. 


ands 


ubstituting 


for 


hei 


, 1 - 
ice 




we find 

dv - 


Mb 


>. Ji 










<'"- ^[B-i-l^ 


HH' 




Iiil 


;egra 


ting this, wo have 


















!t+0-M[!+I> + 


4/|S' + 


(.+ r 


')'»; 






or, 


climmatir 


.gs + o, 


















x^c-U{,j* 


^(y'- 


*')! 








or, 


which is a 


more convenient form, 











This solution contains, as will be seen, but two arbitrary con- 
stants. Two others, however, enter into the complete values of 
re, y, and X in terms of s. One of these was excluded, by the ne- 
cessity of distinguishing between the cases in which the length of 
the curve is given and those in which it is not given. The second 
disappears in the elimination of s. This latter result might have 
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been foreseen, for as s itself does not enter eitlier into fi or into 
the equation of condition, 

d^^d^'^' 

it is plain that the data of tlie question, and therefore the result, 
will not he altered by the substitution of s + const, for s. Hence 
it might have been expected that one of the arbitrary con- 
stants in the final result should enter merely in connexion with s, 
and should therefore disappear in the elimination of that quan- 
tity. Taking into consideration the two constants which Lave 
been removed by the particular methods just alluded to, the 
complete solution will contain altogether four, thus agreeing with 
the general principle stated in p. 122. 

To determine the arbitrary constants in this solution, let it be 
supposed, in the first place, that the extreme points are given. 

Let it be supposed, for the sake of simplicity, that the extreme 
values of ^ are equal, and let the axis of y pass through the 
middle point of the line joining the extreme points of the curve. 
We shall have then 

But as tlie equation of the curve may readily be put under the 
form 

we have, for the determination of the constants m and 6, the 
equations 



These equations give, in the first place, m = + l. This reduces 
either of the equations to 
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in which b must evidently be taken positively. It will readily 
appear that this equation is not soluble for all systems of values of 
y\ and x\, e. g. for the system xi = ct, yi = 0, a being any finite 
quantity, we have tlio impossible equation, 

e» + 1 = 0. 

To find the limits within which the problem is possible, suppose 
the value of y\ to be given, i. e. let it be required to join two 
^ven equal circles, whose planes are perpendicular to the line 
joining their centres, by a surface of revolution whose superficies 
shall be a minimum. We shall now proceed to show that if the 
distance between these circles exceed a certain determinable quan- 
tity, the problem does not admit of a solution. In other words, we 
shall prove that, for a given value of )/i, xi admits of a maximum. 
We have from equation (c), making x = iCu y = yu irt=\. 



--«{fV(f-i)}. 



Putting s\ = myi, and y\ = nb, this becomes 

in which m is to be a maximum. DifFerentiating, and making 
dm = 0, we find 



-.i(..+v(«»-i)), 



The first of these gives n = I'S nearly. Hence — = — = ^j (ii^~\) 

= 1-4968 nearly. If, therefore, two lines be drawn through the 
origin, making with the axis of m angles whoso tangent is 1'4968, 
i. e. angles of 72° %(i nearly, the problem does not admit of a 
Teal solution when the extreme points of the curve fie between 
these lines and the axis of a^. 

68. We shall next proceed to consider whether the solution 
which we have found satisfies the other conditions necessary to 
the existence of a real minimum. 
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The general solution being of the form 
we have, putting a, h for C\, ca, 



rfci da %\ 



dci db a \ b^ )' 



dc2 
Hence in p. 86, 

or, putting for b its value aa found above, 

Now it is plain that no finite value of.?; will satisfy the equation, 



hence (Art. 47) the second vaiiation will remain finite, if it be 
possible to determine Ci and Cs in such a way that u may not 
vanish within the limits of integration. Putting 






(c) 
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The existence of a minimum value of the given integral depends, 
therefore, upon the possibility of assuming a value for -^ such 
that no value of x within the limits of integration sliall satisfy 
the foregoing equation. And this will be always possible unless 
the right-hand member of equation (e) assume successively 
within the limits of integration all possible values between + co. 



Then it is plain that when ^ = we have 

For increasing positive values of x, S. increases negatively, and 
when a value ie is reached, which satisfies the equation 



f(-^-=)~(^"")- 



For increasing negative values of x, X increases positively until a 
value is reached equal and opposite to x, where we find 



Hence if there be found, within the limits of integration, a value 
of iP which satisfies equation (f), it is impossible to satisfy the 
conditions imposed by the theory of Jacobi. 

The limits within which a minimum value of the given inte- 
gral is possible, are therefore found by solving this equation. 
But, on referring to p. 148, we readily find that the same equa- 
tion determines the limits within which it is possible to satisfy 
the several conditions furnished by the equation 

and the given limiting values oft/ and an. 

The reason of this will be seen if we refer to the concluding 
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remark of Art. 52. For, asiiasbeen there alio wr, the limits, ■within 
which it is possible to fulfil tlic conditions imposed by the theory 
of Jacobi, are found by considering at what point two of the roots 
of the equation by which the maximum or minimnm curve ia de- 
termined become equal. Now, aa in general two roots of an 
equation become equal in passing from the real to the imaginary 
state, the cause of the identity of the above-mentioned equations 
is obvious. 

Example 3. 

69. To find a curve of given length, such that, if it be made 
to revolve about a given line, the superficial area of the generated 
surface may be a minimum. 

It is plain, from what has been said p. 139, that the solution of 
this problem is derived from that of the preceding, simply by the 
substitntion of y + c for y, o being a new arbitrary constant. 
This gives 

The curve is, therefore, still a catenary. With respect to the arbi- 
trary constants, the equations for their determination are those 
found in the preceding example joined to the condition derived 
from the given value of the length of the curve. 



Example 4, 

70. Let /t bo a homogeneous function of the co-ordinates x and 
ji. Find the curve which will render 

a minimum. 

The complete integration of equation (C) is of course impos- 
sible without a more particular determination of the form of the 
function /i ; but we may deduce from the general equation the fol- 
lowing geometrical property belonging to all curves of this class. 

Let a curve ACA' (Fig, 4) be described, whose equation is 

H = const., 
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and let MPM' be the minimmn curve. Let be the originj and 
draw OL parallel to the tangent at C, and FN normal to the 
curve MPM'. Then if wj be the degree of the function /li, we 
sliall have 

PN^-mp. 

Let X, y he the co-ordinates of the point P, X\, y\ of C, and x, y' 
oiN. Then 



(a) 



Kow since ON is parallel to the tangent at C, if we denote by m 
the value of ;u after the substitution of x„ pi for x, y, we have 





"'"'- PN- 


CO, (3. 


y-'j 
-PN'- 


Substituting these values in equation (c), 


we We 


1 
P 




-l(- 


Pk > 



(b) 



But as ;i is a homogeneous function, it is plain that 

dxx dy dy\ dx 
and therefore that equation (b) may be written 

dx ^ dy 
Moreover, by the theorem of homogeneous functions, 

Making these substitutions in equation (a), it becomes 



dfi. dfi _ 
^ dx ^''dy" 
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Prop. II. 
71. To find tlie curve in which 

jiftds + fidw) 
is a maximum or minimmn, fi, ft being given functions of the co- 
ordinates 3!, y. 

Adopting the same method as in the foregoing Proposition, 
we shall put the given integral under the form 

Equations (A), p. 117, become in this case 

d dx dii_ tl/t dx dfx 
ds ds ds dx ds dm 

d dy _^dn dx dfi 



Multiplying these equations, as before, by -r-, -^, respectively, 
and adding them, wc find 

dX dx djt _ dfi dx I dfi dx dfi dt/\ 
ds ds ds ds ds \dx ds dy dsj' 
or, since 

d/i _ dfi dx dfi, dy 
ds dx ds dy ds 



the constant being neglected for the reason stated in Prop. I. 
Substituting this value, and proceeding as before, we find 

l_l(cosa^ + cos^^+f;'\ (A) 

p ^ V d"! dy dy j 

If the extreme poinis of the curve be not ^ven, i. e. if it be 
required to draw it between two given curves, it is easy to see 
that the equations by which the limiting points are determined 
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the equations of the limiting curves being, as before, 
dy\ = mi dxi, d^Q = rm d^o. 

Let cui, <Do be tbe angles atwliich the curve intersects its two 
limiting curves, respectively, and 6,, Bg tlie angles which the 
tangents to the limiting curves at these points make with the 
axis of ic. Then it is plain that the foregoing equations may be 
written 

fiioosoji + ft,co&9i = 0, 



110 0- 



003^0 = 0. 



(B) 



72. To draw between two given points or curves a curve of 
given length, such that the area included between the arc and its 
chord may be a maximum. 

The area included between the arc and chord is evidently ex- 

by 



r ^^'^ - i (^/i + yo) (^1 - ^ 



Hence it is evident, from the general method of solving iaoperi- 
mctrical problems, that the integral which is to be made a maxi- 
mum is 

jiydx - ads).* 
Here, therefore, we have ^i = - «, ii = y\ and the equation found 
in this Proposition becomes 



mrv. = const. The required curve is therefore a circle. 
• For an explanation of the negative sign, vid. Art. TB. 
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The complete integral of the equation 

p = a 
is, aa is well known, 

(,« - bf + (y - cf = a^ 
an equation containing three arbitrary constants. If the extreme 
points of the curve be given, these constants are determined by 
the equations 

(^1 - if + (yi- cf = a^ 
(xo - by + (^„ - cf - a^ 

combined with the equation (derived from the given length of the 
arc joining these points) 

(^1 - a;of + (iji - yoY = ia^ sin^ 1 ^, 

a being the given arc. 

If the extreme points be not given, but merely situated on 
given curves, it is evident that the equations derived from the part 
of the variation which depends upon a change in the limits vnl! be 

Let the equations of the limiting curves be, as before, 

dt/i = midxi, dt/a ~ madx^; 
and since 

Si/i = nil SiK],, Syo = wiflS^a, 

these equations become 

i 0/1 - l/o) - J ™i (*i - ^o) = « { (^1 + "Ji (^j J 

(a) 

To interpret these equations, let Pi, Pi, (Fig. 5) be the extreme 
points of the curve, and the middle point of the line joining 
them. Let also PiTi, Pi,T{,, be the tangents to the limiting 
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curves at the pointa P„ P,,. Let fall the perpendiculars Op,, C 
We have then 

^ _ l(y»-5'i)-i"'i(^o-^i) 



Opo 



V (1 + mo^) 



Let C be the centre of the circle, and let fall the perpendicular 
Ciri, Cttq. Then it is plwn that 



n CPoTTfl = 



(g)/-(l)., 

i/Cl + m^s) 

Equations (a) become, therefore, 

Opi= CPi3inCP,ir, = Ctt,, 

Opo =CP„ sin CPo7ro=(77ro. 
These equations denote either— 1, That the points and C coin- 
cide; or, 2. That the tangents Pi Pi, Pa Tq, are parallel to OC. 
In the first case the segment will evidently be a semicircle. In 
the second, the tangents Pi Ti, Pf, Tq are perpendicular to the line 
PjPo, joining the extreme points; and the length of this line is, 
therefore, itself a minimum. 

If the area which is to be made a maximum be the entire of 
the space included between the curve, the extreme ordinatos, and 
the axis of x, it is plain that the expression which is to be made 
a maximum is simply 

(yrf/e - ads), 

the term J {yo + ^i) (x, - x^ being omitted. The general solution 
is therefore the same as before, with the exception of the condi- 
tions to be observed at the limits. 

If the extreme points of the curve be given, the arbitrary con- 
stants are determined, as in the foregoing case, by the substitution 
of the given quantities, .i^njo, x, y\, in the general solution. 
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If the extreme points of the curve be situated upon two given 
curves, the equations (B) of Art. 71 become 



If the limiting values of a; only be given, i. e., if the bounding 
curves become right lines perpendicular to the axis of;!.', we should 
have 

cos0i = O, cos0o = O, 

and therefore the first of the above eqiiations would give either 

acosioi = 0, or ji = <»■ 
Rejecting the latter of these suppositious, which would render the 
area infinite, we have 

a C0B6>, = 0, 
and, similarly, 

a cos (Oo = 0. 
But it is easily seen that these equations are impossible. The 
given area does not therefore admit of a finite maximum. This 
case has been already noticed as an exception to the general theory 
of maxima and minima.* 

73, As a more general case, let it be required to draw between 
two given curves a curve of given length, such tliat the area in- 
cluded between it and a curve of given species passing through its 
extreme points may be a maximum. 

It is evident that the equation of the curve of given species 
which forms one boundary of the space in question will be of the 

f"™ J,. F(:., «.,,,). 

The area included between it and the curve which it is our object 

to determine, will therefore be 

and the entire expression which is to be made a maximum, 

or, denoting the integral J'i^(«, 31(1, a;i)(^fl; by i^i(a;, ;e(ii^i)i (-^being 
a given function), 

^{ydiff - ads) - Fi(/e„ a:o, x,) + Fi {x^, Xo, xi). 

* Vid, Chap. ILL p[), 4S, 63. 
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Since, then, the quantity under the sign of integration is the 
same as before, it is plain that the differential equation of the 
cuivo is not altered. It is, therefore, still a circle. With regard 
to the terms which appear outside the sign of integration, we 
sliall have, in the first place, 

/dx\ 



"■m. 



),**'}' 



arising from ^{ydte - ads). It remains, then, to consider 
arising from the other part of the expression, namely, 



-F,Q 


i-„ «!., n) + F, (i!,. i„ a;,) . - 1^ F(x, 


Putting 


'" 




..j'>(,.,«.,^,)fc 


we liave 






dw „. , fA dF , 







But since both the given curve and the required curve pass 
through the same points, a^u^/o, Xi yi, it is evident that 



F{', 


. ^0, 


■•i), 


F(.^,. 


. xa, 


%)• 


-»■ 


^i: 


dF 



The complete change in u is therefore 

adding this, with its proper sign, to tlie terms previously found, 
and equating separately to zero the terms connected with each 
limit, we have 
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"(|).*-{''(SM::S*}^-=»- 

Or, if the equations of the bounding curves be, as before. 

If these equations be transformed, as in the general proposition, 
by the introduction of the angles b»o <ji, 0o S[> they will become 



Example 2. 

74. Of all isoperimetrical curves described upon the given base 
AB, to determine a curve ACB (Fig. 6), such that the area of a 
second curve A C"B, which is derived from the flrst hy the condi- 
tion that each of its ordinates, C'l), shall be a given function of 
the corresponding ordinate, CB, may be a maximum.* 

If the given function be denoted by Y, the area which is to be 
made a maximum wiU evidently be expressed by 

iZ Ydx. 

Hence in the general equation of Prop. II. we shall have 



if of the celcbrateil isopei'imetiical problem of Jniiiea Bemoviilli. 
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and, tliorefore, 



or, putting for p its value in terms o£ d: and y, and intogratin 
1 Y 



Hence we easily find 



dx = - 



V{.-(^.)'} 



which gives the oqiiation of the curve when the form of the func- 
tion Y^is known. 

If F= y, the curves ACB, AC'B become identical, and the 
problem is the same with that discussed in Example 1 of the pre- 
sent Proposition. 

Example 3. 

75. To find a curve of giVen length, such that the volume of 
the solid generated by its revolution round a given line may be a 
maximum. 

The volume of the generated solid being represented by 
■wlyHx, it is evident that the integral which is to be rendered a 
maximum is 



a being an arbitrary constant. 
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Here, therefore. 



Equation (A) becomes, therefore, 

p d^ 
The curve is, therefore, such that the radius of curvature is in- 
versely proportional to the ordinate. We may ohtain a first 
integral of this equation by substituting for - its value, 



dp pdp 

<^ . or % 



where p = -f 1, This will 



" dvj' 

{1+p'f «' ' 
oi', integrating, and adding an arbitrary constant, 



V(l+y') o' • 

The further integration of this equation is evidently impos- 
sible. 

Example 4. 

76, To find a curve such that the surface generated by its re- 
volution round a given line may be given, and that the volume 
of the generated solid may be a maximum. 

It is easy to see that the integral which is, in this case, to be 
rendered an absolute maximum, is 

\{y^dx + ayds), 
a being an arbitrary constant. We have, therefore, 
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Equation (A) becomes, therefore, 



Let n be the normal, and since n = y scc/3, this equation becomes 
12 1 



Now since the principal radii of curvature at each point of the 
surface of revolution are p and n, this equation expresses the 
property that the sum of the curvatures is the same at each point 
in the surface. We shall see afterwards that this property belongs 
to a more general case. 

It is easily shown that to render the result a real maximum, 
a must be negative. For if the original integral be put under the 
form 



\Vdx = Wy'-y ay^(l + ^'^)(ffe, 



(l + y')» 



Kow, in order that the integral may be a maximum, this quantity 
must be negative, and, therefore, since y and \/ (1 + p^) are both 
positive, a must be taken negatively. Putting, then, - a for a, we 
have 



Substituting for - and - their respective values, 



pdp 

'^i and 
(1+?>V 



y^/{\^pf 
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and multiplying hy ydy, this becomes 

% ypdp ^ 2g)(?y 

Integrating this, and adding an arbitrary constant, 

■^{l + f) a 

This equation cannot, in genera!, be integrated further. But sup- 
pose the surface to be a dosed one, i. e., suppose either that the 
curve by which it is generated terminates at both ends in the axis 
of revolution, or that it is a dosed curve, lying entirely at one side 
of the axis of x, thus giving an annular surface. 

In the latter case it is evident that p must go through all 
values between + co for positive values of y. Now if we put 9 for 
the angle which the tangent at any point makes with the axis of 
A', the equation 

V (1 +/) « 
may be put under the form 

j/^-«)/cos0 + c = O. 
Now since both values of i/, corresponding to the same value of 0, 
are positive, it is plain that e must be essentially positive. But 
since the curve is closed, and of finite curvature, the angle d must 
pass through all values between and 2n-. Hence there must 
be at least two points on the curve, for which 

cos Q = 0, 

f + e^O, 
, inasmuch as c is essentially positive. The 



and, therefore, 



V(l+/) a 

cannot, therefore, represent a closed curve, lying entirely at one 
side of the axis of m. Wo must, therefore, adopt the former sup- 
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position, namely, that the curve terminates at both ends in the 
axis of revolntlon. Then it is plain that the solution of this equa- 
tion must be such as to admit of the value y = 0. But since 
V (1 +/•') can never vanish, this condition becomes possible only 
when we suppose c = 0. This supposition reduces the equation to 

from which we obtain 

and, by integration, 

the equation of a circle whose centre is in the axis of revolution. 
The sphere is therefore the only closed surface of revolution which 
possesses the property of including a maximum solid under a 
given surface. This reasoning is equally applicable, if it be only 
supposed that one extremity of the generating ci\rvc terminates 
in the axis of revolution. If then it be required to erect upon a 
given circle a closed segment of a surface of revolution, such that 
under a given superficial area it may include a maximum volume, 
the surface which solves the question is still spherical. In both 
these cases it is evident that the radius of the sphere is determined 
from the given value of the superficial area. 

Let this area be S, and R the required radius. Then, in the 
first^case, where the surface is completely closed. 

In the second case let r bo the radius of the circle on which 
the segment is to be erected, and it is readily found that 

A 



If the circle upon which the segment is to be erected be not 
Tiven, but merely a section of a given surface of revolution, in 
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other words, if one extremity of tlie generating curve be sitiiated 
upon a given curve, the first of ecLuations (B), p. 154, becomes 

aj/i cos oil = y\^ cos 9i, 

giving either tfi = 0, or a cos on = yi cos 9i. 

The first of these denotes that the generating curve terminates 
at both ends in the axis of revolution, thus rendering the surface 
a complete sphere, and, as is easily seen, rendering the volume 
an absolute maximiim. To interpret the second, let BA (Fig. 7) 
be the axis of revolution, PiA the limiting curve, Pi the point 
at which the generating circle intersects it, C the centre of this 
circle, and PiJV, Pi T, the normal and ordinate of the limiting 
curve at the point Pi. Then since m = CPiiV" and 0i = YPiN, 
we have 

CPi a cos di _ cos YPiN 
YPi " ^ " cos u)i "" cos CPiiV" 

It is evident, therefore, that the normal Pi^ is in this point per- 
pendicular to the axis of revolution. In other words, Pi Y is a 
maximum or minimum ordinate. If Pi F be a minimum, it is 
easy to see that the volume of the segment will be an absolute 
maximum. If Pi Y be a maaiimwm, the volume will be a relative 
minimum, i. e. a minimum compared with similarly described 
spherical segments, although not so when compared with those of 
other surfaces of revolution. 

Prop. III. 

77, Of all isoperi metrical curves described upon a given base, 
AB (Fig. 8), to determine A CB, such that the area of the curve, 
AC'B, whose ordinate, CD, is at each point a given function of 
the arc AC, may be a maximum.* 

Let the given function be represented by S. Then it is evi- 
dent that the area of the curve, A CB, will be represented by the 
integral 

" This is thssiM:oii(l caseof Jftines liei'nouilli'B iaopciiincii'ical pioblem. 
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Hence, according to the general theory of isoperimetvical prolj- 
lema, the integral which is to be made a maximum is 



1(4 



-i- m] ds. 



the functions w, y being, s.s before, connected by the equatio 



ds^ ds^ ' 



(A) 

We have, therefore, 
cdx 

„ = 0, a=0, 13 = 2^, ff = 2^. 
' da CIS 

Substituting these values in the c<juations 
as 

and integrating, we find 

s + n^.a, 

ds 

(B) 



Hence, and from efiuation (A), we have 

2\. Vll'''t(a-S)»]. 

SiibstitLitjng tKjs value in the equations (B), and integrating, we 
find 



]Vli'*{'-S)'l 
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Eliminating s between these equations, we have tlie equation of 
the required curve. 

This aolulioii containa, as is evident, four arbitrary constants. 
Of these two are determined by the condition that the required 
curve shall pass through the given points A, B, one by the ^ven 
length of the arc ACB, and the fourth by the condition that the 
independent variable s shall be reckoned from some determinate 
point, as, for example, A. The solution of the problem is there- 
fore complete. 

The reader will find no dif&culty in applying the foregoing 
formulae to the case in which 

8 = s, 
and deducing the equation of the catenary. 



78. Let p be the radius of curvature of a plane curve, and let 
/I = 0(|o). Required to determine the curve which will render 
\fids a maximum or minimum. 

Adopting, as before, the method of Lagrange, we shall have 



But since 
and 



^ dp ''~ '''^ \d^ ' rfs^ "*" rfs* ■ ds^ , 



Hence it la evident that the equations furnished by the terms w 
der the sign of integration are 
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Integrating these equations, we find 



(A) 



d^x d'-'x d.fi'p^ , dx 
' ds^ d^' ds ds 



(B) 



Multiplying the first of these ei^uationa by -^, and the second l)y 
-j-, and subtracting, we have 

'*^ \Ts'd^'d^'d^y~dr\d^'d^~dI'd^j~^d^~ds' 
Integrating again, and adding an arbitrary constant, we find 

, .Jdy d^w dx d^y\ 
''^[d^-d^-d^-d^^)-''^-^''^'' 
or since 

l_dy_d^iB dm d^y 
p ds ' ds' ds' da'' 

(ip^ = ay - hx ■[■ c. (C) 

Previously to proceeding further, we shall consider the mode 
of determining the constants a, b, c. 
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Let the extreme points of the curve be given, so that 
8*1.0, Syi-O, 8«o-0, Sy„-0. 
Tlien the terms which remain outside the sign of integration are 
, .fd'n dgn d'lj dSy\ 

Eliminating either of tlie variations, e. g. ( ■—■ j , from tlie first 
of these, by means of the equation 

/^•\ (dSx\ (fjA /dSy\ _ 




I -M. I /.onon*. >ii5(>nrviii infinifp. tliisi term can OIllv bc 

made to vanish by putting fi\p\^. = 0. Similarly we shall have 
i"'oPo^ = 0. This will give 



(D) 



ayi - ba:i + c = 0, 
«yo ~ ^^(1 + fl = ; 

or if the origin be taken at the point a!(,yo, and the line joining 
the given points be made the axis of as, 
5 = 0, c = 0. 
The equation (C) becomes, therefore, 

f^p" = ay. (E) 
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Since n, and therefore ;*', ia a function of p, tHs equation gives 
the value of p in terms y. Hence we infer, The "plane curve which 
Tenders \^{p)ds, taken between two fitved points, a maximum or mini- 
mum, is such &at all points of equal curvature are eqaaUy distant 
from Hie line which joins these extremities. And since ecLuations 
(D) hold equally whether these points be oi be not given, it is 
easily seen that this theorem is equally true if for fixed points we 
substitute two fixed curves. 

To find the equation of the curves in finite terms, suppose (E) 
to be solved so as to give 

i.y. 



(l + y-). 
and integrating, wc have 



/(i+p») 



VH-Ci-. + e)')' 

Hence the equation of the curve is 

(.Yi + eytH 
V|1-(F, + «)»T 



^/^ 



(!■) 



the constants eand/being determined from the conditions that^ 
shall vanish for a: i= and for x = tei, and the remaining constant, 
01, depending upon the given length of the curve. 

If the curve be bounded not by given points, but by given 
curves, ■whose equations are 

dyi = midxi, dj/o = nindxo, 
the terms depending upon the variations Bxi, Si/i, which are evi- 
dently 
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become 

which arc reduced by equations (B) to 

(a+ mi b)Sxi. 
Hence we have 

a + Wilt = 0. 

But if the line joining the extreme points be maJe the axis of a-, 
we have before seen that 5 = 0, Hence, as it is plain that a can- 
not vanish, we must have mi = oo, and similarly niQ = ca. The 
line joining the extremities of the curve is therefore perpendicu- 
lar to the tangents to the limiting curves at the points where it 
intersects them. Hence we infer 

Thephne curve which renders J4>(p)ds, taken between itspoinis 
of intersection with two given curves, a maximum or minimum, will 
intersect tliese curoes in two points such that the rectilinear distance 
between them will he itself a maximvm or minimum. 

79. Before giving examples of this proposition, as appliedto par- 
ticular cases, it will be necessary to recall an observation made at 
the commencement of Chap. III., as to the meaning of the words 
maximum and minimum. These words, as was there stated, do 
not signify values which are absolutely the greatest, or absolutely 
the least, but values which are greater or less than any others 
which can be formed by an indefinitely small change in any of the 
varying elements. In a problem, therefore, the statement of 
which involves curvature, it is to be remembered that the curve 
which the Calculus of Variations gives for its solution must be 
compared only with curves which can be deduced from it without 
an abrupt change in the curvature. If, then, we had found, by 
that method, a curve without a eusp between its extreme points 
as the solution of such a problem, it would be no exception to the 
truth of the solution that a curve might be found which rendered 
the given function greater or less than such a maximum or mini- 
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mum, if that curve contained between its extreme points one or 
more cusps. Similarljj if the curve found by the method of Va- 
riations contain any number of cusps, it must be compared only 
■with curves having the same number. It is the more necessary 
to keep this in mind, because an abrupt change in curvature does 
not necessarily involve an abrupt change in geometrical position, 
i. e. the several points of the curve may still be indefinitely near 
those of the curve with which it is compared, and it might, there- 
fore, be thought that such a comparison was legitimate. This wo 
have seen not to be true. An example of this principle will be 
found in the following problem. 



Example. 

80. To find a curve of given length, such that the area 
bounded by the curve itself, its two extreme radii of curvature, 
and the arc of the cvolute between them, may be a minimum. 

Denoting, as before, by p the radius of curvature, and by ds 
the element of the curve, it is evident that the element of the area 
is pds. The solution of this problem will, therefore, be obtained 
from the foregoing proposition by making 

li = P + m., fx'^1. 

Making these substitutions in equation (E), it becomes 

p3 = ay. 

The equation in finite terms may hi 
equation (F) as follows : 
The equation 



w 

deduced from the general 



= ay 



gives 



Equation (F) "becomes 



^v1- 
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Putting « = 4^, e = sina, and ■!/ f + ^ = sin^> ^^ 'i^ve 

a; +/ = 2i Jsin 6 (sin - siiia)rf9 

= * (9 - sinfl COS0 + 2sin« cose). (b) 

Now since J/ = when ^ = and when a; = iCi, 

/=&(a + sinacosa) 

.■Ki+/ = 6 (TT-a-ainacosa). 
Whence 



TT- 2(a + siii(i cosa) 

This determines the constants l> and / in terms of a. This re- 
maining constant is determined by means of the given length of 
the curve as follows : 

Differentiating equations (b), we have 

rf;/=26(sine-sina)cos0rf0, 
d7; = 2l>{sw(i-s\na)sm6d9. 
Hence we find 

(fe=2;'(sinfl-sina)rf9. 
Integrating this expression between the limits 

= a, = 7r-«, 
and denoting the given length of the curve by 2si, we have 

S| = 2i(cosa4-(a-i7r)sinaj ; 
or, putting for h its value in terms of n, 

cosa + (a- ^jr)sina 

Hence the constant a is determined. 
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The equation of the curve is found by eliminating between 
the equations 

and ^ = (sinff-sina), 

Y ^ - a + 2sma CQ&S - sinO cosO - sina cos a. 

If the origin be transferred to the middle point of the line joining 
the extreme points of tlie curve, which is done by substituting 

^ + i«i, or a;+*(|n- -a-sinacosn) 
for X, the second eijuation becomes 

^ = + {2sinn-sine)cos9-^T, 
or 

=(-Vf)/{i-('-V|J|. 

A remarkable geometrical property belonging to curves of this 
class may be derived from the first integral of the equation 

p' = 4%. 
If, as befoi 



(l+y>)i 




and integrate, we shall have 




1 /t/ 




01 dividing by s. and putting for ^J^YTJf^ 
respective values, __^^,^^, and ^, 


-^i^ 




1^2 « 
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81. If the length of the curve between the extreme points be 
not given, i. e. if it to required to determine, among all curves 
■which can be described between two given points, that curve for 
which the above-mentioned area ia a minimum, the superfluous 
constant, a, will be determined by expressing the area as a func- 
tion of that constant, and equating its differential to zero. 

Now 



v^l* 



" 'V{Hv¥')'} 

Putting, as before, 

^^J + e = sJnO, and e = sina, 

we have 

ifids = ib^l(sm 9 -smaf dB 
= 2i'{0 (1 + 2sinV) - sinflcoafl + 4sina co3 0). 
Now since the maximum value of)/ corresponds to fl = ^, it is 
eaay to see that the value of the area in question is 

Sl>\f(sm9-smayd9 
= 4i^ { (l - a ) (1 + Ssin^a) - Ssina cosn } ; 

or, putting for b its value in terms of «, and for a, -^ - fi, 

a ;3(l + 2coa"j3)-38in/BcoE)3 
area^^i. (^ _ sinp cos/3f 

Equating to zero the differential of the logarithm of this expres- 
sion, we have 

sin3 (ain/3 - pcos/3) _ sin^fj 

/3 + 2/3coa^j3 -3sin/3 cos/3 '" /3 - sin/3 co3/3" 
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Neglecting tlie value /3 = (whicli would make 5 = c», and ren- 
der the area also infinite), and clearing of fractions, we find 

cos/3 (/3sinj3 cos/3 + /3* - 2sin«/3) = 0. 
This may be satisfied either by making 

cos/B = 0, or /3 sinj3 cos/S + ^^ - 2 sin^/B = 0. 
But it may readily be shown tliat the latter of these equations is 
impossible,* the left hand member being always positive. Hence 
we must have 

cosjS = sino = 0. 
The equation 

1 /y 

becomes, therefore, 



dx = - 



■+P^) V b' 



y^y 



the equation of a cycloid. And as at each of the limiting points 
p = 0, it is plain that the curve is a complete cycloid. 

* This may be shown as follows : 

Multiply tlio left hand member oC fhe equation by 4, and put 2/3 = 9, This memlier 
may then be written 

If fi>r Jlon e imd cos d we put 



it will at once appear that b ls posifiva for small values of 9. As, thorEfora, u vi 
for = 0, ifit vanish foe any other value, S = 0i, it muat attain a maximuin for aom( 
mefliato valne. Hence ve have for some intermediate value, 



This also vanishes for 9 = 0, mid ie positive foe small values of 9; if, then, itite supposed 
to vanish for any other value, we must have, by the same I'eaBoning, 



le inteimcdiata value. But this would give ^ 9- tan^9 = 0, which is manifestly 
ible for any other value than = 0. 
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Before concluding tliis example, it may be well to refer to a 
remark made with respect to thfs cases of this proposition gene- 
rally, namely, that although a curve may be found, differing infi- 
nitely little inposiHon from thatwhich the Calculus ofVariations 
gives as the solution of the problem, and rendering the given in- 
tegral less than it is found to be in this latter curve, that solution 
may, nevertheless, be a real minimum. To exemplify this in the 
present case, let ACB (Fig. 9) be the cycloid described as above 
stated. The area which is req_uired to be a minimum will then 

be . Now if Bb be taken indefinitely small, and cycloids be 

described upon Ab, IB, the mixed curve so formed will be indefi- 
nitely near to A CB in position, i. e., its several points will be in- 
definitely near to the corresponding points of the other. But the 

^ ,. , . Ab'^ + Bm ^. , . 
corresponding area tor this latter curve is - — , which is 

AB^ 
evidently less than . This latter is nevertheless a real mini- 
mum in the proper sense of that term, inasmuch as the mixed 
cur^'e, AbB, has a casp at b, and therefore cannot be deduced 
from ACB by a legitimate variation, requiring at the point b a 
change of curvature not indefinitely small. In fact the variations, 
Zy and 8p, are, at this point, of different orders of magnitude, 

Prop. V. 

82. To find the nature of the curve which will render \ntU a 
maximum or minimum, ds being the element of a curve traced on 
a given surface, and/i a given function of the co-ordinates of any of 
its points. 

Adopting, as before, the method of Lagrange, we shall con- 
sider a;, )/, 3 as functions of s, connected by the equations 



(the equation of the given '. 



M = 0, 


i, 


(A) 


iurface). Pi 


ooeedin^ 


J as before, let \ 
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be tlie factor for the first of tliese equations, and X that for the 
second. Then it is plain that the complete variation will be 



/d/i ydu 



dxj '^ \dy^ dyj 



/dx dSx % dSy dz dSz\ i , 
\ds ' ds ds ' ds ds' ds J I 
Integrating the last tbree terms hy parts, and equating to zero 
the coefficientB of Zai, Sy, Ss, we have tbe tliree equations. 



d/i _ ydu d -. dp _ 
dy dy ds ds 
dfi \idu d ^ ds 



(B) 



Multiplying the first of these equations by — , the second by —, 
and tbe tliird by -^, adding them, and observing the conditions. 



rf,. 


d.v 
'ds 


'' dy-ds* 




di 


ST- 


ds 


dfx 

•a? 


4' 
ds 


d?y 
ds" 


dz 


d?2 

■ds' 


.0 






d\ 


■0, 


X-;. + a. 





If the length of the curve be not given, it will appear, from con- 
siderations similar to those of Prop. I., that we must take « = 0, 
and therefore X = ju. The three equations become, therefore, 



dfi ydu d^x d/B dfi 

dx die ds^ ds ' ds 

^ + X' — - ^-^^ = 

dy dy d^ ds' ds ' 

d/i -i.t^M d^^ ^2 dfi _ 

dz dz ds^ ds ' ds 



(C) 



y Google 



CALCULUS OE VARIATIONS TO GEOMETRY. 179 

Let a, /3, 7 be the angles made with the co-ordinate planea by 
the plane of the normal section which touches the curve at any 
point. Then since this plane is perpendicular to the surface, 



and since it passes through the tangent to the curve, 

dx ,-, dy <^ n 

co3a -J- + cos p -^ + cos -y — = (t. 

Hence if we multiply the equations (C) by cosn, coe/3, cosy, i 
spectively, and add them, we shall evidently have 



-^{^COSa^ + COS^^^COSy^j = 0. (D) 

But if o', P', J be the angles which p, the radius of absolute cur- 
vature of the curve, makes with the axes of co-ordinates, it is 
iflnti) known that 

cosa=p^, 



Equation (D) may therefore be written, 

du ,-, du. du 

cos a -^ + cos p ^~ + cos 7 -j- 

cU dy ' dz 

= ^ (cos(icosa'+ cos/3 cos|3'+ cos 7 cos-y'). (E) 

P 

Let lit be the angle between the osculating plane to the curve 
and the plane of the normal section. We liave then 

cosa cosa' ■!■ cosj3 cosf3' + COS7 C0S7' = sintu. 
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We havo also, by Meuiiier's theorem, 



p' being the radiua of curvature of the normal section. Hence 
equation (E) may be written in any one of the three forms, 



A). 

' dz ' 



(F) 



tan lit __ 1 / d/i o £^ , "^1*] 

p ix\ dx dy ' dzj 

ids 
If the given integral had been —, it is evident (as in the case of 

a plane curve) that the first of these equations would remain 
■wholly unaltered. Hence we infer, as before, 

If the curve (traced on a given surface), whose equation is 



(.-/ ■ 



'' dxf 



possess the property of rendering \\i.ds a maximum or minimum, 
the curve whose equation is 



will have the property of rendering — a maximum < 

kahle example of this theorem will occur in 
Mechanics. With respect to the terms w^t^ 
ation, it is easy to see that they furnish the i 



A remarkable example of this theorem will occur in the applica- 
tions to Mechanics. With respect to the terms without the sign 
of integration, it is easy to see that they furnish the equations 
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(1.) If the extreme points of tlie curve lie fixed, these equa- 
tions are satisfied of themselves, inasmucli as 

Bxi = 0, Syi = 0, &i = 0, g^o = 0, Syo = 0, g^o = 0. 
(2.) If the limiting points be not given, but merely restricted 
to the given curves (drawn upon the given, surface), whose equa- 

da!i = midsi, dxo = inQdzo, 

dt/i = n\dz\, dyo = tiod^o, 

it is evident that we must have 

Sail = miSs] , &o = "JflS^o. 

and that, therefore, the two equations (G) become 

-{"■.(S).-'(I).^(S).}=»' 

Hence, if we neglect the suppositions, ii, = 0, fM) = 0, we infer, 
If a curve be traced upon a given surface such as to render J/trfa a 
maximum or miaimwn, it wiU cut its bounding curves at right 
angles. 

83. The equations of the curve, which render \nds a maxi- 
mum or minimum, may also be expressed as follows : 

Let the equation of the given surface be 
dz = pdx + qdj/. 
Then, since the cosines of the angles made by the oscuiating pliino 
with the co-ordinate planes arc 



'ds tPy 


dt, 
-dl 




'rfa. #2 


dz 
' d! 


■ds>, 



Ida d^x dx (Py\ 
yS'dfS'd,')' 
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it is evident that 



Sutstituting this in the second of equations (F), and eliminating 
either -5^ or -y^ by means ot the equation 

(4b <Px dy ^y dz d?z „ 
da ' d^ ds ' ds' ds' d^ ' 

the required curve may be represented by either of the equations 

(H) 



va*p'*g')f 





dfi ^ d/t dfA dy 

d,e dy 'dsjdsj 



da d/i dii\ dx 

combined with the equation of the given surface. 

84, If from the same point, (Fig, 10), on a surface, there be 
drawn to two indefinitely near points, T, T, of a given curve, two 
curves, OT, OT', each possessing the property of rendering ^fids 
a maximum or minimum ; and if we denote by da the arc TT, 
and by 9 the angle OTT, the diiference between the values of 
the integral for these curves is ultimately 

^, cos0<ffr, 

^1 being the value of /t for either of the indefinitely near points, 
T, T. 

For since each of these curves renders \fids a maximum, and 
thus causes the variation under the sign of integration to vanish, 
and since, moreover, one of the limiting points is fixed, it is evi- 
dent that the complete variation which the integral receives in 
passing from OTto OT'is 
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But we have before seen that \ = /i, and since the values of «l,yl,^:l 
arc varied by passing from one point of the curve AB to the con- 
secutive point, it is plain that 

^'i^h *=(i>'. ^-dv- 

Making these substitutions, the complete variation becomes 

''.{(S).(I).^(IKI)/(JKI)}-^ 



).(I^(SKI 



\ds Jiydaji \dsji\daji \ds/i\d(T^ 

the truth of the proposition is evident. 

85. It /i ho a. homogeneous function otat, y, s, we may deduce 
a theorem analogous to that established (p. 152) for plane curves. 

Let the intersection of the normal plane to the curve with the 
tangent plane to the suiface be called the normal to the curve. 
This line is evidently perpendicular to the plane of the normal 
section before alluded to, and therefore makes with the axes the 
angles «, /3, 7. Let a surface be described whose eq^uation is 

and let a plane be drawn through the origin conjugote* (with re- 
gard to this surface) to the line drawn from the origin to the 
point on the curve. Produce the normal to the curve till it meet 
this plane, and let the line so produced be called n. We have 
then evidently 

ic'y'z being the point in which n cuts the conjugate plane. 

* Tlial is, parallel to the tangent piano to tliQ atitfac* 

at the point in which, tlia line to which it is oonjugalB outs that surface. It is easily seen 
that, as ju is a homogeneona function, thia plane is unique. 
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Equation (F) may therefore be written 

iisinu 1 ,/ dp lid d^\ I Ml, M .dA^ 
p lA\ d, 'dg .iz) \ dx*^ dy dijr 

But since ifys is a point in tlic conjugate piano, we liave, as in 
p. 152, 

ax ay as 

and since n'ls s, homogeneous function, 

d/x dfi d/t _ 
dx dy dz ' 

m denoting the degree of the function, Ilencc 

71 sin (o = w.p. 

Hence, preserving the foregoing definitions, we have the following 
theorem ; 

If fi be a homogeneous function of the GO-ordinaiea of a point 
v/pon a given surface, the cu/rve..whicJi renders jfids a maximum or 
minimum is such, that tf the nonnal at ani/ point he projected upon 
the osculating plane, its projection is equal to m times the radius of 
curvatu/re. 

A similar substitution will reduce the first of the foregoing 
equations (F) to 

1 1 m* 



Either of these theorems will furnish means for obtaining the 
osculating plane and the radius of curvature at any point, if the 
direction of the tangent be known. 

Example. 

86. To find the shortest line which can be drawn between two 
points upon a given surface. 

This is the simplest case of the preceding proposition, from 
which it may be deduced by making ju = 1 . This gives 
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dx ' dy ' dz 
and therefore we have, from equations (F), 



Hence the radius of curvature is the same as that of the normal 
section which touches it ; or, in other words, the osculating plane 
is at every point perpendicular to the surface. 

As a complete discusMon of the properties of shortest or, as 
they are generally termed, geodetic lines, would be too extensive 
to find a place in a treatise like the present, we shall content our- 
selves with giving one or two of the most important. 

(1.) The equations of a geodetic line, the arc being the inde- 
pendent variable, are readily deduced from the general equa- 
tions (H), by making 



We have, ia this way, 



dx 



"0, 



--0, 



;.o. 



du d^x du d^z 
dz'd^ ' 






du iPy du d^z _ . _ 
dz ' d^ dy' ds^ ' 



or, if the equation of the given surface be 

dz = pd:K + qdy, 

^ce d?z „ 
d?^^d^=^' 



(^) 



d^^'i 



d^ 



^0. 



(2.) The equations of a geodetic line referred to iC as the in- 
dependent variable, may readily be deduced from those just 
given ; but it is, perhaps, simpler to derive them at once from the 
consideration that the osculating plane is at all points perpen- 
dicular to the surface. 
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If the equation of the surface be 

dz = pdx -I- qdy, 
this consideration gives 

p {dyd^z - dz^y) + ? {dzd^x - dx^£) = dxd?y - dijd^x. 
Putting d^x = 0, and substituting for dz and d^z their values given 
by the eL^uationa 

dz - pdx + qdy, 
d^z = rdx^ + 2sdxdp + tdi/^ + qd^y, 
we find the equation 

which, with the equation 

dz ~ pd.v ~ gdy = 0, 
9 the geodetic line. 



(3.) If from the same point, 0, on a surface, geodetic lines be 
drawn to two indefinitely near pointe, T, 7", of a curve, and if 
we assume da = the indefinitely small arc TT', and $- TT'O, 
we shall have for the ultimate value of the increment OT - OT, 

OT ~ OT=da.coa9. 

This is evidently a particular case of the general proposition 
stated in p. 182. And it appears, from the conclusion there ar- 
rived at, that this property, which is well known to belong to 
right lines, ia a property of geodetic lines generally, and peculiar 
to them. In the application, therefore, of the method of infini- 
tesimals to curves drawn upon a given surface, it ia easy to see 
that geodetic lines may, in cases in which their length only is con- 
cerned, be, in general, treated as right lines. 

(4.) It will immediately appear, from the general principles 
laid down in pp. 90, 91, that a geodetic line is not necessarily a 
line of minimum length between any two of its points. For we 
have there seen that the curve, whose differential equation is 

(5-0, 
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will not, in general, possess the property of rendering 

f::/(-i)- 

a maximum or minimum, if the limits of integration be such as to 
render it possible to draw a second curve indefinitely near to the 
first, satisfying the same difierential equation, and passing through 
the extreme points ^, B, or through any two points lying be- 
tween A and B. Hence we have the following rule for deter- 
mining at what point a geodetic line ceases to be a shortest line. 

Let A (Fig, 2) be one extremity of the geodetic Udc. Draw 
through A a second geodetic line, making with the first an inde- 
finitely small angle. This curve will, in general, intellect the 
first at some other point, C. If, then, we commence to measure 
the length of the geodetic line from A, it will, in general, cease to 
be a shortest line when we pass C. 

(5.) To find the equation of a geodetic line upon the surface 
of an ellipsoid. 

Lot the equation of the ellipsoid be 

The general equations (a), p. 185, become 



iPy <?y ^z 



(c) 



_\ dx^ 1 ^ \d^ 
^'Tfi'd^ '"J^'ds' "^ d^' d^' 

Then if we differentiate this latter equation, and substitute for 

-rr,, -rs their values, derived from (c), we find 
US' ds^ ^ ' 

dv 2(^ / d: dx y dy z dz\ d?z _<? du iPz 
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Again, diiferentiating tie equation of the surface twice, and sub- 
stituting for -j^, -j|, 2s before, 

Dividing tlieso equations one by the other, we find 

\ dv _ \ du 

V ds u ds ' 
or, by integration, 

uv = const. 

Replacing u and v by their values, wo find, for the equation of a 
geodetic line, 

/^ f z^\ f\ dx^ 1 dif 1 dz'\ ,,, 

Let p be the perpendicular from the centre upon the tangent 
plane, and d the semidiameter drawn parallel to tho tangent to 
the geodetic line. Then since 

1 _ VE^ 'jf z^ 

p'^" a* b* c^' 

d»~ a^'ds'' '^ b^ ' ds'' '^ d' ' da"' 
the equation of the geodetic line is equivalent to 

pd = const. = m'. 
If p be the radius of curvature of the geodetic line at any point, it 
is known tliat 

"^ 

• This may readily bo proved aa follows : 
We bave, in general, 



, substituting for — iind -~ their valnes derived from the equaljona of the geodetic 
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Substituting for d its value — , we have 



Hence along Hie same geodetie line Hie radius of curvature varies in- 
versely as t/te cube of the perpendiaular on the tangent plane. 
These two tlicoiems are due to M. Joachimstal. 

Prop. VI. 

87. To draw, between two points or curves situated upon a 
given surface, a curve such that the definite integral 

\(jid3 + ixda:) 
may be a maximum or minimum, ji, fi being functions of x, y, z. 

Taking, as before, the arc as the independent variable, and 
putting, therefore, the given integral under the form 



asy to see that the method of Lagrange will give the equa- 

(F^ dm d\ .,du dfi dm dfi dfi _ 
(/a* ds ' ds da) die ds' dx ds ' 



d^y dy d\ ,,(J!m dfi ^dx dfi 



d^z dz_ dX \'^_^_^ ^^0 
d^ ds ' ds ds dz ds' dz 



Snbatiluting thia in the valua of p, 



(A) 
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Multiplying these equations respectively by -r-, — , -r-. 



them, and lecollectjng that 




dfi df^ dx 

ds ds ' ds 


d/i dy dft dz 
dy' ds dz ' ds' 


it readily appears that we hav 


e, as in Prop. V., 


dX 


-!-■ 



Hence, as before, if the length of the curve be given, \ = ^ + «, 
and if it be not given, X = p. Taking the former of these two 
cases, multiply, as in Prop. V., the three equations (A) by coso, 
cosf3, cos -y, respectively, and add them. We have then, putting 
f( + ffl for X, as in that proposition. 







= cos4-. 


cospje. 
dg 


dn 
""'Id, 




- 


d,i dxf 


'£--p|-" 


^f 


Substituting 


for 












A „ d'y d'li 




its value, 


P 


i?, .nd for '4. 
ds 












dit'dt 


dy-d,* 


dfi dz 
dz ■ rfs' 




this equation 


becomes 










(f^ 


+ a) = cos 

P 


„^^.c„spJ+cos 
dx ' dy 


^1 



dik I „ (fo dy \ dix I a 

''di[''"i^Tr'"""ij*-i[°°'ii 
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But since a, |3, 7 arc the angles which the perpendicular to the 

1 ■ -11 dje dy dz 

plane 01 the normal section makes with the axes, and -5-, -5-, -j- 
* a^ as da 

the cosines of the angles which the tangent to the curve makes 

with the same axes, it is known that, if we denote by li, (i', 7', 

the angles made by the perpendicular to the plane of these lines 

(which is evidently the normal to the surface), we shall have 



cos a - cos - 
'^ d 

cosP = C037. 



dz 
"d's' 



The equation, at which we have arrived, may therefore, as before, 
be written in any one of the three forms. 



du ,,dn du ,dii r,'^>^\^ 




(B) 


dix r-. dik du. , du 


-^"'f)- 



The solution of the case In which the length of the curve is 
not given is immediately deduced from this by simply putting 
a = 0. If the limiting points of tho curve be given, it is evident 
that the terms free from tho sign of integration disappear as be- 
fore. If the limiting points be not given, but merely restricted to 
the curves whose equations are 

dyo - madaiif, dpi = niidxi, 
dZfi = nodxQ, dz, = tiidx,, 
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we shall have, by reasoning similar to that employed In Prop. II., 
, (dm dii dz\ , _ 

, , fdx dy dz\ , rt 

or if 00 61 be the angles at which it outa ite bounding curves, and 
01) 01 the angles which the tangents to these curves at the points 
of intersection make with the axis of x, 

{fit, + a) cos 00 + i«'» cos ^0 ■= 0, 

(/ti + a) cos 61 + ^'1 cos 0, = 0. 

All the conclusions arrived at in this proposition are adapted 
to the case in which the length of the curve is not given, by 
simply omitting a. 



88. Given two points on a surface, and any curve connecting 
them,_to draw between these points a curve of given length, 
which shall include, with the given curve, the greatest possible 
area.* 

Since the superficial area of any surface is represented by 

it is plain that, if the equation of the surface be given, it may 
always be put under the form Ifidx, in which 

is a given function of x and y. The solution of this problem is, 
thereibre, derived from the general equations (B), by making 



* The investigation of this curve is (aa far a! 
Liouville, Journal de Matli., torn. viii. p. 211. 
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These equations become, therefore, 
1 1 1 



(a) 



Hence ii' the direction of the tangent at any point be known, the 
osculating plane and radius of curvature may be found "by the fol- 
lowing construction : 

Let P (Fig. 12) be the point on the curve, and let the piano 
of the paper be the normal plane to the curve. Let C be the 
centre of curvature of tlie normal section, and draw C'A perpen- 
dicular to PC and = a. Join PA, and draw G'C, PC, respectively 
paraliel, and perpendicular to PA. Then 6' is the centre of cur- 
vature of the required curve, and a plane through PC perpen- 
dicular to the plane of the paper is tlie osculating plane The 
reason of this construction is evident from the equations (a).* 

If it be required to draw the curve between two given curves 
in such a way that the area included between the curve so drawn, 
and a curve of given species passing through its extremities, may 
be a maximum, it will appear, hy reasoning precisely similar to 
that of p. 157, that the equation of the curve is stilt the same as 
before. With regard to the terms outside the sign of integration, 
the mode of treating them is also perfectly analogous to that which 
is there employed. For it is evident that the area included be- 
tween the two curves may be expressed by 

lidx - F{ie, Xfi, ,^|) da:, 

in which fi has the same signification as in the first part of this 

' If the giveii surface be sa dlipaoid, the direction of the oaculflling plane may be 
found ftoin that of the tangent by the foilowiug Gonatriicdon : 

Let C (Kg. 13) he the oeiiti'e of the ellipsoid, CF the perpendicular on tlie tangent 
plane, and CD the semi- diameter parallel to the tangent to the cui've. Draw PO perpen- 
dicular to the plane P CJ) and equal to —. The plane n CO is parallel to the oscu- 
lating plana requireil. For 
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example, and F{a;, xq, s;,) is a given function, namely, the value of 
the integral | v^ (1 +p^ + (f) Ay for the given curve which passes 
through the two extreme points. Hence, by proceeding exactly 
aa in the case of the plane curve, wc shall arrive at the equations, 



acosioi - cos I 



<i(^ = 0, 






89. To draw between two given points a curve whose curva- 
ture shall be constant, and such that the length of the arc between 
the two points may be a minimum. 

Adopting Lagrange's method, we shall take the arc of the 
curve as the independent variable, which will give 

F= 1, 

the dependent variables, x, y, z, being connected hy the equations 

dx^ dif dz^ , 

da' ds^ ds^ ' 

and 



(ST- 



f'^\ 



/d^zy 



Since, then, none of the variables enter into V, it is evident that 
the equations furnished by the coefficients of Sx, Sy, & arc 

df- ds (, 



AX-; 



d.X-i 



(A) 
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These equations, being immoiliately integrable, give 





"■^^3? ... 




* *A ' 


,F.; 


dX #^ dx 
d, *'' d,' *<fs 


ds' 




dX d?, d, 
'd, &> d. 


d?r. 


dX ,,(^% ^s 
ds d!^ ds 


d/ 



(B) 



Eliminating X between tbe first two of these equations, we have 

(dy <Pte dx d^y\dX Idy iPai dx d?y\ , ^ dy . dx 
\ds ' d^ ds ' ds^ J ds \ds ' ds^ ds ' ds^ j ds ds' 

This equation, which is also integrable, gives 

.Jdy d^m dx d^y\ , 

Similarly, by the elimination of X between the first and third, and 
between the second and third, we have 

,,/(& (Pz dz d^x\ „ 

(C) 
.Yds ^y dy d^g\ , ., 

\ds d^ ds d^ J ^ ■" 

Previous to proceeding further, wc may determine the values 
of the constants introduced in these integrations. For this pur- 
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pose we sliall suppose the origin of co-ordinates to liave been taken 
at one of the given points, which will render 

a^o = 0, 2/0 = 0, «o = ; 
and, since both limits are fixed, we shall have 

Sxo = 0, Spo = 0- S^o = 0, Ss, = 0, gy, = 0, S^i == 0. 
It ia eaay to see, then, that the equations furnished by the t«rms 
which are without the sign of integration are 

/^ dSx ^ ^ cPz dS2\ 
\ds^ ' ds ds^ ' ds ds^ ' ds j\ ' 

ffx dSx d^ dB^ d^ dBz\ 
" \ds^' ds'^ ds^ ' ds ^ ds^' dsJo~ 

These equations are evidently satisfied either by making 

\', = 0, X'o = 0, 
or by making 



/rf%; d^ fy d^ ^ dS^\ 
\ds' ' ds dis^ ' ds ds^ ' ds Jo 

The conditions, 

Ao = 0, X'l = 0, 

will evidently give, in equations (C), 

f-o, /-o. /"-o. 

and 

a;, y, z^' 

With regard to the other factors, 

/^ dg£ d^ (% ^ dlz \ 
\d^' da "" d^' ds ^ d^' ds jo 
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it is easy to see that it is impossible to make tliera vanish, pre- 
Bcrving the independence of two of the variations, 



, &c. 



For, since these variations are only connected by the equations 

\ds ' ds ds ' d$ ds ' ds jo ' 

fdx dZx dy diy dz dSz\ 

\ds ds ds ds ds ds Ji ' 

it is evident that in order to make these factors vanish, without 
restricting their generality, we should have 

/(P*\ /da)\ /d^a:\ /<?^\ 

[d^)o='''>[d^)o- [d^jr^'yAJ^' 

[d'y\ (dp\ fd^y\ fdi,\ 

[d^y^^KTsjo' wjr^'yd^ji' 

(d^z\ (dz\ (d?z\ (dz\ 

\w)r''"\rBU Kd^jr^Ajsj: 

Squaring the first system, and adding, we have 
1 fiPxX /<fyV (d^zV 



Again, multiplying these equations respectively by 
(da:\ fdy\ I dz\ 



(!).( 






But it is plain that tlie first side of this equation is identically zero, 
hence we should have 

i.„,.0, 
an impossible equation, as m is a given quantity. The same tea- 
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soiling obviously applies to the second system. Those equations, 
then, leading to impossible results, it is evident that wo must have 

X'l = 0, X'o = 0, 
and, therefore, 

/-o, / = o, /-.o. 

Hence, if we neglect/, /',/", and multiply equations (C) by 

dz dy dx 
ds ' rfs ' ds ' 
respectively, we shall have 

(ay - hx) dz-^[cx ~ ctz) dy + (6s - cy) dw = 0, 
a [ydz - zdy) + b (zdx - xde) + c{xdy - ydx) = 0- 
This equation, which is easily integrated by making 

gives 

ay - bx = m (az - ex), (E) 

the equation of a plane passing through the origin. The required 
curve is therefore, in this case, a plane curve ; and since its radius 
of curvature is constant, it is evidently a circle. 

It appears, therefore, that the curve of constant curvature, 
whose length between two given points is a minimum, will be a 
circle if the position of either of the extreme tangents be undeter- 
mined. But, on the other hand, it is evident that the circle can- 
not be the general solution of the case in which the position of 
the extreme tangents is given. For this position might be such 
as to render it impossible to describe a circle which should fulfil 
the requisite conditions.* 

If the position of the tangents at the extreme points be given, 
such that the equation 

./+S/' + "/'-0, (F) 

holds, the curve is still plane. For if the equations (C) be multi- 
plied by 

■* For exauipk, tiio given tangents might not be in ihu same plane. 
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dz dy da! 
da' ds' ds' 

respectively, and added, we find 

(mj ~ bx +/) dz -v{cx-az +/') dy + (hz - cy +/') dx = 0. (G) 

Now if the origin be transferred to any point in the line whose 
equations are 

at/-bis+f=0, cx-as+f^O, 

it is easy to see that, in consequence of the relation 

the three absolute terms will disappear, and the equation be re- 
duced to 

(ay - ba:) dz + {ow ~ az)dy + {bz -cy)dx = 0, 
the same form as before. In this case, therefore, the curve is still 
a circle. 

If the limiting points bo not given, but merely restricted to 
the two surfaces, 

Mo = 0, % = 0, 

it is plain that the terms wliich involve 

SiBo, Syo, Sso, Sa:i, Sy,> Sz„ 
wiUbe 

P-^'S ,d^^ f^^-^'S .d^^ f^'^'S dz) 

These terms are reduced by equations (B) to 
a8Xf, + bSpo + cS^D, 
flS^i + bSyi + cBzi ; 

and as the variations Sa-o, &c., Sxi, &c., are connected by the 
eq^uations 
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dltu ~, dUu „ dUn » 

—; g^o + :r-^ Swg + v-^ Ssfl = 0, 
rfi^o '^J/o ''^o 

-r^ Ss!j + :5- Svi + -3- Ssj = 0, 
dxi dpi dzi 

the terms involving these variations give the equations 

1 dun 1 diiQ _ 1 dug 

a ' dwt, b ' dt/o c ' dz^ 

1 dui 1 dui _ 1 rfwi 

a' dxi b' dy\ c'd^i' 

But since the equations 

\'„ = 0, A'i = 0, 

give, in general, 

a^a- &«o + / = C' cXt,-azo +/' = 0, bz:„ - cy^-v f" ^ 0, 
(M/i — 5a;i +/ = 0, cfflji - «si +/' = 0, bzi ~ aji +f = 0, 

we find by subtracting 



From these, combined with the preceding equations, we have 
1 du„ 1 du(, 1 dug 



xi-a^' da!i 4/1 - 2/0 ' dyi Si- so' dzi ' 

Hence it is evident that the line joining the extreme points is per- 
pendicular at each of its extremities to the bounding surface. 
The length of this line is consequently a minimum. 

If the minimum curve be required to touch its bounding sur- 
faces, the preceding discussion becomes of course inapplicable, 
and the curve is no longer, in general, a circle. We may, how- 
ever, deduce from the terms without the sign of integration, an 
interesting geometrical theorem as to the position of the oscu- 
lating pianos at the extreme points. For the sake of simplicity, 
we shall suppose the extreme points to be given. The problem 
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will then be stated as follows: — To draw between two points, 
each situated on a given surface, a curve of constant ciirvature, 
which shall touch the given surface at its extreme points, and 
whose length shall be a minimum. 

The extreme points being fixed, we shall have, as before, 

and the equations furnished by the terms free from the sign of 
integration will still be 



fd^x (?S« d?y I 



d^z dlz\ 



^\d^ ' ds d^' ds d^' ds / 

■^ ' 1 J.^ ■ J. "■" J-fl ■ J. "'' J,H ■ J, ] 



■0, 



(R) 



J5ut since the tangente to the curve at each extremity are, by hy- 
pothesis, in the tangent planes to the limiting surfaces, we have 



duo/ 
d^Q \ 



■/oV ds Jo \dsj, 



dy\ du„ ( 



dso \de^ 
di/\ dui fde^ 



dua fdx\ 
da:i\ds ji, 

du, /da!\ 
da!,\ds Ji 

Hence it is easy to see that the variations 

/^\ 

V dB I, 

are connected by the equations 



-0, 
.0. 



dzo \ da /o 
fdA fdgi 



S)--- 



Eliminating by means of these equations two of the variations, 

(dS^\ /d^'\ /^\ 

'v <^s Jo' \ ds j„' y ds j; 

from the first of equations (D), we have 
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(dai (^tf dy d'^x\ dua Ids <^x dx d^z\ duo 



1^ cPz_ dz ^\ du^ 
\ds ' ds' ds ' d^ /o (i«o 



0. 



A similar equation holds, of course, for tKe other extremity of the 
curve. Hence we infer, that if a curve be drawn as required by 
the conditions of this problem, the osculating plane at each extre- 
mity will be normal to the limiting surface.* 

Before quitting the subject of this proposition we may observe, 
that the solution which we have found for the case in which the 
position of the extreme tangents is undetermined, appears at first 
sight an exception to the general theory of p. 127. For it might 
be supposed, in accordance with that theory, that as the equations 
furnished by the terms free from the sign of integration have been 
satisfied by making 

X'o = 0, X'l = 0, 
the solution ought to contain indeterminate constants. The ex- 
ception is, however, only apparent, and results from the fact, that 
in consequence of the peculiar way in which X enters into the 
equations (C), each of the equations 

X'o = 0, X'i = 0, 
is really equivalent to three. This will be shown most clearly by 
squaring and adding the equations (C). For we shall then have 
(as is easily seen) 

Hence if X' vanish for any given system of values of ic, y, s, it is 
plain that this system must satisfy the three equations, 

ay-bx +f =0, cx-as:+f-0, bz-ct/+f" = 0. 

* The eqnatioHB (D) may also be satisfied by maldng X'g = 0, \'i = 0. Bntthia sap- 
poMtion would, as wc have seen, render the enrve a circle, and wonld, therefore, lead to 
an impossibls result. In fact it would be necessary, if we adopted this b jpottesis, to de- 
scribe a circle "with a given radius passing tbrough two given points, and touching two 
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90. The difficulty wliich attends the application of the Cal- 
culus of Valuations to the solution of problems which involve 
integrals of any degree higher than the first, arises mainly fiom 
the difference between the nature of the limits employed in simple 
integration and that of the limits which it is necessary to adopt in 
almost every question connected with multiple integrals. 

Hitherto no part of the process of integration itself has been 
affected by the peculiar nature of the limits employed, inasmuch 
as the proce^ is supposed to be completed before the consideration 
of limits is entertained. We have seen, therefore, that in the in- 
vestigation of the variation of a simple integral, the terms which 
depend upon the variation of the limits arc, as might have been 
anticipated, wholly free from the sign of integration, and may, 
therefore, be treated as ordinary algebraic quantities. Such terms 
add but little to the difficulty of the problem. 

But it is otherwise with multiple integrals. Here each suc- 
cessive integration is supposed to be definite in itself, i. e. it is 
supposed that, after each integration, and previous to the next, 
the variable, with regard to which that integration has been per- 
formed, is taken within certain assigned limits,— limits which are 
in general functions of all the remaining variables. It is plain, 
then, that the nature of the limits employed in each integration 
will affect every subsequent integration, inasmuch as it will affect 
the form of the function to be integrated. It may, therefore, be 
expected, as it will be found to be the case, that in the variation 
of a multiple integi'al the terms arising from the variation of the 
limits will not be free from the sign of integration. This adds 
materially to the difficulty of the question. 

91. As a clear conception of the meaning of the symbol of 

multiple integration, JIJ , is essential to o\a- present purpose, 

we shall proceed to enumerate the several operations which are 
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denoted by that symbol, firstly, in its most general acceptation, 
and, secondly, in the more limited sense in which it becomes the 
subject of the Calculus of Variations. 

To render the subject as definite as possible, we shall consider 
the triple integral, 

a = pP"h. Vdxdydz, 

in which y is a function of .r, y, s. This symbol denotes the fol- 
lowing operations : — 1. The operation of definite integration with 
regard to one variable, z for example, the limits being certain 
functions of x and y. 2, The operation of definite integration 
with regard to y, the limits being certain functions of x. 3. The 
operation of definite integiation with regard to a;, the limits being 
certain constants. If these functions and constants are indepen- 
dent of each other, the symbol is understood in its most general 
sense. But with this general sense we have at present no con- 
cern, inasmuch, as in the existing state of the Calculus of Varia- 
tions, and the problems to which it is applied, questions which 
involve such integrals never occur. We shall, therefore, proceed 
to consider the process of multiple integration in the more limited 
sense in which it occurs in practice. 

92. In the problems to which the Calculus of Variations is 
applied, and generally in most problems connected with multiple 
integrals, the several limits of integration are supposed to be as- 
signed in such a way that the final result may express the limit 
of the sum of the elements Vdisdy&z for all systems of values of 
*i Vt, ^1 wliioh do not cause a given function, <p {.c, y, s), to change 
sign, i, e. for all systems of values consistent with the supposition 

^ (^, y,z)>0 ox < 0.* 
It is, then, in the first place, essential to consider how this may 
be effected. Now it is known that a definite integral, such as 

denotes t3ie hmit of the sum of the elements Vdz for all values of 
z lying between z„ and z^ ; if therefore we wish that this integral 
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should represent the limit of that sum for all values of z which 
are consistent with a certain supposition, it is evident that we 
must take, a& the limits of integration, the extreme values of ^ 
which are consistent with that supposition. To apply this to the 
case in point. As functions do not change sign except in passing 
through zero or infinity, it is manifest that the extreme, and 
therefore limiting values of the variable with vrhich we com- 
mence the integration will be found by equating ^ (s;, y, z) to 
aero or infinity. Neglecting the latter supposition, which seldom 
occurs in practice, and supposing that the integration has been 
commenced with regard to z, let the values of that variable fur- 
nished by the equation 

<.(^-,»,»)-o 

be 2|), S|.* These quantities, which are, in general, functions of 
y and x, are evidently the limits to be employed in the first inte- 
gration. Let 

Fi = P' Vde, 

and let values of any of the variables which are consistent with the 
conditions of the question be denominated possible values. Then 
since, in the integration with regard to z, as and y are considered 

* If lis equation ^ = 0, when EolTSd for s, gWe more than two values of tliat quan- 
tity, let tlie Beveial vaiuea of a T?hioh it does give he 

i', i", s<»>. 

Tlmn if n be even, and if ^ change sign for eacli of these values, we shall evidently liave, 
as the expression of the integral when taken between the given limits. 






Eaeli of these integrals is Uien to be treated a; 



If n be not even, the last hitugtal in the foregoing serfes will be 
f Vdz. 
It is fni'lhet evident tliat any value of a which, although aatisfjing the eijUiiliuu 

does not cause f fx, y, :) to change sign, is to be neglected in tlio process here desciibed. 
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constants, it is evident t!iat Vi denotes the limit of the sum of the 
elements Vds, for all possible valuca of s corresponding to fixed 
values of m and y. If now this quantity be multiplied by di/, and 
integrated between the extreme values of ^, the result, 



f' Vid,, 



will, for the same reason, denote the limit of the sum of the ele- 
ments F"irfy, for all possible values of y corresponding to a given 
value of a!, and therefore of the elements Vdydz for all possible 
systems of values of y and z corresponding to a given value oi x. 
Now the extreme, i. e. the maximum and minimum values of ^ 
corresponding to a given value of x, are evidently found by diife- 
rentiating the equation 

^(^, y, z) = 0, 

under the supposition that w is constant, and putting dy = 0. 
Perfoi'ming this operation, we find 



Hence the limite with regard to y are found by eliminating z be- 
tween the equations 

^ de 

Let the result of this elimination be 

*■(»>, J) -0; 

and it appears, by precisely similar reasoning, that the limiting 
values of x are found by eliminating y between the equations 

01 = and ^ = 0. 
dy 

But since ^i = is the result of theeliinination of ^ between = 
and another equation, we have 
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d(pi d^ diji dz 
dp dtf dz' dy ' 

or, since 

ft.O, ^.0. 

dz dy 

Hence the limiting valuea of x are found by eliminating y and z 
between the equations 

^ dz dy 

We have, therefore, the following mle : 

1. Integrate with regard to z, taking as limits the values of z 
given by the equation 

2. Integrate with regard to y, taking as limits the values of p de- 
rived from the equations 



by the elimination of s. 3. Integrate with regard to x, taking as 
limits the values oi'/e derived from the equations 

<,.0. ^-0, ^.0, 

^ ds dy 

by the elimination o£y and s. 

93. To exemplify this process, let it bo required to find tlie 
value of 

u^gdxdydz, 

in which the integral is to be extended to all systems of values of 
X, y, z which render the function 



negative. 

(1.) Integrating with regard to z between the limits 



we find 



a^ by' 



z = ±c\/(^ 
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(2.) Integrating with regard to y, which is easily effected by 
putting y = b&m9 A/ i 1 ^ )> we find, as the value of the in- 
determinate integral, the expression 

The limiting values ofy are found, as above stated, by eliminating 
« between ^ = and -r^ = 0, i, e. between 



they are, therefore, 
Hence 

(3.) Integrating with regard to ss between the limits found hy 
eliminating y and g from the ec[uations 

^,.0, 3:.o, ^.0, 

dz ay 



i. e. between the limits a; = ± «, we find 

Again, let it be required to find 

M = JJJ (J^ + J^) dxdydz, 
the form of the function ^ being the same as before. 
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Here, as in the preceding example, 

» - 241 («' + f) 1/(1 - 5 - f.) "s- 

Assume, as before, 
Then 

{^s + i'^l^SWej J^l--")cos'0ci8. 
Hence, as the limiting values of D are evidently ± ^, 

|(...rtv/(i-5-i;)%- 



Hence 

M = ?r5c. a}^[\-~Adx + ^b^c.\ il~'—\ dx = ^ahc{d? + b^). 

04 It h^ been tlioujfht nece oaiy to de=!cnbe multiple iiite- 
gntion 11 1 piooe^s puiely inaljticil, poitly to ficilitate the ex- 
tension of the method to mtegnls of all oidei--, and partly to 
pievent the supposition that thia prcoL-ss neoes-iMily involves 
geometiical consideiitions Such considerations will, however, 
gieatly aid the con<^Lption^ oi the student in tho discu'^sion of 
double and tuple integrals Thus, for example, if ^(i, y, s) = 
be the equation of a suifttce enclosing a finite solid, Vi will denote 
the limit of the sum of the elements, Vdz, for all points of that 
portion of the solid which is bounded by four planes, two parallel 
to the plane of a-s, and two parallel to the plane of ys, at the dis- 
tances y,y + dy, x, x + dx, respectively. V^ denotes the sum of 
the elements Vdxdy for all points of the solid which lie between 
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two planes parallel to j/s, and at the distances a;, a; + d:c ; and Vs, 
or ^jj Fdxd^dz, denotes the sum of the elements Vdwdydz, for all 
points of the solid. 

Thus in the first of the preceding examples 

dxdydz 

denotes the solid contents of a prism whose length is finite, and 
parallel to the axis of z, and whose other dimensions are eva- 
nescent ; 



dwdydz, 



a section whose length and breadth are finite, and whose tliiclr- 
ness is evanescent ; and 



t^i i'ji pi 

I dxdyds 



the entire solid. 

This view of the subject being given at full length in Lacroix's 
Traite de Calc. Int. torn. ii. p. 196, it is unnecessary here to pui-suo 
it further ; but it may be remarked, as the geometrical explanation 
of the limits, that the limiting values of a correspond to the two 
points on the surface I'or which the values of x and y are the same ; 
that the limiting values of y correspond to the two points for 
which X has the same value, and for whicK the tangent plane is 
perpendicular to xy, and that the limiting values of a; correspond 
to the two points for which the tangent plane is perpendicular to 
the axis of x. 

It is obvious that in the process of multiple integration, as 
here described, the order of the integration is indifierent. For 
with whatever variable we commence, the final result will always 
be the same, viz., the limit of the sum of the elements Vdxdyds 
for all values of xyz consistent with the supposition ^ > or < 0. 
This, which is not true of definite integrals in general, is neces- 
sary to render the rules of the Calculus of Variations applicable to 
such quantities. 
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ON THE CHANGE OF THE INDEPEKDSKT VAItlAELES IN MULTIPLE 
INTEGRALS IN GENERAL. 

95, (1.) If it be required to change the independent variables 
previously to any integration, it is known* that in the case of a 
double integral, if ic, y be changed into x\ y, and if 
die = Fdx + Qdy', 
dy = P'tfe' + Qdy', 
the quantity to be substituted for dxd^ is {}?Q - P'Q)dx'dy' ; 
and, in liie case of a triple integral, if 

dx = Pdw + Qdy + Rds, 
dy = Pdx + Qdy + Rdz, 
dz = F'dm + qdy + K'dz, 
the quantity to be substituted for diedydz is 
{P{qR'- Q'R) + FiQ'R ~ QPT) + P"(QE ■- qii)\die'dy-dz ; 
and, in general, if the n independent variables, «i, (K3, *'3, .... ^n, 
be changed into n other variables, a;'i, ai'a, x's, ■ ■ . ■ ;«'«, and if 
da)i = Xidsi'i + Xsdx'2 + &c. + X,idx',„ 
dx2 = X\div\ + X'idx'i + &c. 
dxi = Ac. 
the quantity to "be substituted for dx\dx-idx3 .... dxa is 

lid.ifidai'ild.'c's .... (&'„, 
where iJ is the resultant of the n letters, Xi, X3 . . . . X„. 

It is unnecessary to enter i'urther into this case, which has been 
fully discussed in the article already quoted. 

(2.) Let it be required to change the independent variables 
after the perfoi-nianco of the first integration. Let 

jj{Pi-Pa)dydz, UQ,- Qo)dMz, l^{Ri-E«)dscdy, 
be three double integrals derived by the process of definite Inte- 
gration from the triple integrals, 
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Is***' JI)^'^'*'^-' IVi^'^"-^' 

in wliich the limits are determined by tlie equation 

and let it be required to reduce them by changing the inde- 
pendent variables to throe other integrals, in which these variables 
shall be the same. 

Since ^ has a positive value previously to vanishing for w = a^a, 
and a negative value previously to vanishing for a; = wi, it is evi- 
dent that -^ is negative for ^ = aia, and positive for x = a!i; hence 

if 'l/ ( Y^ I be taken positively, we have 




il{P,-Po)d^dz- ^ 

Now it is evident that these terms may be consolidated into one, 
se. 

d(j> 

dydx. 



provided it be understood tliat tliis integral is extended only to 
Buch systems of values of a^s as satisfy the equation 

<,{.i,y,e).0. 
We have then, in the fii'st place, the equations 
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and, similarly, 

ff «3* 

fj(il,-i?.)drf,.||— YW" 

To reduce these, we may either take two new independent va- 
riables, a, b, or reduce the first two integrals with regard to a: 
and y. We shali adopt the latter, as being (although not aymrae- 
trical) more convenient in practice. 

Suppose, theu, that it were required to transform 

into an integral of the form 

Here we have to change hut one variable, namely, s into x. Now 
since, in the integration of 

with regard to s, and of 

with regard to /s, y is considered constant, it is evident that we 
have the equation 
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But as the increments dx, dz are always, in tlie process of definite 
integration, taken positively, it is evident that the quantity to be 
substituted for dz is 






,di, 



Similailj, 



4- 



"iy 



A%) "JJv7(f) 






U? 



vm 



Differentiate the equation 

♦ («■,!/, 2) -0, 
and let the result bo denoted by 

dz = 'pdx + qdy. 



We have then 



di^ dip _ dip 



Substituting these values in the equations (B), wo find 



d<p 

dTv ^ , 11 ■'-^Hi 



ll(P,-F,)d,dz.\\-^^d,jdz.^\\^^d.d,, 



vm i^v($. 
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If ( Qi - Qo) dxch. =-- 1 1 f^ dxdz^-\\ : 7 Ai^t^y, (C) 



IJ^ri) ""V(S) 



Symmetrical expressions, wliicli are sometimes useful, may be 
deduced from ecjuations (A) by assuming 

ds^ = daf^dy^ + dxhlz^ + dy^dz^. 

It is easy to see, then, that tlicsc equations may be written 



Uq,^q,)d^d.z^^qQ.-^^ds, (D) 

f {Ki - n^) dxdy =^Ra^ ds, 

whcro 

^-\I?^d^^ ^d^j ■ 

These formula may also be deduced geometrically. For if 

<j.(x,y,z) = 

be the equation of a surface, ds tlie element of its superficial area, 
and a, (i, y the angles wlilcli the normal makes with the axes of 
co-ordinates, it is manifest that, through the whole of the integral 
Jl Pidydz, we have 

dydz - cos ads; 

and through the whole of the integral jj P^dyds, 

dyds = — cos ads. 
Hence 

If(P,-F„)rfy&.J(Pcos„,i.; 

and, similarly, 
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: idcQtical with formiilEe (D), inasmuch as 






cos 7 = &c. 
Ill these formulje the radical is taken positively. 

96. It is frequently necessary, in pi-oblems connected with 
multiple integrals, to determine the limits in such a way that the 
resuU may represent the limit of the sum of the elements 

Vdxdijdz . . . 
for all systems of values of the independent variables which ren- 
der the signs of ft^o given functions, 

<l>{x,^,z,...) i.{a;, 1/, z, . . .) 
different. This case may be induced to tlie foregoing by a very 
simple consideration. 

Let it be supposed that the given integral is to be extended 
to all systems of values of ic, y,z,... which satisfy the conditions 

^(a;, J/, «, . . .) < 0, -^{m, y,z,...)> 0. 
Now it is in general supposed that every system of values which 
satisfies the condition 

<^{x,y,^, . ..)>0, 
will also satisfy the condition 

4i{x,y,z, , . ,) > 0; 
and, similarly, every system which satisfies the condition 

4>{x,y,z, . . .)<0 
is supposed also to satisfy the condition 

0(»,j,j,...)<O. 
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Heiioo we see evidently that 

f . . . Vdxdydz . . . = (0J . . . Vdxdydz ...)-[!■■■ Vdxdydz . . .], 

in wliicli the integral ( ) ia extended to all systems of values 
which render ^ negative, and the integral [ ] to all systems 
which render i^ negative. The given integral is thus reduced to 
two others, each similar in its nature to that already considered, 
and to he treated according to the same rules. The analytical 
conception of this case is also much facilitated by considericg its 
geometrical signification, when the given integral is of the second 
or third order. In the case of a single limiting function, we have 
seen that the integral 

Jj Vdaidy or \\\ Vdxdydz 
is extended to every point lying within the curve or surface 

^ = 0. 
In the present case it is easy to see that the portion of space with 
■which we are concerned is that which lies between the two curves 
or surfaces, 

= 0, 4, = 0; 

and that the hypothesis, that every system of values which sa- 
tisfies either of the conditions, 

> or ;^ < 0, 

also satisfies the corresponding condition, 

i/- > or $ < 0, 

is equivalent to the geometiical supposition that the curve or sur- 
face whose equation is 

1^ = 

is entirely included within the curve or surface whose equation is 

^=0. 

97. After what has been said, no difiiculty will be found in 

applying to any multiple integrals whatever, the rules which have 

been given with special reference to the case of triple integrals. 
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For this purpose it will only be necessary to substitute for the 
double integrals, 

l\ (Pi - Pfl) di/dz, IJ ( Qi - Qo) d,vdz, &c. 
the multiple integrals, 

\li...(Pi~Po)dydsdl... 
Sl...{Ql-Qo)d.^•d^dt. .. 
&c. &c. 
and to make 
d^ = dxMyHt^ ... + di^dz^di" . , 



It is not necessary to dwell further upon this extension, which 
is comparatively useless for our present purpose. 

Formulae (G) and (D) are readily adapted to the case of a, 
double integral, by removing the independent -variable t/, and 
putting y for z in the result. It is easy to see then that the first 
two of equations (C) and (D) become 






(E) 



rentiation of the equation 

and 

ds= ^{dm^ + df). 
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CHAPTER VI. 

PONCTIONS OF TWO OB MORE INDEPENDENT VARIABLES- 

Pkop. I. 

98. Let M be an indeterminate function of any number of in- 
dependent variables, x, ?/, s, &c., and let it be rec^uired to find the 
complel« increment of the differential coef&cient, 



lx'"dfdzP . 



Adopting, as before, the principles of Art. 6, Chap. I., we 
shall investigate successively the several increments which this 
function receives from a change in each of its varying elements. 
Now it is plain that the q^uantity which we are now considering 
can be varied only in one of the following ways : 

(1,) By a change in some one of the independent variables, 
iC, y, 2, &o. 

(2.) By a change in the form of the function w. 

We shall consider these increments separately. 

(1.) Let x receive the increment dx, the remaining variables, 
y, z, &c., as well as the form of the function u, remaining un- 
changed. Then it is plain that the corresponding increment of 
the given differential coefficient will be 

Similarly, if «/ receive the increment dy^ while x, s, &c., and the 
form of the function, remain unchanged, the corresponding incre. 
ment will be 



and so on for the remaining variables. 
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(2.) Let tKe form of the function u vary, the independent va- 
riables, X, y, z, &c., remaining imchanged. Then since tlie symbol 
of derivation, 



dsfi'^Afdzv . . . 
satisfies the condition 

it appears from the principle of Art. 5 that 



■ d3i™dp''dzP . . . dxi^dif^dsf . . ' 

If then we add, according to the principle of Art. 6, the several 
terms found above, we ehaU have, for the complete increment, 



' d^dfdzy. . . da^*Hy'ds^ . . . dw^'df* 'dsi" .. 



dx"dy"dxP . . .' 



y + &c. 
(A) 



Prop. II. 
09. To find the complete increment of 

/ du du du iPu dhi \ 

-J \^^> J/j 3, . . - , ^. ^^, ^g. ■ • ■ ^^i-- ^^^^1 ■ ■ ■ p 

a determinate function of the several quantities contained within 
the parentheses, namely : 1. Any number of independent variables, 
x^y, s, . . . 2. One dependent variable, m, which is supposed to be 
an indeterminate function of x,y,z, ... 3. The several partial 
difFerential coefficients of w with regard to these variables. 

The number of terms which result from the several differen- 
tial coefficients of V with regard to the quantities 

du du „ d^u cPu „ 

-j-, -J-, &C. -J-, -y-y-, &c. 

die dy di^ dxdy 

being necessarily very great, it will be advisable, before proceed- 
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ing fui'tlier, to establish a distinct notatioE to express these co- 
efficients. We shall, then, use the symbol 

K,.™/,i' . . . 
to denote the coefficient 

dV 



d-^" 



' dx'"difdzP. . , 
and the symbols 

X, Y, Z,... U, 

to denote the coefficients 

d_V dV dV dV 
d,c ' dy' dz' ' ' ' du' 
respectively. 

This notation being established, we shall have 

dV^Xdx+ Ydif + Zdz + &C. + Udu 
. du 



Now let X receive the increment dx, the remaining independent 
variables, y, Zy &c., as well as the form of the function u, remain- 
ing unchanged. Then it is plain that the corresponding incre- 
ment which F receives is 

dwdz 



This may be represented by 

denoting by that symbol the complete differential coefficient of 
V with respect to ,v. 

" This notation n-as suggnetQil Ui mo ity ihc Ecv. Williiim Eobccta, 



y Google 



222 FUNCTIONS OF TWO OR MORE INDEPENDENT VARIABLES. 

Similarly the increment which results from a change in y will 
be 

aad so on for the other independent variables. 

Now let the form of the function u vary, while the independent 
variables, sc, y, z, &c., remain constant. Then since V is 2. de- 
du 

(5), that 

sr=P8»+r.s.|+F,s.|+«.|+r..8.g 

dxdy 
Substituting for 

8 *, S.^.&o. 
dji ay 

thoir values as found in Prop. I., and adding the terras which 
arise from 3 change in the independent variables, we find, as the 
expression of the complete increment, 

(A) 
„^ J, dSu dSu dSu „ 

+ USu + V:,-—r~ + V,i —r- + Vs -^- + &c. 
ax dy az 

It is evident that the increment which Freceivea in consequence 
solely of a change in the form of u will be given by the equation 

8F=CT.+ F* + <','?^+'^.^+«'°- 
ds! " dy dz 

dsf^ •' dxay 

100. If the integral under consideration be of the second or- 
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der, it is usual to take z as the dependent variable. In this case 
we shall have, putting 

-?. 
ar. ziz* V.-J-* V, ^+ F^ -^ +>',— + f>^ + &o. 

In investigating the variation of a multiple integral, to which 
we shall next proceed, we shall, for the sake of simplicity, confine 
our attention to the cases of integrals of the second and third 
orders. The principles on which these cases are discussed are 
indeed, as will be seen, common to integrals of all orders. But 
the number of terms in the result increases so rapidly with each 
now indcpendont variable, that by proceeding further wo should 
merely compUcate the formulae without any practical utility. 

For a similar reason we shall suppose that FcontMns no diffe- 
rential coefficients of an order higher than the second. 

It readily appears, from the discussions in the preceding chap- 
ter, that the value of a multiple integral, in the limited sense in 
which we have agreed to employ that term, depends upon two 
different elements, namely, 1. The form of the fhnotion 0, which 
determines the limits. 2. The form of the function to be inte- 
grated, V. A change in either of these will produce a corres- 
ponding change in the integral, and the total variation will be, 
according to the principle l^d down in Chap. 1., the sum of these 
partial variations. To find this complete variation, then, it will 
be necessary to investigate separately the variations produced by 
changes in the forms of the above-mentioned functions. We shall 
commence with that which results from a change in the form of 
the limiting function ^, and for the convenience of reference, we 
shall consider successively the cases of double and triple integrals. 

Prop. III. 

101. Let F bo a function of two independent variables, on, y, 
and let it be proposed to find the variation in the definite integral, 
\\ Vdxdy, caused by an indefinitely small change in the form of the 
limiting function, ^ {x, y). 
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Suppose, as bcforc3, that the equation 

when solved for t/, gives but two values, yv, y\.. Suppose also 
that, in consequence of a change in the form of the function 0, 
these roots hccomc respectively yo + S^o and ^i + ^y\. It is plain, 
then, that the variation which the dohnite integi'al will undergo 
at the first integration will be 

To find the variation which arises at the second integration, 
assume 



r = P" Vdy, 



and let the variations in the limiting values of x be S^oi ?^i- 
Then it appears, in the same way, that the variation which arises 
at the second integration is 

where F'o, V'\ denote what V becomes, when for x we substitute 
successively .^oi ^i- But since i^i, i^o ^re found by eliminating y 
between the equations 

* = 0, ^ = 0, 
dy 

it is manifest that when x = Xo ov x = Xs, ya = y\. .For it is known 
that if ^ = be considered as an equation (having two roots) in 
which y is the unknown quantity, the roots of that equation will 

be equal if -j^ = 0. But the values x = xa, x = iVi, satisfy the equa- 
tion ~ =0, and therefore render equal the roots of the equation 

= 0. Since, then, the limits of integration in Vo, Vi become 
equal, it is plain that Vo = 0, V'l - 0, and therefore this part of 
the variation vanishes of itself 

This reasoning may be extended to integrals of all degrees. 
Thus, for example, in the case of the triple integral, 
iJiVdxdyds, 



yGoosle 



S TNDKPENDENT VARIABLES. 225 



it will appear, by precisely the same reasoning, that the variation 
which arises at the integration with regard to y will vanish of it- 
self ; and if we assume 



F-.f'T Fdsdz, 



we shall arrive at a similar conclusion with regard to the variation 
which arises at the integration with regard to ^. Hence, with 
regard to that part of the variation which arises from a change in 
the form of the limiting function, we may conclude generally as 
follows : 

If V be a function of any number of independent variables, 
X, y, z, ^c, the variation in the definite integral, 

f . . . Vdicdydz . . . 

arising from a change in the form of (he limiting function tp, will be 

Jf . . . Vy%z,dxdy ... - IJ - . . VoSe^dxdy . . - 

in which Vi, ¥„ denote t/te values which V receives by the successive 
substitution of Z\ and zofor z. 

Id is, perhaps, unnecessary to remind the reader that the re- 
duction of this part of the variation to two terms does not hold for 
all definite multiple integrals, the reasoning hy which it was ar- 
rived at being only applicable to the class which we have been 
considering. 

Prop. IV. 
102. Let /^be a determinate function of 
dz dz ^ dH ^ 
' ' dx dy' (fe^' dxdy' dy^' 
where z is an indeterminate function of the independent variables 
w, y ; and let it be required to find the variation produced in the 
definite integral, \\Vdxdy, by an indefinitely small change in the 
form of the function 2. 

2g 
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Since the limiting function ij, is here supposed to remain in- 
variable, it is evident that the operation denoted by the symbol J)' 
satisfies the criterion in Art, 5 ; hence 

Substituting for § F its value, as given in Prop. II., we find 

SjjFdxd^ = 

(A) 
JJ(^g.^ r.^ . ^^_, ^^_, r,_. V^^)d.dy. 

But since, in the peculiar kind of definite integration with which 
we are at present concerned, the 0Td,eT of the integrations is in- 
different, we find, by the method of integration by parts, 

sv^ -if <''* - f ^- AT * - )J isr 75 "' 

- (^■^ Ito * - ) TF »^* " Jj *^ ^"^^' 
(or if we commence by integratmg with regard to y), 

"^- sisi "^ ■ 1 '^^ &r -^ -]-#*"* -^ JJ 3i* "»'*■ 

In these expressions the terms which appear with but a single 
sign of integration have, for the sake of brevity, been only 
written once, but as in every such tenn the operation of definite 
integration is supposed to have been previously performed, it will 
readily be understood that if wc would write these terms at full 
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lengtK, we must substitute for oacli the difference between two 
others, one of which refers to the fii-st, and the other to the se- 
cond limiting value of s. 

Thus for jFic&rfy we should write, 

and similarly for the other terms. 

Collecting the eeyeral terms given above, and using, for the 
sake of symmetry, the semi-sum of the two values of 






4{^ 



dx dy d^ dxdy dy^ ^ 



103. Before proceeding further, it may be well to caution the 
reader against the supposition that such expressions as 
. , . d^z , 

If., j^'i' 

admit of being a second time integrated by parts, so as to give 

t(V.^^dx = V„Sz - \^Szd^. 
' ^ ax •' i dai 

For in all terms which appear with but a single sign of inte- 
gration, two operations have been already performed, viz. : 1. The 
operation of simple integration with regard to the variable, y for 
example, whose differential has disappeared. 2. The substitution 
of a function of « for y in the result of the integration. There- 
fore, in the expression 

^ „ d^z 

' " d,v 
Sz is no longer a function of .u and y, but a function ol' x solely, 
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dx ' 

upon the supposition that 8^ is a function o£both variables, is only 
pari of the differential coefficient with regard to m, when Sz be- 
comes a fimction of that variable only. In fact, if we denote the 

complete differential coefficient by I y- j, it is plain that 

/d^,z\ _<m d^ dy 
\ dx / dx dy ' liix' 

the value of ~ being derived irora the equation 
*(^,S)-0. 

It is the more necessary to notice this error, inasmuch as it is one 
into which Laoroix has fallen, and by which he has been led to 
give an erroneous expression for the variation of a double in- 
tegral.* 

104. The expression given above for 'B\\Vda:dy consists of two 
essentially different classes of terms, viz.; 1, A number of terms 
partially integrated, i. e. with but one integral sign prefixed. 
2. A number of terms wholly unintegrated, i. e. with the sign of 
double integration prefixed. With regard to the latter class, it 
is evident that they admit of no further reduction, seeing that 
they involve but one indeterminate variation, Ss. But with re- 
gard to the former class, two reductions are necessary, before the 
expression can be applied ; — 1. The independent variables must 
be changed, so that in all these terms the integration may be per- 
formed with regard to the aame variable. 2. The number of the 
variations, 

„ d%z d%z 

^ da;' dy^ 

must be reduced. For, as the terms under a single sign of inte- 



" * Traitc lie Calciil, DLf. et Inl. torn. ii. p. 735, This misconception of the ni 
of the symbol 



is noticed and guarded against by Poiison, Mein. del'liLstitut., t 
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gration are extended only to tliose values o£ x and y which satisfy 
the equation 

*(.,,,). 0. 

these variations arc uo longer independent. This will appear 
more readily when we come to consider how this reduction is to 
be effected. 

We now proceed to the first of these reductions, that, namely, 
which involves the change of the independent variabla. 

Prop. V, 

105. To reduce the single integrals contained in the expres- 
sion for BjjVdaidi/ to others in which the integration shall be per- 
formed with regard to the same variable. 

This is readily effected by means of the formulse given in the 
preceding chapter. Adopting the method there given, we shall 
suppose the independent variable in the reduced integrals to be w. 
Now since, in general, Art. 97, 

dij, 






in which, for the sake of brevity, wc have put 



vm 



Hence we find 



5((FA,rf,.J^tS, + 5^%,^^tai,.+(jQ8Mrfj, (C) 
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,. dv,, ,dK, /y, dv., ,<iv.,Ys_ 

^ dy ^ die \ ^ dx dy / die' 

dV^ _dV^ ^V^ d'V^ ^7^» 



the value of —■ being derived from the equation 



dx 



1.(cc,y)-(>. 



Prop. VI. 

100. To reduce the number of the variations, 

„ dds rfgs 
ace dy 

occuiTing under the sign of simple integration, so that those 
which remain after the reduction may be independent of one 
another. 

Denoting, aa before, the complete differential coefficient of S^ 
with regard to x (taken upon the supposition that x is the only- 
independent variable), by f -r— J we have 

IAU\^dlz dlz^ dy^ 
\die j do) dy ' dx' 

hence, in the terras under a single sign of integration, 

^ - f*^] _ ^ ^ 
die \dx j die dy' 

Substituting this value in 



aid integrating by parts the term 



K(f)-. 
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Now it is easy to see that any term of the form 

which occurs in the formula under consideration, must vanish of 
itself. For it will be remembered that each term in that formula 
is really double; ajidthat, if the terms were written at full length, 

we should have, instead of ~r, 
ax 



\da!J\ \do3Jn 
the former of these two quantities denoting the value of -j-, cor- 
responding; to ti = yi, and the latter, the value corresponding to 
y = ^0- Now if the limiting values of .r, derived from the system 
of equations, 

dy 
be Xg, iB|, it is plain that a term of the form 

I dx. 



K 



if written at full length, will be as follows : 

J VtQ)"" " J VSA"" "J VS/o' 



* - f f^l"' - \ifl'^ - («■)■ - (»■)• - (»•). + ( 



where 

(6i)i denotes the value of for y = yi, x-Xi, 

(9i)o y = ^i> -^=^0. 

(60)1 ^=^0, « = ^i, 

(Po)o J/=yo= X=Xo. 

But we have before seen (p. 224) that when .v = 3!i„ otx = x 

yi = j/u- Hence we have 

(«,),- (9.),, (60. -(».).; 



y Google 



232 FUNCTIONS OF TWO OE MORE INDEPENDENT VARIABLES. 

and therefore, in general, 
In. the present case, therefore, 

We have, therefore, 

■' dx J \dx dy dxj ^ dx dy 

Substituting thia in the expression (C), replacing ?, rj, t, Si, by 
their values, and adding the variation resulting from a change in 
the form of the limiting function, which has been determined in 
Prop. III., we find, as the complete variation of the given in- 



D.WVdnds - f FBjA *\{j-^%,- 


■^S^^>t- 


dy dV^dy iV,d,/ 
' • dn dn A dy dx' 


dy da; dx^ / 


ttf dV. dV, J?V^ dfV^ 
\]\ dx dy d.v' dudy 


^^fy-i'dr, 



(D) 

the single integrals in this expression being extended to all sys- 
tems of values of a; and y which satisfy the equation 

•P (x, y) = 0. 
If there be two limiting functions, i. e. if the limits of the given 
integral he assigned, as stated in p. 216, it is evident that the 
foregoing Ibrmula will be adapted to that case by putting for each 
of the single integrals which it contains, the difference between 
two others, one of which is extended to all systems of values of ,i: 
and y, which satisfy the equation 

= 0, 
and the other extended to all systems of values which satisfy the 
equation 

,/, = 0. 
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Thus we should have, instead of the single term, 
the terms 
in which 



md similarly for the other terms. 



107. To find tlie complete variation of 



"-/[', 



du du du d^u dPu d^u d^u d?u d^u \ 
' die dy' dz' dx^^ dy^' ds^' dxdy datdz' dydzj 



The complete variation of a triple, like that of a double iate- 
gral, is found by adding the partial variations which result from 
a change in each of the elements on which its value depends, 
namely: — 1. The form of the limiting function (or functions, if 
there be two). 2. The form of the function ii. 

With regard to the former of these, it is evident from p. 225, 
that the variation resulting from this cause will be 

WVk^zd^rAy, 
if there be but one limiting function ; and 

\\Vk%zdicdy - \\Vnedo:dy, 
if tJicrc bo two. Hero 



'7(1 
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It remains, then, to consider the variation arising from a change 
in the form of the function u. If, as before, wo denote this par- 
tial variation hy the symbol S, we shall evidently have 

Substituting for SFits value, as given in Prop. 11., we have 
S.jJlVd^dydz^ 

JJJ\ dx " dy dz dx^ * df dz^ 

+ ^x./ 1—r + ^« 3-7- + ^s' 1-^ dxdyds. (A) 

■' dxdy diedz " dydsj 

Reducing this expression, as in the case of the double integral, by 
the method of integration by parts, collecting the different terms, 
and using, for the sake of symmetry, the semi-sum of the two dif- 
ferent expressions which are found for each of the terms 



dy dz dx , 



e obtain finally, 

'^.\\\Vdxdydz 

^ dy ^ dx " dz } 

+ " U/' di * *, ' dz j" 

'"V dn dg dt 

J v.. d'V,, d'Vp iPV., fK, d^g.' 
dv^ dif dz' dzdi/ dxds dydz ^ 



duds 



m 
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108, Two reductions must be made in this formula before It 
can be used, namely :— 1. The reduction of tbe several double in- 
tegrals which it contains, to others in which the integration shall 
be performed with regard to the same independent variables. 
2, The reduction of the several vadations, 
dSu dBu dSu 
' da' dy' dz' 
occurring under the sign of double integration, to others which 
shall be independent of one another. 

The former of these objects is readily effected, as in the case 
of a double Integral, by means of the formula: of Art. 95. These 
formuliic, which are adapted to the present case by putting 



\ dx ^ ay dz 



^ dSu_ 
'^ dz ' 
dV.^y\^ 
ax j 



dSu y ddu 
'' %"^* ■'"■^■^ 
,_dV^_ dV^_ 
^ dz ^ dy 



(C) 



^dV„ dV„ 

' ds * dx 
Yf dV„ dT,\ 
In ' dz 'die J 

F.. ,dr,„ dr„\ 
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e.-,F,.-iyF„ + iF,„ 

f. F,. -ipF_-i5F„ 
,, dV. dV. dV, 
dx dy dz 

iTFrf iPVf d?r^ #F, dfV,, <PF, . 
rfie^ rfj^ dc* (fo:d^ da;(iE dyi/s " 

dz dz , rfa 



'-*;■ 



V(g) 



10!). It now remains only to reduce, as far ai 
number of the variations, 

dBu dBu ddu 
' dx' dy' dz' 
which are evidently equivalent to 

gw S — S — 8 — 
' ' dx' ' dy' ' dz ' 

Now since x, y, s are connected by the equation 

^{x,y,z) = 0, 

ifwc denote by (^^j, 

efficients of Sm with regard to * and y, after substituting for z its 
value in terms of those variables, we shall have 



dx 

dU 
dy 



and, therefore, 



dBu _ fd^\ dSu 
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Substituting these values in the expression for 
and obaerring that 



flKf)-*=-|(S)-* 

we find, ultimately, 

=ff{^-(£)-(|)}*«-* 

+ Jlj Q.'^udxdydz. 
This expression, as in the case of a single integral, consists of two 
distinct parts, viz.: — 1. A number of terms depending on the 
change in the forms of u and its differential coefficients, not for 
all values of the independent variables, but for those values only 
which satisfy the equation 

$(^,2/, 2)=0. 
2. A term depending on the change in the general form of the 
function u. 

Adding to this the terms corresponding to the second limiting 
function, and 

\\Vmdxdy - \\ W^zdxdy, 

which result from a change in the form of the functions ip and i^, 
and replacing Y, #, 0, t, H, by their values, we obtain, finally, 
for the complete variation of a triple integral, 



* TllB leader will find no diffieultj in pi'oving, by leasoning pe:-ftttly analogoue to 
Umt of p. 331, that any quanti^ Bucli as 

wliicb appears niUi bnt a single integral sign, ninst, in tlie species of integration iiitli 
wliicti WB are at present concei'ned, yanish of itself. Hence 

((.(f)„,*.,«..*-||(2)j«-JJ(2)i„„.*. 
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*ll(r,-pf 



i-Uv. 



g.jjjVdndi/di ^ S'^Szkdxd;/ - jjVSdIdtids 




,, dV, „ dVj „ dVj ,dVj, . 
■->^'--3r*^!'lb*^i-df^''~d^*''' 


•'^ 


dY„ dV„ dV„ dV., iV„ 
+ 7..r + F,,> + F,.!) SiArfi.% 


m 


.*p'V,^q'V,,-pV„~qV,.*fqV„)^U.vdy 


-|((F,-&o.)SoiV«*, 




-J((F,. + &o.)jM«<i!, 




f(-1^-f'-^' 




;. (PFj #f„ fv,, d?v,.\, , , , 
. * df * d^d^* d.d;*d,jlr"'"''"''- 
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CHAPTER VII. 

ON MAXIMA AND MINIMA OF FUNCTIONS OF TWO OR MORE INDE- 
PENDENT VARIABLES. 

110. The general metliod of investigation to be pursued in 
this problem is perfectly analogous, in its nature, to that already 
explained in the case of functions of one independent variable. 
Whatever be the number of independent variables in the function 
under consideration, the condition of the existence of a maximum 
or minimum value ia the same, namely, that in any species of va- 
riation which the conditions of the question admit of, the linear 
part of the increnaent should vanish, and the quadratic part pre- 
serve the same sign, negative for a maximum, and positive for a 
minimum. 

If then we denote, as before, by the symbol D, the most ge- 
neral increment of which a function Uis susceptible, the existence 
of a maximum or minimum value of that function requires that 
the equation 

I>U=0, 

should be satisfied without any restriction (except those imposed 
by the conditions of the question) upon the increments which are 
assigned to its several varying elements. Wc shall now proceed 
to apply this theory successively to the cases of double and triple 
integrals. 

In the following discussion we shall first suppose that there 
are two limiting functions, or, in other words, that the conditions 
of the question require the given integral to be extended to all 
systems of values o( x and y which satisfy the two inequalities, 

^(.f,s)>0, *.(.», y)<0; 

or, in the case of a triple integral, 

i,{x,y,z)>Q, :j,(w,y,z)<0. 

We shall then examine the casG of a dtif/le limiting function, i. e., 
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the case in which the original integral is extended to all systems 
of values of x and y which satisfy the single inequality, 
•}.{x,y)<0, ov,^{x,y,z)<0. 

Prop. I. 
Ill, To determine the function z such as to render 

a maximum, or minimum, where 

dz dz ^ d^z ^z\ 
' ' dic" dy' d3^' dxdy' dy^j' 
Referring to the expression given in the preceding chapter 
for the complete variation of a double integral, we find that the 
equation 

i>f/ = ,,^ 

is equivalent to ;— 1^1 

] \. ^ \ •' dx die d^ dx^ ay dy s d^'' j 

\ Mx (A) 

-f{Fg,.(F,-&c.)S..(F.4:-&c.)^|}.U. 

jj \ dx dy dafi dxdy dy^ j 
In seeking to determine the method of satisfying this equa- 
tion, it must he remarked, in the first place, that, as in the corres- 
ponding case of single integrals, it consists of two classes of terms 
which are essentially distinct from each other, namely; — 1. A 
number of partially integrated terras, whose value depends upon 
the forms assigned to the functions Sy, &, not in general, but 
only for those values of the variables w, y which satisfy the 
equation 

j,(i,S).0, or^(«,s).0. 

§. A number of terras wholly unintcgrated, whose values cannot 
be rendered determinate without fixing the general form of the 
function ds. 



^Mf}* 
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It appears tlien, by the application of the principle laid down 
in the case of simple integrals, that the equation (A) can be sa- 
tisfied only by equating separately to zero these two clafisea of 
terms. Assuming, for the sake of brevity, 



f &c.* 



P-^^£-^^ 



^V^ 



da: 



dVi, 



e have, in the first place, the three equatio. 



jfaSzdxdyO. 



(B) 



Now, it will readily appear on referring to the case of simple in- 
tegrals, that these eq^uations cannot be satisfied without either 
limiting the generality of the variations By, Ss, or equating to 
zero the terms under the sign of integration. 

The former of these methods being inadmissible, we have 
from the other the equations 



(n,..8»0f)^ = o, 



.fe + p^l?) =0, 
'It/Jl 

ii = 0, 



(C) 



the first belonging to the limiting function i^, and the second to 
the limiting function ip. We shall suppose, for the sake of sim- 
plicity, that the equation 

which is evidently a partial differential equation of the fourth 
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order, admite of a solution in which the quantity under the func- 
tional sign is the same for all the arbitrary functions which it 
contains,* Tlie number of these functions will in this case he 
four. In order then to render this solution definite, it is neces- 
sary to have some mode of determining these functions, and we 
shall now proceed to show that the first two equations (C) 
furnish the moans requisite for that pui-pose. This is to be 
proved, as in the case of single integrals, by an examination of 
the different cases which may result from the nature of the data 
in the particular problem to be solved. Previously, however, to 
entering upon this examination, we shall enunciate the following 
principle, which will be found of great use in the application of 
equation (A), and whose truth is an obvious consequence of the 
first principles of our science. 

If in the general eiepresdon for the variation of a multiple inte- 
gral there be found a term of the form 

JJ . . . . XJZudx\ d/B^ .... dxa, 
and if the conditions of the problem, into which ilm integral enters, 
he such as to render u a determi?iaie function of ix\, X2 . . ■ ■ Xn, this 
term will vanish of itself ; and if, in the same expression, there be 
found two integrals of tlieform 

l\ ■ ■ • ■ V^ud3!\dX2 .... drSny 

and 

II ■ ■ ■ ■ WSu'dxidtv-t .... dxn, 

and thai the conditions of the problem into which it enters are such 
as to render u a d^erminate function of Xi, ica . . . . Xni and u, these 
two terms may be reduced to one. 

The first part of this principle is self-evident. For, if m be a 
determinate function o? sui, x^ . ■ ■ ■ it is plain from the meaning of 
the symbol 8 that ^u = 0. The truth of the second part ia also 
apparent. For, if 

»./(*•„»,....„•), 



' The abnence of n perfect analogy between the arbitrary functions whicli enter in 
the solution of a puitial diSereiitial eqiiaUon, and the arbitiary constants wliich a 
found in that of an ordinar; differential equation, render this discussion much less sati 
factory than that of Chapter III.— Vide note on p. 212. 
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it Is plain that we must liave (p. 8) 

du 

and, therefore, that tlie two torma mentioned above are reducible 
to the single term 



U^, + U']Buclxidi»;-i....d:e^. 



112. The truth of this principle being thus rendered appa- 
rent, we shall next proceed to apply it to the several cases which 
may occur in practice. 

(1.) Let the limiting function ^ be a given determinate func- 
tion o£^ and p. In this case, t/, as found from the equation 

is a detenninate function of x, hence By = 0. The other variations. 



remaining arbitrary, the first of eijuations (C) can only be satis- 
fied by equating the coefficients of these variations to zero. 
Hence we must have at each limit of integration, 
a = 0, p = 0. 

In other words, the first of equations (C) is equivalent to the two 
equations, 

Similarly, from the other limiting function we have the equations 

ai = 0, /3,=0. 

These, with the equations 

*(»,!() -0. '*(«'.•/) -0, 

are sufficient to determine the four arbitrary functions which 
enter into the solution of the equation, 
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The quantity under the functional sign being supposed the same 
in all those arbitrary functions, it is evident that the solution of 
the eijuation 

Si = 
will be 

P{'<',y, ^. 0iW, H^), H'')' 04^)) = 0, 

V being a determinate function of le, y, z, and which we have 
supposed to bo the same in all the functions. Suppose, to fix our 
ideas, that 

We have then the equations 

*(»,y)-o, 

m - 0, 
F{,,y,i, 0,(«), ^,(,), ^3(„), f,{,)] . 0, 

Eliminating x, y, z between these equations, wc liave evidently a 
result of the form 

i'. I", *iW, ♦<(»), 0.(0), *.(")! - »■ (1) 

Proceeding in the same way with the remaining equations, 
„, = 0, /3o = 0, /3i = 0, 
it is plain that the result will be three other equations similar 
to (1), which we shall denote by 

i'.l", *.(«), #(•), *s(.), J.Wl-O, (3) 

FA", *.{•),*<"),*.(•),*.(«))- 0, (3) 

Fi (., *.W, 0.C). *>(»). ^.Wl - 0- (1) 

These four equations, (1), (2), (3), (4), determine the four arbi- 
trary functions, ^i, ^a, ^3, ^4, in terms of v. Substituting the 
values so found in the eq^uation 

^[(j., y, z, j„(„), ^(v), 0,(„), 0,(,)j . 0, 
and replacing v by its value, 

we have an equation free from arbitrary functions, and of the 
form 
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This equation furnishes a complete solution of the problem. If 
the quantity under the functional sign be not the same in all, the 
determination of the functions will, in general, present insur- 
mountable difficulties.* 

(2.) Suppose that the limiting values of z are also given in 
terms of x, or in other words, suppose that the limiting values of 
m, y, z are connected by the determinate equations 

/(^,y,z).0, /(^,y,^).0. (D) 

The Hmiting values of sandy being both in this case determinate 
functions of x, it is plain that S2 = 0, Sj/ = 0, and that therefore 
the equations furnished by 

arc reduced to one, namely, 

ft-o. 

Taking, as before, the case in which the quantity under the func- 
tional sign is the same in all, and eliminating x, y, z between this 
equation and 

..««,+%+ «^ 

f{x,y,z).0, /(»,y,2).0, 
F{t,y. z, ^,W, J,(ii), ^aW, tiWl -0, 
we shall liave two equations of the form 

F, (», *.(«>, ■Hi"), *>("). *.(»)] - 0. 
F,{'!, *.{»), *.(«), *.(f),*4(.)|.0. 
Two others of the same kind being given by the equation 

it is plain that the arbitrary functions contained in the general 
solution are completely determined 2s before. 

• Vi^. Lacroix, Traits de Calcul. Dif. et Int., torn. iii. pp. 328-238. 
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(3,) Similarly, if the limiting value of either* of the differen- 
tial cocfiicients, 

dz dz 
dai' dy' 

te given, it is evident that the equation 
will disappear of itself, inasmuch as 

*-«. s..^o, (f)^ = o. 

and that we shall have for the determination of the arbitrary 
functions, in addition to the equations (D), another equation, 
formed by differentiating the general solution with regard to 
either ss or y, and substituting tho given limiting value of the dif- 
ferential coefficient, 

dz dz 

dx' dy' 
The number of the ancillary equations remains, therefore, the 
Bame as before. 

(4.) Let the limiting function <^{x, y) be an unknown func- 
tion whose form ig to be determined by the elimination of a be- 
tween the solution of the equation 

Q = 0, 
and the determinate equation 

• If either of Uiese quanlities be given it is plain that tlie otlier is also given. For, 
unce tlie equations 

are suppoaeii to hold fbr all the limiting values of x and y, we have 

\dx di dx dx\dy dz dyj } a ' 
(df^dz^isidfd£dz^\-\ _ 
\d^^ dz d^^ dx\<^^ d»dyJU 

Eliininatiiig f — j , and substiluting tlie given value of either I — ) or — , we have 

\dx !b \ dx h \ dij /o 

the value of iha other. 
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No term of tlie eijuations (C) disappears in this case, but as the 
limiting values of ^, y, and z are connected by a determinate equa- 
tion, it appears, from the second part of the aboTe-stated principle, 
that tlie terms containing their variations are consolidated into 
one. In fact, ii' we denote the solution of the equation 

S2 = by z = x{^>y)' 
we shall have 

and therefore, taking the complete variation of each side of this 
equation, 

. df dy„ 
or, denoting -,^,lbyg, J, 







Sz = 


(?■- 


i)Sv. 


In this 


case, then 


, the oquatii 


Dn 




is equivalent to 




a§3 + 
-J)- 


■0, ( 


These, 


with the c 


iqnatlon 


'/(".S), 



A-0. 



furnish two relations between the arbitrary functions which enter 
into the general solution. Two others are furnished in a similar 
manner by the conditions which are supposed to hold at the other 
limit. 

And, in general, it is plain, as in the case of a single integral, 
that when any condition diminishes the number of equations fur- 
nished by (C), by annulling or consolidating any of its terms, it 
will, at the same time, supply a number of additional equations 
sufficient to make good the deficiency. 

113. It appears, therefore, from the foregoing discussion, that 
in the case which we have been considering, that, namely, in 
which there are two limiting functions, the problem is in general 
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possible and determinate, tlie number of the anciliaiy eq^uations 
being the same as that of the arbitrary functions which enter into 
the general solution. There remains, however, one important 
case to be considered, namely, the case of a dngle limiting func- 
tion, or that in which the given integral ia supposed to be ex- 
tended to all values of x and y, which satisfy the condition 

The number of the equations by which tlie arbitrary functions 
are determined being, in this case, reduced by one-half, it may 
naturally be expected that the problem will, in general, be inde- 
terminate. In certain cases, however, the following consideration 
will render it determinate as before. 

It is an essential condition of the process of definite integra- 
tion that the element of the integral, i. e, any one of the quantities 
of whose sura the given integral is the limit, should not become 
infinite within the limits of integration. Hence it is plain that 
after determining, as far as possible, the arbitrary functions which 
enter into the integral of the equation 

Si = 0, 
it will be necessary to reject from the result any solution which 
renders the element of the integral infinite, for any system of 
values of a! and y which ia found within the limits of integration. 
If this condition leaves any of the arbitrary functions stii! unde- 
termined, we infer that the problem is in its nature indetermi- 
nate. 

114. The above-stated theory is, as might naturally be ex- 
pected, subject to exceptions, similar in their nature to those 
which are to be found in the application of the Calculus of Va- 
riations to integrals of the first order. Of these exceptions, the 
most remarkable is of a nature analogous to that stated in Art. 
28, (1). The existence of that exception results, as will be seen 
upon referring to the Article quoted, from the fact that in certain 
cases the differential equation ia of an order less than 2k, and that 
therefore its solution does not contain a sufficient number of arbi- 
trary constants to aatiafy the conditions furnished by the terms 
which are found without the sign of integration. 
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Similarly, in the case of a double Integral, if the partial diffe- 
rential equation, 

£i = 0, 
be of an order leas than double that of the highest coefiioient 
contained in V, ita solution will not in general contain a sufficient 
number of arbitrary functions to satisfy the conditions furnished 
by the terms which appear with but a single sign of integration. 
The conditions necessary to the existence of such an exception 
are, therefore, to be investigated by considering in what case the 
terms of the highest order disappear from the equation 

= 0. 
Confining our attention for the present to the case in which V 
contains no differential coefficients of an order higher than the 
second, we shall have 

da: dy dm'^ dxdy dy'' 

In this expression it is plain that the differential coefficients .of the 
highest, i. e. of the fourth order, are contained exclusively in the 
last three terms. Putting 

dz dz r^z d'z <Pz 

M = 3-, q = -r^ »■ = 3-:.i s = -r^-' *• = ^-^' 

d.v dy dm dxdy ay 

and neglecting all terms except those of the highest order, we 
have 

d^ di^ dtj^ drds dx^dy drdt dx^dy^ 
^r^ _ ^V_ d^s ^V d^z d^V J^z_ 

dxdy drds dx^dy d^ da?dy^ dsdi dxdy^ ^ ' 
d^V^ _d^V d^z d^V d*z ^dh 

dy^ drdt dx^dy^ dsdt d.vdy^ d? dy*' 

Now if the terms of the highest order disappear from Q, it is 
evident that the coefficients of the several quantities, 

^ d^z d*£ diz rf*3 

rfa;*' dx^dy' ds^dy^' dxdy^' dy*' 

2k 
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must vanish of themselves. Adding, therefore, the equations (F), 
and equating the coefficients of these quantities separately to zero, 
we have the equations 

^=0 — = — + 2~ = — = ~ = 
di-^ ~ ' drds ' ds^ drdt ' dsdt ' dt^ 

Integrating the first two of these equations, we find 

V= vf{a!, y, z, p, q, f) + F{x, y, z, p> cj, s, t). 

Similarly from the last two, 

r= tf (x, y, z, p, q, '!'-) + F' {x, y, z, p, q, s, r). 

Identifying these two expressions, it is plain that we must have 

V= Art + Br + I)t+F+^{s,p,q, x,t/,z), (G) 

where A, B, I>, F are functions of .r, i/, z, p, q. Hence we have 

d^~ ' 'd^ ~ d^' 
Substituting these values in the equation 

d^ drdt 



d^ _ 



and therefore 



= -A^ + 2Cs + C'. 
Substituting this value in equation (G), we find, ultimately, 

V= A {rt -s^) + Br+2Cs + IX + E. (H) 

If, therefore, Fbe of this fonn, the equation 
i2 = 

cannot be of an order higher than the third. 

We shall now proceed to show that in this case the above- 
mentioned equation cannot rise above the second order, or, in 
other words, that if the terms of the fourth order disappear, those 
of the third order will disappear also. 
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Wo have, from ci^uatioii (H), 

V,^^ = At + B, V^^-2As + 2C, V^, = Ar + I), 

,. , , „, dA dB ^ dC , dD 
■ ' dp dp dp dp 

' ' dq dq aq dq 

nciglecting the term E, wliich will evidently give no difFeiential 
coeificienta of an order higher than the second. Hence we find 
by differentiation, 

^Zt- A^ ( '^ ^ ^A. ^\ 
din " die \ dp dq " de das J 

dB dB dB cW 

dp dq dz die ' 
Similai'ly, 

,dV^,, ^ds I dA dA dA dA\ 

dy di) \ dp dq ^ dz dy } 

dC dC dC dC 
dp aq dz dy 

Hence, if we neglect terms of an order lower than the second, 
dx " dy 



= mt - ns (suppose). 
Ill the siime way we find 

£f> J dV^,j y 
dy ^ dx '' 

(dC_dB dA dA\ (<l^_^dC_dA_^ ilA\ 
\dp dq dy ' dz j \dp dq d:c ''' dz ) 
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ax \ ate ay J <^y\ <iy dai j 

it is plain tJiat if tlie diiFerentiations be actually performed, all 
terms of the tKird order will disappear from Q. 

115. It is necessary to notice here a remarkable difference 
which exists between the present case and the corresponding ex- 
ception, which was noticed in the case of single integrals. The 
existence of such an exception in the latter case was shewn, to 
resnlt from the fact that the integral to which the calculus of 
variations was applied had not been previously reduced to its 
lowest terms. In fact, if Fbe a linear function of the highest 
differential coefficient which it contains, we have seen (p. 47) 
that 

J Vdx = + J ^'dm, 

in which ^' contains no differential coefficients of an order higher 
thanra-1. 

No such reduction, however, is practicable in the present case. 
For, if we assume 

JJ Vdxdy = ^^\\ ^'dxdy. (I) 

being a quantity consisting of single integrals and referring 
solely to the limits of integration, and tate the variation of both 
sides according to the foregoing rules, it is evident that the coeffi- 
cients of Ss under the sign of double integration must he the 
same in each. Now, if V be of the second order, 0' will be of 
the first, and, therefore, in its variation the coefficient of Ss 
under the sign of double integration will be a linear function of 
r, s, t. Hence, it is plain that the assumption (I) will be im- 
possible if Si contain any powers of these quantities higher than 
the first. 

But it is easily seen that if V be of the form (H), ii will in 
general contain a term of the form 

M{rt-,>). 
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The reduction of the given integral to another of the first order 
is, therefore, in general impossible. 

116. As an example of the foregoing theory, let it be required 
to determine the form of the function Z such as to render the 
double integral 

^■{.'pie + gy - z)™dxdy, 
a maximum or minimum. Here we have 

Z= - m{px + qy - z)™'^, 
Fx = m {px + qy ~ a)"*"^ x, 

flY 

~ =m {px ^gy- zj"'^ + m.m ~l{px-\-qy- s)"-^ {rx^ + sxy), 

'-j^ ^ m (px + qi/ - ey"-^ ■\- m.m-\{px ^ qy- ef^ (sxy + ty^). 
Substituting these values in the equation 

it becomes 

rx^ + 2sxy + ty^ + ^—^ (px + qy~z) = 0. (a) 

To integrate this equation, assume 

u == px -i- q7j - z. 
Differentiating successively with regard to x and y, we find 
du du 

dx dy 

hence 

„ „ „ du du 

Substituting this value, as also that oi'px + qy- z in equation (a), 



and putting n for :j , we find 

du du 
d^i dy 
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InUigvating in the oi'iliiiary way this partial diffevential ei^uation 
of the first order, wc have 



or, I'eplacing u by its value, px+ qy - z. 

This, which is also a partial differential equation of the fii"£t 
order, admits of being integrated by the ordinary method, which 
gives, tlierefore, as the complete integral of equation (a), 

Wc shall now proceed to determine the arbiti'ary functions in 
this solution, according to the various data of the problems which 
may occur, 

(1.) Let the forms of the limiling function, 0, >p, be given, 
e. g. let it be supposed that the limits of integration are so taken 
that the definite integral may represent the limit of the sum of 
the elements, 

(px + gi, - zy^dxdt!, 

for all systems of values o( x and ?/ which render the signs of the 
functions 

(^- -<•)' + &-»)'-<:', 

different. 

Here Sy = 0, and the first of equations (C) becomes 

V.~V^$ = 0; (c) 

" dai ^ ' 

or putting for V,., V^ their values, and for -4- its value derived 
from either of the equations 
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■we find the ibllowing equation, which must hold for each limit of 
integration, 

m {p.v + gy - z)'-' {^j + "—Pj = 0. 
This equation may be satisfied either by makiug 

px-^qy - z = 0, 
or by mating 

.v.x-a - 
^ y-h 

With regard to the latter of these suppositions, it must he remem- 
bered that equation (c) is supposed to be true independently of x, 
and to require merely that y should have one of the two values, 

This supposition, therefore, which would establish a second equa- 
tion between y and a:, is inadmissible. Neglecting this, then, let 
ua consider the remaining equation, 

px + qy- 2 = 0. 
Substituting for p and q theii' values derived from equation (b), 
we find that the equation 

px + qy - z = (i 
is equivalent to 

This equation of condition would reduce equation (b) to 

which would give, generally, 

px + qy -z =Q, 
and therefore 

F=0. 

And it will readily be seen that this conclusion does not depend 
upon the particular form of the limiting function which we have 
selected, but merely upon the fact that it is a function of ^ and y 
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only. It appears, therefore, that if the form of tlie limiting func- 
tion be given, the limiting values of z remaining indeterminate, 
the given definite integral does not admit of a finite maximum or 
minimum, 

(2.) Let the limiting values of z also be given, e. g. let the 
limits of integration be supposed to be so taken, that the definite 
integral may represent the sum of the elements for all values of x 
and ^ which render the signs of the functions x^+y^-c^ and 
a;^ + y* - a'^ different, and let it be supposed that, for all values of w 
and y which cause the first of these functions to vanish, ^ has the 
constant value c, and that, for all values which cause the second to 



vanish, it has the constant value c. Assuming ( = 
the first system the equations 



■, we have for 



a;3 + y = a=. 
Eliminating x, y, z between those eqiiations, we find 



-J(>)* 



Similarly from tlie equations 



we find 



rT<i)/»* 



m- 



F(t). 



Solving these equations for/(i) and F(i), we have 



/»- 



; V(l + !'), 



F(t). 



;(! + (»).- 



Substituting these values in the equation 
z . isf(t) + a!'P(!), 
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and replacing t by its value, we have, lliially, 

(aa" - a'a'^) s = {cd" - e'a") V(^ + ^^)+ (c'« - c«') (f + ^^f- (a) 

We shall next proceed to consider the case in which there is 
but one limiting function. Suppose, for example, that it were 
required by the conditions of the problem that the given integral 
should be extended to all systems of values of x and y, which 
render the function 

x^ + tf - a^ 
negative. 

Writing for n its value -— , the general solution (b) will 
be 

Forming from this equation the value of 
l^={px-i-gy-z)'", 



-(^)-{-(l)}- 



Now, according to the principle of p. 248, every solution must 
be rejected which would render this value infinite for any values 

of y and ie within the limits of integration. But if :j be ne- 
gative, i. e., if m be either between •- co and 0, or between 1 and 

+ <», it is pliun that unless jP[ - | be zero for all values of -, we 
^ \xj X 

shall have F = «> when j/ = 0, a; = 0. In this case, therefore, the 
part of the solution involving jPf-j being neglected, equation (b) 
becomes 

and it is easy to see that the condition, that when x^ -i-Tp - a? = 0, 
z shall = c, reduces this to 

a2=Cv'(/H-^). 
2 L* 
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li', on the other hand, ;j — — be positive, i, e, if m lie between 

and 1, the quantity a;'"™ will not become infinite for any value 
of x within the limits of integration, and we may, therefore, as- 
sume for -^ ( - ) any function which does not become infinite 
within those limits. Such a value being assumed for F( — j, the 

other arbitrary function is determined, as before, by the condition 
that when s = c, ^ + y* = o*. This would give 

putting n for j— — . This result is the only one which furnishes a 

Teal finite solution. 

(3.) As Fdoes not contain any differential coefUcients of an 
order higher than the first, the term involving Sq will vanish of 
itself from the first of equations (C). Case 3 is therefore here 
inapplicable. 

(4.) Let it be supposed that the forms of the limiting function 
■or functions are not directly given, but to be determined by the 
elimination of s between the solution of equation (a) and the 
equations 

z = ax + 6t/ + c, 

z = a'a) + h'y + c. (f) 

The equation 

I F+ 0(5 -5)1.-0, 
•or 

|r+F,(p'-p)+7,(5'-,)1..0, 

of p. 247, becomes, in this case, by the substitution of the values 

■ 'Of F, V^, Vy, 

{pai + gy~sy' + m(pa! + gy-z)'^^ \{p' - p) x ^ {q - q)y\ = 0; 
or, neglecting the factor {px + qy- ^)"' "^ 

(1 -m){px + qy~z) + m (p'x + q'y - s) = 0. 
Substituting for p, q their values derived li'om the general solu- 
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tion (b), and for^, i^' their values derived from tlie first of equa- 
tions (f), tliis becomes 

MakiiiE', as before, - = t, we have 

s^x/(e) + x''F{t), 

(m + 2) ai''F{i) = mc. 
Putting, for the sake of brevity, 

and eliminating z and vx", we find 

2c 1 



Substituting this for .s in the third of the above equations, it 
becomes 



Similarly, from the second of equations (f), 

(u-a'- b-ty = - (m + 2)1-" c'«-> «. 

From these equations we find readily the values of u and v, 
namely, 

/^ {a + bi) - c~^(a' + b't) 



2[c' 
and hence 
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It is not difficult to see that this solution may, by transformation 
of co-ordinates, be put under the i'orm 

(«,+y)..4"z. 

The general solution (b) fails when m = - 1, as it will then 
contain but one arbitrary function. But by integrating, with 
special regard to this case, it is easy to see that the real solution is 



= ¥[■■ 



+ xlwFi '- 



This case corresponds to 

and the reader Avill find no difficulty in applying to it, according 
to the conditions of the problem, the mode of determining the 
arbitrary function given above. If the limiting functions be 



and the limiting values of 2, c, ande' 
be of the form 



n case 2, the result will 



Az.BV{f + .T-)ll^^j 



117. As a more general problem of the same kind, we may 
suppose that it were required to determine the function z of such 
a form as to render 

ljf(px+qy-s)dxdi/ 

a maximum or minimum, / denoting any function whatever. 
In this case, putting u =pa! + qif-s, we have 



The equation 



becomes, therefore, 



Z=-f{u), V^^.vfu, 



= #'(«)■ 



r, dV, dV,j , 

, 01 Z- -J -T^ = 0, 

ax ail 



ax 



du f(u) 
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Integrating this equation in the ordinary way, we find 

,.../X.) = *(|),o.«=/-.{i.*(!)}; 

or finally, replacing u by its value, 

This equation, which admits of being integrated as a partial dif- 
ferential equation of the first order, gives 

.=«*|..,f/-.(^.)J, « 

in which, after the integration with regard to « is performed, a 
must be eliminated by the equation 



Thus, for example, if the given integral were 

WKjpx + qy - z)dxdy, 
it is easy to see that the solution would be 

.=..*(!). .^(1). (b) 

This result is not contained in the general solution of the prob- 
lem given in p. 254. For, in order to make equation (b) identical 
with the general solution, 

it would be necessary to liave n = 3, which would give 

a value obviously inadmissible. 

118. As another example, let /i be any function of iv, y, z, 
and let it be required to determine z such as to render 

l{n{px + qy-z)dxdy 
a maximum or minimum. Here 
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The equation 

becomes, therefore, 

du da da „ 

If the given function p were a homogeneous function of the m"" 
order, this equation would be equivalent to 

(»+3);j.O, 
and could therefore be satisfied only by making /t = 0, unless 
when M = - 3, in which case the equation would become iden- 
tical.* 

119. Again, let it be required to assign such a form to the 
function z as will render 

a maximum or minimum. Here 

V = P V, = 1 



and the equation 

■ Q = 
becomes 

q^r ^ 2pqs +pH = 0. (a) 

The integral of this equation is, as is well known, 

,j.,/ztFz. (b) 

(1.) Suppose that the forma of the limiting functions, ^, ip, are 
given, e. g. let it be supposed that the integral is extended to all 
systems of values of y and x which give different signs to the 
functions 

a?-\-if~a^ and d^ +y''' -a^. 

* For an explanation of Uiis iiasn, vid. Chnpter X. 
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Since Sy = 0, the first equation (C) is redncecl to 

or substituting for V„ Vy, and -r-, tlieir values, 
-; - j — -;n, ,, „ — r,, and , 

px + ([';/ = 0. 
Substituting forp and 9 their values derived from tlie equation 

j,.«/(z)+^(^), 
this condition becomes equivalent to 
Fz = 0. 
The general solution is therefore in this case reduced to 

s-'fi. («) 

the function / remaining indeterminate, inasmuch as it is plain 
that the condition, 

" ax 

is satisfied also at the second limit of integration. Here, there- 
fore, the conditions furnished by the nature of the problem are 
not independent. But if the second function were of a form dif- 
fering from that of the first, the equation would ag^n become 
determinate. Thus, for example, if the second limiting function 



it would be easy to show, by putting the general solution (c) 
under the form 

to which it is reducible by the condition i^= 0, that the conditions 
of the question ai-e only satisfied by the equation 
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As, however, this equation renders V= 0, it does not give a finite 
maximum or minimum. 

A similar conclusion would be arrived at if we supposed the 
integral to be extended to all values of a: and y which render 

M^^^ + f-a^) 
negative. For if we derive from the equation 



-^(1) 



to which, as before, the general solution is reducible, the values 
of^ and g, we shall have 



V(p' + ?'')--f l/(l + $)- 



It appears, then, by the reasoning of pp. 248, 258, that/"! = 0, and 
therefore that 

/, = 2 = c. 

(2.) Next suppose that the limiting values of ^ are also given, 
e, g. let it be granted that when 



and that when 



Eliminating y and x from the genei'al solution, 

y = xf{z) + Fz, 

by means of the first two of the above equations wc have the 
relations, 



r,fi')*i'(^)- 



Similarly from tiro secoird two, 



y Google 



OF TWO OK MORE INDEPENDENT VAKIABIES. 

Solving these eq^uatlons for ^(z) and 1^(2), we find 



/W-; 



F(z). 



'' (m - m') z 



am ^ (jn^ + z^) - a'm' ^ (jii^ + z^) ' 
Hence the complete solution of this case is given by the equation 

= {<I^/(n^'3 + s'') - a' ,/ (m^ + z'')] zx + aa'im - m') z. 

120, Problems of relative maxima and minima are to be re- 
solved on pi-ecisely the same principles as those which have been 
already apphed to expressions involving single integrals. Thus 
if it were required to assign such a form to the function z as to 
render one integi'al, 

JJ Vdxd^, 

a maximum or minimum, and another, 
Ij V'da!dy, 

equal to a given constant, we should obtain the solution by assign- 
ing such a form to the function as to render 
l\VdMy ^ ml^Vdxd^j 
a maximum or minimum, determining, as before, the arbitrary 
constant, m, by the given value of the second of the above in- 
tegrals. The remainder of the investigation is precisely similar 
to the case of absolute maxima or minima. 

The principle upon which it is shown that the indeterminate 
coefficient, by which the second integral is multiplied, must be a 
constant, is also perfectly analogous to that of Art, 61. It results 
in every case from the fact that, as the equation which is to be 
satisfied is of the form 

]]...V'd^dy....,, 

the indeterminate coefficient by which this equation is multiplied 
is found ioithout the sign of integration. For, since the final re- 
sult of the process of definite integration is a constant quantity, 
i. e. one which does not involve any of the variables, x,y, . . . 

2 M 
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which arc found in the function to be integrated, it is plain that 
an equation of the form 

jj... Wdxdy... +XJJ..- W'dxdy... = 0. 
cannot be satisfied by any other than a constant value of A. 

The same thing will also appear by considering the definite 
integral as the sum of a number of elements. The equation of 
condition will then be 

Vidxidyi . . . + V^dx^dy^ . . , + V'zdxidyt . . . + &c. = const, 

V'l, Fa, &e., being the values of V corresponding to the several 
systems of values, 

ici, yi, ■ ■ ■ x^, 5/2, .. - &c. 
Multiplying this equation by an indeterminate coefficient, X, we 
shall have 
\{V\dxidyi . . . + r'2dxid^2 ■■•+ V'^djvsdys . . .+ &c.-e) = 0. 

Hence it is plain that the factor A, which is evidently identical 
with m in 

is the same for all the quantities, 

V'l, F's, V's, &c., 

i. e. for all systems of values o? ai,y, . . . It is therefore constant. 

121. Another species of relative maxima and minima is that 
m which the integral or integrals which are to have a given value 
relate only to those values of the independent variable which 
satisfy the limiting equation, 

(iB, y) = 0, 
and are therefore of an order which is necessarily inferior by one 
to that of the integral which ia to be made a maximum or mini- 
mum. 

There is no essential difference between tl\e mode of treating 
this and any other case of relative maxima and minima. The 
variation of the integral whose value is given is to be mul- 
tiplied by an indeterminate constant, and added to the terms out- 
side the highest sign of integration in the variation of the original 
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integral. The problem is then to he treated as in the ordinary 
case, and the arbitrary constant determined by means of the in- 
tegral whose Talne is given. 

122. As an example of relative maxima and minima, let it be 
reijnired to iind, among all the functions which render the defi- 
nite integral, 

eijual to a given quantity, that one which shall render 
a maximum or niinimum. Here 



and, therefore, 



z=i, n=-^+ 7 V, 



«P T^ ^ "g 



" vip^ + f)' " Vip'+q'')' 

ese the 
1 the equation 



Deriving from these the values of j— and -r-, substituting them 



" dx di/ ' 

and putting, for the sake of brevity, m = — , we have 

(fr - 2pqs +pH = m(p» + cff. (a) 

This equation, which is easily integrablc by the ordinary method, 

8™ (^ + ««)-l + |y + «.)=).!. (I, 

Among the different cases which may present themselves for 
the determination of the arbitrary function, we shall select that 
in which there are supposed to be two limiting functions deter- 
mined by the elimination of ^ between equation (b) and the two 
equations 

(c) 
respectively. Substituting the values of V, V^., Vy in the equa- 
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it becomes 


V+V,(p'-p)+ V^(q--q) = 0, 




'-^'-^^^W^r"- 


But from the first of equations (c). 


hence 


.--2. ,^-l; 




z-p^-qy.— . 


Again, equatior 


. (b) gives 




•c + U^) 


P = - 


(.»+ *,W]fi(2) + |y + ,^(«)|ifi(»)' 




y + M') 



Making these substitutions in equation (d), it becomes 

A^.3{x + i,i{z)]t: + 3\y^j„{z)],j, 
or 

From this and the equation 

it is easy to see that we have between )/<i and i/i^ the lelation 

Adopting the same method with the second of equations (c), 
and supposing, for the sake of simplicity, that A = B, we find 

Determining from these equations the values of i/'i(s^) and ^a(«)} 
and substituting them in equation (b), we find, ultimately, 

where 
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The constant m is of course determined by moans of the given 
value of the int^cgral 

Prop. II. 
123, li zhs a function of « and y, satisfying the equation 

to determine what other conditions are necessary, in order that 
the corresponding value of the integral may be a maximum or 
minimum. 

The general theory of maxima and minima requires, as in the 

f n 1 t ral, that the second variation should preserve 

th m n wl atever form (consistent with the conditions of 

1 q n) m y b assigned to the variation Sz. Distinguish- 

P p "\ Chap. III., between the problem which con- 

tl t n f the limiting values of z and its differential 

fli t an 1 th t which concerns the variation in the general 

f n 1 tl f n t n, and confining our attention to the latter 

q t n w I 11 ppose the limiting values of 

^ dz Jz 

y, z, and -;-, or -j-, 

dx dy 

to bo given. This condition will annul any terms which are 
found outside the sign of double integration. Now the second 
variation of the given integral will evidently be 

jiV diiV d?V d^V 

dsdt drat drdp drdq 

ffiV d?V d!^V d^V 

i- 2 ^ ^r%z+ 2 ^ SsSp + 2 ^ SsSg + 2 ^ Uz (A) 
drdz dsdp '^ dsdq ' dsdz 

dtdp ^ dtdq ^ dtdz dp^ ^ 

df ^ dfdq '^ ^ dpdz ^ dqds 

+ -7^ hz^ J dxdy. 
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The general principle upon wliicli thia method is founded is, that 
in consequence of the indeterminate nature of the vsiiiationa which 
arc found in (A), such values may be assigned to these quantities 
(by giving a proper form to Sz) as to render (A) either positive 
or negative, unless one of the two following conditions be fulfilled, 
namely: — 1. That the sign of the element or quantity under the 
integral sign in (A) be independent of the variations %r, Ss, &c. 
2. That the integral (A) be capable of being reduced to another, 
in which the sign of the element shall be independent of these 
variations. In the first case the element of the integral in (A), 
considered as a quadratic function of six independent variables, 
must preserve the same sign, independently of the particular 
values of the variables which it contains. It must, therefore, be 
capable of being resolved into a function of six squares of the 
form 

A (S^ + a'Sp + a"S<7 + &c:f + BiSp + (i'Sq + &c:f 

+ &c. (B) 



in which the coefficients A, B, . . . /have all the same sign,* 

In the second case, in which the integral (A) is reduced to 
another which satisfies the first condition, it is plain that the ele- 
ment of the second integral will differ from that of the first by a 
quantity which can be made to vanish in the process of definite 
integration, i. e. by a quantity which is in itself integrable. 

We infer, therefore, that it is necessary to the fulfilment of 
this condition, that the quantity under the integral sign in (A) 
should be capable of being resolved into three others, one of 
which is integrable with regard to x, another integrable with re- 
gard to y, and the thii'd such as to satisfy the first condition. 

The application of this principle to the case before us leading 
to formulae of great length, we shall content ourselves with giving 
the principal steps and results of this method. 



* Tlieorie des Foncdons Analytiquaa, pp. 267-26D. The natuce of tlie eqimtions 
detiTed from thia condition, aiid the mode of deducing them, lyill be found in the Article 
quoted. Ttie present discussion being rather curious than useful, I have not thought it 
\e them. 
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(1.) Assume, ill accordance with the principle stated above, 

(^ d^ d& dx dy 

Then it readily appears that P, Q must be of the forms 

(2.) Differentiating the first of these with regard to /s, the se- 
cond with regard to y, and substituting in (C), we find 
,^ (PV^^ d^V.„ <PV^ orf'^^^ 



in which it will be remarked that the coefficients of the squares 
and products of the variations of the highest order ai-e the same 
as in (A). 

(3.) As the sign of K is independent of the variations &", Sa, 
&c., whichit contains, it must be capable of being resolved into a 
linear function of six squares similar to (B), This will give five 
conditions, two of whicl^ are evidently independent of the inde- 
terminate quantities, a, j3, &c., a, ^', &c., and express the fact 
that the sign of the polynomial, 

rf^F^, d'V^^ d^^V.. 

iPV d^V fPV 

+ 2 ~ ^E + 2 ^^ Mt + 2 ^, &'S(, (D) 

drda dsdt drat 

is independent of the variations ^r. Si, Zt. 

(4,) If this condition be fulfilled, it appears from (3) that there 
will remain three others to be satisfied by means of the indeter- 
minate quantities, «, |3, &c., a, ji', &c. If it be possible to assign 
values to a, /3, &c., a, j3', &c,, such as to satisfy these three con- 
ditions, without rendering K infinite within the limits of inte- 
gration, the value of the given integral will be a maximum or 
minimum, according as the sign of the polynomial (D) is negative 
or positive. The same method may he extended to cases in which 
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V contains differential coefficients of any order. But it is so 
.rarely possible to integrate the equation 

Q = 0, 
of Prop. I., that it is, for any practical purpose, useless to pursue 
the subject further." 

Prop. III. 

124. Let F be a function of the independent variables ic, p, z, 
and of the function u and its differential coefficients, as far as the 
second order inclusively, and let it be required to determine the 
form of the function, such as to render the definite integi^al, 

a maximum or minimum; the limits of integration being supposed 
to be so assigned that the definite integral may extend to all 
values of the variables x, y, z, which satisfy the conditions 
^i y z) 4^{ y ^ 
It aj.j ly n [ ly n 1 t tl t ployed in 

the case f 1 nd d ubi t 1 that th t Ifibnent of 
this con It t n y th t tl pi t a t on of the 

first ord h H b tl w 1 1 t tl quation 

should be satisfied. Substituting for D U its value found in the 
preceding Chapter, and putting, for the sake of brevity, 



e...-...-,..-^...^..,^..'^ 


.dV,, 

*fdi 


iy„ dV„ dV„, dV„ dr.. 




+ 7,w+F^.+ F,.s, 




0'= F.,^p'V,. + q'V,f-pr„-qr,,+pqV„. 

and 




• The preceding discussimi is taken ft-nm tlie Memoir of M. Dekuiiay, 


JoumJ a. 


I'Eoole Polyt., torn. Kvii. pp. 92-07. 
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^, dV^ rfF„ dV, 

dx ay dz 

Y± J, ^l. £!Zfi ^^^ rf^F^^ ^^ 
• dz^ dxdy dxdz dydz' 



BU=0 



(vdz + eSu + e' ^^ h'dxdy + ^Sa^iudxdydz = 0. 
itioii is evidently equivalent to 



(B) 



the first of these equations being supposed to hold for all values 
of X, y, z, which satisfy the equation 

the second for all values which satisfy the equation 

*(«,J,^)-0; 
and the third for all values satisfying the conditions 

Tlio method of treating those equations is precisely analogous 
to that of the foregoing Proposition. The equation 

ii = 0, 
which is evidently a partial differential equation of the fourth or- 
der, gives the general relation between the function u and the 
independent variables m, y, s, and the remaining equations serve 
to determine the arbitrary functions which enter into its solution. 
In considering the mode of determining these functions, we shall, 
2n 



yGoosle 



Z74 ON MAXIMA AND MINIMA OF FUNCTIONS 

as ill Prop. I., confine our attention to the case in which the 
-equation 

admits of a solution containing arbitrary functions of the same 
quantities. This supposition will, as before, render the numh^' of 
the arbitrary functions complete, i. e, equal to the order of the par- 
tial differential equation, 

(1.) Let the form of the limiting function ^ be ^ven. This 
condition will give, as in the case of a double integral, 

The first of equations (B) gives, therefore, 

01 = 0, e'i = 0. (C) 

These, with the equation 

f{x.y,z).0, (D) 

will furnish one equation between the arbitrary functions which 
enter into the solution of the equation 

S2 = 0. 
This ia proved exactly as in the case of double integrals. Let the 
solution of the differential equation be 

u.F[^, y, z, ^.iC.,,,-), 0s(«,»'). ♦>(•■.''')> •ti(>-.o')l, (E) 
•6, v being given functions of ic, y, z. Suppose 

v = ax-^hy + cz, v' = a'/e + b'y + c'z. (F) 

Eliminating w, x, y, s between the six equations, (C), (D), (E), 
(E), we have two equations of the form 

/, (B,^', ^,H.% j„C»,.'), i„{v,,\ ,t,(„,.')) = 0, 

/.l»,i.', *,(»,.■), ♦=,(»,»■), *,(»,»'). ♦.(",'>■)) -0. 

Two others being found in a similar manner from the other limit- 
ing function ^, wc have altogether foiir equations for the deter- 
mination of the four arbitrary functions, ^\, 02, $3, ^i. Substi- 
tuting the values of those functions in (E), we have finally a de- 
terminate result of the form 
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(2.) If the value of m, corresponding to the limiting function <p, 
he also given, the preceding discussion will be modified in a 
manner perfectly analogous to that of Art. 112. The equation 

ei = o 

will disappear, and be replaced by an equation resulting from the 
given value of u. Similarly, if the limiting value of any one of 
the coefficients, 

du du du 

dx' dy' dz' 
be also given, the equation 

e'i = o 

will also disappear, and be replaced by an equation resulting 
from the given value of the diiferential coefficient, 

(3.) Finally, if the form of the limiting function <j, be deter- 
mined by the elimination of u between the equation (E) and a 
given determinate equation, 

u=f{x,p,z), 
the variations Bu, Sa will be connected by the equations 

as dz dz 

Hence, as in the case of (Jouble integrals, the first of equations 
(B) is equivalent to 



being the same in number as before. It is nnnecossary to pursue 
this discussion further, its principles being perfectly analogous to 
the corresponding case of double integrals. Any condition which 
reduces the number of equations furnished by (B) mil, as in the 
former case, introduce a sufficient number of new equations to 
make up the deficiency. 
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CHAPTER VIII. 

) OF THE CALCULUS OF VARIATIONS TO GEOJIETRT. 

IL—TIieory of Surfaces. 

125. Thg applications of the Calculus of Variations to the 
theory of surfaces are necessarily of a very limited character. 
Excluding, according to the principle stated in p. 138, problema 
in which the q^uantity represented by the integral under conside- 
ration is of physical nature, the number of those which remain 
■will be very small; and even in the case of these problems, the 
imperfection of the means which we possess for the integration of 
partial diiferential eq^uations will generally prevent our arriving 
at satisfactory solutions. But it must be remembered that this is 
an imperfection in the Integral Calculus, not in the Calculus of 
Variations. The rules of this latter science will in every case in- 
dicate, by an eq^uation or equations, the distinguishing property 
which marks the surface, or class of surfaces, which we seek for. 
The deduction of the equation of the surface in finite terras, as a 
function of the co-ordinates, properly belongs to the Integral 
Calculus. 

Prop. I. 

126. To find the surface which will render H/idS a maximum 
or minimum, dS being the element of the superficial area, and fi 
a given function of the co-ordinates iK, y, z. 

Putting for dS its value, 

V { 1 + j)^ + 5^) tlady, 
the given integral becomes 

ll^^{l-ip^-\-q^)dxdy. 
, Here, therefore, 

F=^(V(l+p^+2'). 
whence 
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2VV 


' 'n 1 n- 1 o'l * V "f V <"> 




-~V'(1IP l?),J,. '■- ^^l,f.^fi- '• ^(Uy.. 


►S")' 


F...0, F^.O, 7,..0; 




we find, therefore, by diiFerentiation, 




dn ^0.+p' + f)\dx '''dij ' '' (l+y' + s')! ' 




dV, P /*, J'lA , a + P')'-pil' 




The equation 





p. 241, becomes, therefore, 

(l+p« + §2)l ns/{l+p^^q^)Yda ^ dy ds) 

_ (A) 

This equation is susceptible of a geometrical interpretation, analo- 
gous to that given, to the corresponding equation, p. 140. For, if 
R, R be the principal radii of curvature of the surface, it is known 
that 

R R {l-Vp^ + q^)i 

If then we denote by a, p, 7 the acute angles which the normal 
makes with the axca of co-ordinates, the eijuation just found may 
be put under the form 



S"if" ^\"~"dx 



»4:) («) 



From this equation we may readily deduce theorems analogous to 
those which have been already established in the case of curves. 
Thus if ;u be a homogeneous function of the degree m, wo shall 
arrive at a theorem similar to that of p. 152. 

Let, as before, a surface be described whose equation is, 
fi = const., and let a plane be drawn through the origin conjugate 
(with regard to this surface) to the direction of the iine drawn 
from the origin to any point on the surface possessing the pro- 
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pcrty ef rendering j\ndS a maximum or minimum. Produce the 
normal to this surface till it meet the conjugate plane, and let the 
line BO produced be called n. Then, by proceeding exactly as in 
p. 152, we shall find 

n'^ E'" n' 
Hence, 

If/i be a homogeneous funetion of x, y, z, the surface which ren- 
ders j\ndS a maximum or minimum is such, thai ike sum of the re- 
dproaals of the radii of curvature is equal to m times the redprocol 
of the normal (drawn as above described). 

To find the conditions which are to be satisfied at the limits 
of integration, let us suppose that the required surface is bounded 
by two given surfaces whose equations are 

dz=p'd!e-\-^dy, 
dz = p"dx + qdy. 
Then since (p. 241) 

,. ^,iy 4-"!) . 
""" * '^ dx vci + p' + g") 
ana 

dy j>'-p 

ds! J - j" 
the equation 

Vf, + at, {q' - ?) = 
becomes 

or, clearing of fractions, and neglecting the supposition /lo = 0, 

1 + pp +q(j=Q; 
and in the same way we should find 

1 + pp" + q<f' = 0. 

The required surface, therefore, cuts its bounding surfaces at right 
angles. 
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127. To find a surface such that the portion of its superficial 
area, which is included between two given surfaces, may be a 



Here 



= 0, 



d^^ 



= 0. 



The general equation becomes, then, in this ease, 

1 1 ^ 

giving either 

^= c», ff = a., or R^R'=^Q. 

The first of these suppositions gives, as the required surface, a 
plane. This, however, is not the general solution, inasmuch as it 
would evidently be impossible to make it fulfil, in all cases, the 
conditions at the limits. We must, therefore, have recourse to 
the other supposition, 

i; + i? = 0. 

From which we infer that " The surface of a minimum area ia in 
ff&itet'al sjick, iJi<U itsprineipal radii of curvature at everr/ point of the 
surface are equal and of contrary signs."* 

Prop. II. 
128. To find the surface which will render 

a maximum or minimum, dS being the element of the surface, 
and fi, /i being given functions of a;, y, z. 

In this case 



■ For a discHssion of tliis surfai*, the reader is refeiTed to Monge, Application do 
1' Analyse a la Geomolrie, p. 184. 
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, d/t d/i 



r. Sl 

' V (!+?' + 3') 

dV. p (ii^„it\^. (!+?') '■-W 

d^ ^(l+p'^q')\dx '^dzj '' (l+p« + c/')S' 

V . el 

" V (1 + P^ + 3^) 

dVg _ ^ /dfi dit\ {I + p^)t - ptj n 

Hf' y/(l + p'*q')\dj,*^dz)*'' (l+j,! + 5>)i- 

The equation 

ax ay 
becomes, therefore, 

1 / d/i dfi d/A 1 dfi _ . , 

^ nVi'^+p' + f) y^d^^'^dlj'dzj fidg- "■ "■^■* 

Introducing, as in the foregoing proposition, B, E\ a, (5, y, we 
have 

i-4.. -ifce»af! + eo3(3Je + oos^Ji+je:\ (E) 
R R li\ dx ^ dy ' dz dz } ^ ■' 

The terras outside the sign of integration will evidently be 

Treating this, as in the former Proposition, under the supposition 
that the surface ia limited l>y two given surfaces, we have at each 
limit of the equation, 

(li^-Vpp'+qq) + fi 'J {I + p^' + q^) = 0. 

Hence, if hjq, wi be the angles at which the surface cuts its bound- 
ing surfaces, we have 
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COS tail = - '— C 



(C) 



00, $1 being the angles made with the plane ofxy by tiie tangent 
planes to the two bounding surfaces. 



129. To find a surface such that, under a given superficial 
area, it may contain the greatest possible volume. 

It is evident, from the general principle of isoperimetrical 
problems, that the integral which is here to be raajie a maximum 

The solution, therefore, may be deduced from the general propo- 
sition by making 



This will give 



d/i 






-a, n ^z 



dfi 



as: dy dz as 

and thus reduce the equations (A) and (B) to 

(1 + q')r - 2pqs + (l+p2)t + hl +y + q^ = 0, 



1 __ 



1 



(D) 



Hence, The suiface which, under a given superficial area, con- 
tains a maximum volume, is suck iJiat tiie smo, of its curvatures at 
every point is constant. 

130. The equations furnished by the terms outside the sign 
of double integration will, of course, depend upon the particular 
form in which the question is given. If it be required to deter- 
mine a surface such that the portion of it which is bounded hy 
the curves in which it intersects a given surface and the plane of 
xy may be given, and that the volume included between the sur- 
face so found, the projecting cylinder of the first curve, and the 
2o 
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plane o£ ^, may be a maximum, the fii-st equation (C), p, 281, 
will be reduced to 

2|Cos0i = aco3cu|. (a) 

Thus, for example, if the first bounding curve were situated in a 
plane parallel to xy at the distance i, wo should have 

z, = 5, eosfii = 1, 
and, therefore, 

COSdJi = -. 0>) 

Hence we infer that the required surface cuts the hounding plane 
at a constant angle. The curve of intersection [is in this case a 
line of curvature. The second equation (C) becomes, under the 
same circumstances, 

cos Wo = 0. 

The surface, therefore, cuts the plane of a;y at right angles. 
If 6 = a, the equation (b) becomes 

cosoii = 1, or wj = 0. 

It is easy to see, therefore, that the surface will touch the bound- 
ing plane in apoint, the nature of the problem evidently excluding 
the idea of a curve of contact. If 5 > a, the equation (b) be- 
comes impossible. 

131. As another instance, let us suppose that it were required 
to join, by a surface of given area, two curves of given length, 
situated, the first in the plane of (ct/, the second in a plane pa- 
rallel to aii/, so that the included volume may be a maximum.* 

Denoting by 

(Ijzdxdy), 
the value of the integral, 



taken through the entire space included within the first of the 
foregoing curves, and by 

[jl zdivdy-}, 

the value of the same integral taten through the entire space in- 
eluded within the projection of the second, it is plain that the 
volume which is to bo made a maximum will be represented by 

' Tills problem is talien from M. Delaiinay's Memoir, p. 111. 
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the single integral being extended through the same space as 
ljlzdxd}f]. 

Again, the surface which bounds this volume laterally will be 
represented on the sanie system of notation by 

Finally, the lengths of the limiting curves will be expressed by 

respectively. Hence, according to the general principle of rela- 
tive maxima and minima, the function which is to be made a 
maximum will be 

ii{z-a^{l+p^ + q^)}ds!dt/ 

the double integral being extended through the whole space 
lying between the first curve and the projection of the second. 
The complete variation of this expression will be 

i, ^°' 



Vci+p'+rtA 



f Dsa\yiidx - 
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Now since one of tlie limiting curves is situated in the plane of 
xy, it is plain that 

The second curve being situated in a plane parallel to xy, the 
increment Dz^, is evidently constant through the entire of the 
upper limiting curve. Eliminating, therefore, Sji, Ssq by the 
equations 

Ssi + qilyi = 0, 8^0 + joSj/o = Dzo, 

and equating to zero the coefficients of the remaining variations, 
&, Syi, Sj/o, Dzoi we have the equations 

(1 + q^)r-2pqs-^ {I + p^)i -^ -{I + p^ + q')i = 0, 
1+K + Pi5i^^ — 



r-mi T 






!+?.' + »£, ±, 



(* 






ly^'s - a /^a rfa; = ; 

recollecting that any term which appears without any sign of in- 
tegration must vanish of itself (p. 231). Now since in passing 
from one point to another of either of the limiting curves, z re- 
mains unaltered, we have 

Again, if we represent by pi, pg the radii of curvature of these 
curves respectively, we have 



rf^yi 






dxp" 
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Making these substitutions in the second and third of the pre- 
ceding equations, we have 

= 0, ,„ ", --^« = 0; (e) 

or, if we deoote by 6i, do, the angles which the tangent planes at 
any two points of the bounding curves respectively make with the 
plane of icy, 

picosHi = , pocostfo = — . 

Hence we infer that at each point of either of the bounding 
curves the projection of the radius of curvature of that curve 
upon the tangent plane to the surface is constant. 

We shall next consider the signification of the fourth equa- 
tion (d), namely, 



the intcgi'als being supposed to be extended through the whole 
of the upper curve. 

Now we have, in general, 

the double integral being extended through the entire space en- 
closed by a given curve, and the single integral being taken 
through the circumference of the bounding curve. Hence if we 
describe a closed curve upon a surface whose mean curvature is 
constant, and denote the single integral in (g), when extended 
through the entire circumference, by 
dy,, 



• Foi' a pioof of this thooi 
Cbap. X. 
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Making this substitution in (f), it becomes identically zero, and 
therefore furnishes no additional condition. 

Now it is evidently necessary to the validity of the foregoing 
reasoning that the portion of the surface situated at one side of 
the plane of the limiting curve should be dosed, as the theorem 
I equation (g) would not otherwise be true. It is 
so, that if a line be drawn perpendicular to the plane 
of ^, it should only intersect this pai't of the surface once. The 
failure of this condition would also introduce a modification in 
equation (g). If these conditions be fulfilled, the fourth equation 
(f) becomes, as we have seen, Identical. 

If these conditions be not fulfilled, this equation will furnish 
a condition for the determination of one of the arbitrary constants 
which enters into the solution of equation (D). Thus, for ex- 
ample, if we take as a particular solution of (D) a surface of re- 
volution round an axis parallel to the axis of 2, it may be proved 
from this equation that the required surface is spherical.* 

* Delaunay, p. 116. As tlie case of a surfaco of revolution hss been eonddeie'j be- 
fore (p. 161), I do not tliLnk it necessary to dwell upon it hero. 
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CHAPTER IX. 

APPLICATION OF THE CALCULUS OB VARIATIONS TO MECHANICS. 

132. The applications of the Calculus of Variations to Me- 
chanics axe of two kinds. In that science, as in Greometry, we 
meet ■with problems of maxima and minima, which involve func- 
tions of variable form, and which, therefore, require for their 
solution the aid of the Calculus of Variations. 

But a more important application of our science was made by 
Lagrange, namely, to the deduction of the equations of equili- 
brium or motion of a system whose constitution is known. We 
shall now proceed to give examples of both these classes of prob- 
lems, commencing with the following very general case of the 
celebrated problem of the brachystochrone. 

Prop. I. 

133. Let a material point be constrained to move on a given 
surface, and let it be supposed that the forces which act upon it 
are such as to render the expression 

Xdo! + Ydy + Zdz 
a perfect differential ; find the curve along which it should be con- 
strained to move, in order that the time of passing from one point 
to another may be a- minimum. 

Let ds be the element of the path, u the tangential velocity, 
and jTthe time; then it is evident that 

We have, moreover, 

v^ = 2\{Xd^ + Ydt/ + Zde) = ^(^, i/, z). 
This question is therefore a case of the more general problem 
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discussed at the commencement of the preceding Chapter, to which 
it may he reduced hy putting 



Hence we have 



1 ^_ 
1 ^^ 



The first of equations (F), p. 180, becomes, therefore, 

-J ^^-7(Xcosa+ 7cosj3 + 2'cosy)^. (A) 

From this equation may he deduced the following general pro- 
perties of the curve in question: 

(1.) Let R be the resultant of the forces which act upon the 
material point, and m the angle which that resultant niakes with 
tlie perpendicular to the plane of the normal section which passes 
through the tangent to the path; also let 9 be the angle between 
the plane of this normal section and the osculating plane to the 
path; then we have 

1- ^ 1 - !??!!^ 
p3 p'^ p= ■ 

"We have also 

XcoSa + Fcosj3 + ^cosy - Rqosui. 

Making these substitutions in equation (A), it becomes 

sin'fl R^cos^bi v^ . .„ -r,, 

— r- = 3 — , or -jsm tf = ic'cos'uj ; 

p v^ p 

or, since the signs of the two sides of the equation are the same,* 
— sinfl = -Rcosw- 



• If tho signs were different the presaore ou the curve would vanish, and the motion 
would not be constrained. This suppoadon applies to aiioUier problem, which is solved 
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This equation expresses the fact that the resolved part of the cen- 
trifugal force, perpendicular to the plane of the normal section, 
i. e. along the tangent to the perpendicular section of the surface, 
is equal to the resolved part of R in the same direction. Now it 
is evident that the pressure on the curve in any direction is equal 
to the sum of the resolved parts (in that direction)'of the resultant 
and the centrifugal force ; if, therefore, the total pressure be re- 
solved into two, one along the normal to the surface, the other in 
the tangent plane, the value of this latter component is 

-sine + i?cosw = 2./e cos !o. 
P 

The total force on the point may be resolved into three, 
namely: — 1. A force along the tangent to the path, which acts 
solely in increasing the velocity. 2. A force along the normal 
to the surface, which acta altogether in producing a pressure on 
the surface. 3. A force perpendicular to these, which may be 
termed the deflecting force, inasmuch as it is that part of the total 
force which tends to deflect the material point from the path in 
which it is constrained to move. 

Adopting this definition, the result arrived at above may be 
stated thus: 

If a material point, wliose motion is restricted to a given surface, 
be constrained to move in a groove of sue/i a form, that the time of 
passing from one point to another may be a minimum, the dejteciing 
force, or pressure on the dde of the groove, is double what it would 
beifiim particle laers ai rest, i. e. if the tangential component were 



(2.) If the resultant be in the plane of the normal section, the 
required curve is a geodesic line. For in this case 

^coso + FcosjS + Zcosj = 0; 
hence 

p=p', = 0. 

The osculating plane is therefore perpendicular to the surface, &c. 
(3.) If gravity be the only force acting upon the point, and if 
the axis of 2 bo taken perpendicular to the horizon, we find from 
equation (A), since X = 0, Y=0, Z=-g, 
111,. 
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Again, 

t>8 = ^KXdic + Ydy + Zdz) = 2ij(h - 

k being the initial height. Hence 



w 



Let P (Fig. 14) be the place of the material point at any in- 
stant, PiV" a normal to ita path drawn in the tangent plane to the 
surface, and produced to meet the horizontal plane through the 
point of departure of tlie particle, PZ a perpendicular to this 
plane. We have then 

PZ=h-z; 

and, since PN is evidently pei-pendicular to the plane of the 
normal section, 

Nrz=y. 

Hence 

k-z = PZ== PN.ao&y; 

and if this value be substituted in the equation 

1 1 cos'y 

yre find 

fy'-7' = iPNi- ^> 

If the tangent plane to the surface at the point P be horizontal, 

PN= 00, and 1-1 = 0. 

Hence it appears that whenever the tangent plane is horizontal, 
the osculating plane of the curve of quietest descent at that point 
coincides with that of a geodetic line. 

Again, if 9 be the angle which PN makes with the osculating 
plane, we have, by Meunier's theorem, 

hence 

1 ^ J^ cos^e _ 1 

^ p's" p^ ~ iPN-i' 
or 

n = 2PA^C09e, (C) 
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Hence at every point ot'a line of quickest descent on any surface, 
the radius of curvature is double the projection of the normal 
(drawn as stated above) on the osculating plane. 

Let the given surface he a sphere whose radius is unity, and 
let^-he the spherical radius of curvature,* then 

p = sinr, p = 1, -; — ^ = CQi^r. 

Let HH' (Fig. 15) he the great circle whose plane is horizon- 
tal, and let it he supposed that the body starts from some point 
in this circle without initial velocity. Let the origin of spherical 
co-ordinates be taken at o, the pole of this circle, and let p be the 
place of the body at any instant, op the radius vector, oq the 
perpendicular on the tangent, and pn the normal. 

11 = op, v=pn, ir = oq. 
Then it is plain that 

eoS'y = sin7r, PiV^tann, A-s = cos/li. 
Making these substitutions in equation (a), we find 

- J, coso 
But 



tanj' = ■ 


cosjt;^ ' 


(the negative sign being taken, 
towards the oiigin) ; hence 


inasmuch 


tan lidji = 


- 2coiwdiT 


or, by integration. 





From equation (b) we find 

tanj' = 2 tanv (e) 

expressing a property obviously analogous to one of the cycloid. 
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(4.) Let the force actmg upon the material point be a single 
central force, varying as the «.'* power of the distance. Then if 
we take as origin the centre offeree, we have 

^ = 2|(X(/ic + Ydtj + Zdz) = — »^".* 
Making these substitutions in (A), we have 

1 1 /)l + IV A^cosn-h jcos/3 + scog7Y 

or, if wc denote byp the perpendicular from the oiigin upon the 
plane of the normal section, 

1 2 /»+i\v 
p' p' \ •' I ''■ 

Hence also if 6 be the acute angle between the osculating plane 
and the plane of the normal section, 

sin _ tan ^ ii + I jO , , 

the upper or lower sign being taken according as the force is re- 
pulsive or attractive. 

(5.) In general if the central force be denoted by R, we shall 
have from (A), 

— sin0 = + (Xcosa + Ycos^ + Zco^j) = ±i?cos&j, 

where w is the angle between R and the normal to the curve, 
drawn in the tangent plane. Hence 

±-«- ../.. —a- W 



(0 



This formula may be expressed geometrically as follows : 

Draw through the centre of absolute curvature a line perpen- 
dicular to the osculating plane. From the point where this per- 
pendicular cuts the tangent plane as centre, describe a sphere 

* It is Iiei-e supposed, for the ealie of aimplicily, that the oonstiint vaniahes. The 
reader will find no difficulty in interpreting this restriction. 
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through the point m the cvirve. Then, ifc denote the chord of 
this sphere which passes through the centre of force, we shall 
have 

ii-+^. (!) 

The principle stated in (6) shows that the same expression 
applies to the motion of a particle, unconstrained (except by tha 
given surface), and subject to the action of a central force. 

(6.) We have seen (p. 180) that the equation 

11 1 / da ,,du. dfiV 

-1, s = -S cos a -,- + cos p ^ + cos 7 -;- 

p^ p^ fi^\ dx ' dy dzj 

contains the solution of two problems, namely; — 1. To find the 
curve which renders \fida a minimum. 2. To find the curve which 

renders — a minimum. Hence, in the present case, the equation 
J /* 

— -; = -r (.S^cosa + ycosfl + .2'cosy)^ 

contains not only the solution of the problem of the brachysto- 
chrone, corresponding to the integral T, p. 287, but also that of 
determining the actual path which the body would describe un- 
der the action of the given forces, and merely constrained to move 
on the given surface. For this latter problem is (in accordance 
with the pririciplo of least action) solved by determining the path 
of the body such as to render 

\vds 
a minimum. The two questions are therefore connected, as in 
p. 180. Hence, 

The actiialpath of a material partide, restricted to a given sur- 
face, and urged by a system offerees, which make 

Xd^ + F<% + Zds 
a perfect dtfererUial, and the curve of quickest passage from one 
point to another, are represented by the same differential equation. 
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(7.) If t!ie material particle be wholly unrestricted, the equa- 
tion M = 0, of p. 177, will disappear, and the equations (C) will 
become 

<in d'^at disdfi _„ 

die ds^ da ds ' 

dy ^ ds^ dsds ' ^ ' 



dn d^z dz d/i 
dz " ds^ ds ds 



0. 



Let (I, j3, 7 bo the angles made with the axes of co-oi'dinatcs 
by any line, I, in the normal plane to the curve. Multiply the 
foregoing equations by cosa, cosj3, 0037, respectively. Now 

cosa^+cos,3-+cosy^ = --cos., 

fu being the angle between the radius of curvature and the line I. 
Also, 

dm r,dji '^^ IS 



Hence we have, in general, 

a (da -.du du\ 

~cosw = - eosa-i^ + cosp^ + cosy-— : 
p \ (Iac ' ay ' dz) 

and in the particular case before us, where ft = -> 



— cos&j = Xcosa + yco3/3 + .2'cosy = -^coS(o', (1) 

ii> being the angle between U and I. 

Let ip be the angle between B and the normal plane, and ») 
the angle between I and the projection of R on tlie normal plane. 
Then 

cosoj' = cos^ cosjf. 
Hence 

— cosw = i?coS(u'- licosdi cosij ; 
P 

and as the hne / is drawn arbitrarily in the normal plane, this 
equation can only be satisfied by making 
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(0 = 1), -~ = it COS ^. 
IIciicc we infer, ^ 

If a material point, acted on by any system offerees whieh satify 
the condition 

Xdx + Ydy + Zdz = dn, 



i to move in a path such that the time of passing from 
one given point to anotlier may he a minimum, Hie radius of ab- 
solute cwevature will coiiicide with the projection of the resultant force 
•upon (Ae normal plane, and the pressure on tJie cwrve mil be double 
what it would be if the point were reduced to rest by the des^^ction 
of the tangential force. 

For example, let this point be acted on by a single central 
force. Let the origin be tahen at the centre of force. Then if we 
multiply the first of equations (k) by y, and the second by x, and 
subtract them, we shall have 



dii da 1 d^'y 




But since 


X df, 

ifi' dy 


it is plain that 





Kquation (m) becomes therefore integrable, giving 
/ dy dx\ 

Similarly, 

/ d^ dz\ , 

Eliminating ;U, and integrating, we find 
ax + by H- cz - 0, 
The curvo is therefore plane. Hence we have 
— ~ Rcosip, 
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^ being the angle between the normal to the curve and tlie radius 
vector drawn from the centre of force. This equation givea 

ii- -^ „ , 

/jcosi^ semichord ol curvature 
This is the well-known expression for the central force in the 
case of unconstrained motion. The preceding analysis shows that 
this expression applies equally to the case of constrained motion, 
provided that the curve to which the particle is constrained be 
such as to render the time of passing from one point to another a 



If in any of the preceding cases the path of the material par- 
ticle be limited not by two given points, but by two given curves, 
it appears from p. 181 that the required curve will cut its bound- 
ing curves at rigjit angles.* 

134. As an example of the preceding case, suppose the mate- 
rial particle to bo acted upon solely by gravity, and to have, at 
the commencement of its motion, a given velocity, and let it be 
required to determine the curve of quickest descent Irom one 
given curve to another. 

Let h be the height duo to the initial velocity, and yi, the or- 
dinate of the point from which the motion begins. Then if the 
axis of?/ be taken vertical, and in the direction of gravity, we 
shall have 

v-^^igiy-ytf + h). (a) 

Equation (1) becomes, therefore, 

!iaiLl^ = eosfi. 
P 
If then the origin be transferred to a point in the axis of - j/ (i. e, 
vertically above the origin at Erst assumed), at a distance equal to 
yn - h, equation (a) will give 

rad. of curv. - 2N, 

N being the normal terminated in the new axis of x. This is a 
well-known property of the cycloid whose axis coincides with 

* Tlie suppH^lions fii = 0, /io = 0, would give Di = »>, uo = », mul are tUerelurE in- 
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the axis of x. The curve of quickest descent ia therefore a 
cycloid described upon the horizontal line, from which the par- 
ticle may be supposed to start wiihoui initial velocity. 

With regard to the conditions to be observed at the limits, it 
is evident, from the general principle of Art. 133, that the cycloid 
will cut its bounding curves at right angles. 

135. Again, suppose the particle to be attracted to a fixed 
centre by a force varying inversely as the n."' power of the dis- 
tance, and to have an initial velocity equal to that which would 
be acquired in falling from infinity. In this case we have 

Xcosa + Fees /3 = i? cos $ T=yV^("+') (ajcoso + ^cos)3) =/r"'"*"p, 

p being the perpendicular from the centre offeree upon the tan- 
gent. Making these substitutions in the equation of p. 295, and 
putting for p its value in terms o£r and p, we have 

2rdp + (ji - X)pdr = 0. 
Integrating, and adding an arbitrary constant, we find 

Substituting forp its value in terms of)' and tu, and putting 

n+ I 

m- 2 , 

we have 

dr 



Hence we find easily 

j'"'cosm(u = (T™, 
the polar equation of the required curve. 

Prop. II. 

136. To find the line of quickest descent for a material par- 
ticle moving in a medium resisting as any function of the velo- 
city, and acted on solely by gravity. 
2c» 
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The present question is evidently not included in that which 
forms the subject of the foregoing Proposition, inaaniuch as any 
system of forces which includes the resistance of a medium will 
not satisfy the criterion, 

Xdx + 1% + Zds = dn. 
It will therefore be necessary to consider it separately. 

As8ume0 = t)^, and let© (=/(0)| be the function which ex- 
presses the resistance of the medium. Then if, as in Chapter IV., 
we take s as the independent variable, we shall have the time of 
descent expressed by 

[ ds 

J v^e' 

the functions .v, y, 6 being connected by the equations 

dx^ df 
^~l?^d^~^-^' 

(A) 

as '' rfs' 

the axis of y being vertical, and the positive ordinates being 
measured downwards. Hence, according to the principle of the 
method of Lagrange, we have the equation 

j(g-Jg + XSi + \,IlXis = 0. (B) 

But 

i/l) ds as ds as 

ds ' as aO 

Substituting these values in (B), integrating by parts the terms 
involving the several quantities, 

dSx dhj d^6 
ds' ds' ds' 

and eqiiating to zero the coefficients of tlie variations giir, Sy, SB, 
we have 
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as as as 



(C) 



Integrating the first two, we have 

ds as •' 

Assume 

i = fl-i + XiO. 

Differentiating this expression, we find 

/,„, , dQ\d$ d\i dt 
[^^''"^'dejd^^^^'ds 

Hence, and from the third equation (C), we find 
dXi fdO „\ dt 



(D) 



or, eliminating $ by means of the equation ii = 0, 
d\i dy dt 
^ 'ds' Ts" ds' 

But if the first two equations (C) bo multiplied by j-^, -^, : 
spectively, and added, we shall have 

dXi dy d\ 



(E) 



Substituting this in (E), and integrating, 

It is easy to show, by reasoning similar to that of Prop. I., 
Chap. IV., that if tho length of the curve be not given, the con- 
stant e must be neglected. For the addition of an arbitrary con- 
stant to t would be equivalent to supposing that the original 
integral was 
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Neglecting c, therefore, and eliminating X by means of the cqua- 



or eliminating Xi by means of the equations (D), 



(F) 



This equation determines 6 in terms of s, and if the value so 
found be substituted in the second equation (A), an equation will 
be obtained in y and s, which will be that of the curve required. 

If the resistance of the medium vanish, we have 8 = 0, and 
the equations Xi = and (G) become 

Integrating the first of these, we find 

Eliminating B between this and the second, and solving for ~, 
we have 

the equation of a cycloid, as before. 
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PaOP. III. 

137. Let a flexible cord of variable thickness fee attacbed to 
two fixed points ; find the curve wliich it ougbt to form in order 
that the centre of gravity may be lowest. 

The cord being supposed to be inextensible, it is plain that 
its thickness at any point will be a given function of the axe, s. 
Let this function be denoted by S. Then the distance of the 
centre of gravity from the axis of a: will be represented by 
fj/Sds 
fSds' 
But as the integrals in this expression are taken through the 
whole extent of the curve, it ia evident that 

ISds = volume of cord = const. 
Hence the integral which is to be rendered a minimum is 

^ySds. 
Treating this expression according to the method stated in 
Chapter IV., we shall have the two equations, 

as as 



Integrating these equations, and assuming 

Si=jSds, 
we shall have 

i/s 

ds 
Hence we find 
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Substituting this value in the equations (B), and iutegrating, ■ 



(C) 
y + d = 

If s 1)6 eliminated between these two equations the result will 
be the ci^uation of the required curve. The solution contains, as 
will be seen, four arbitraiy constants; of these, two are deter- 
mined by the given position of the extremities of the cord, one by- 
its length, and the fourth by supposing that the arc s, which has 
been taken for the independent variable, is reckoned from one 
extremity of the curve. This constant will evidently disappear 
in the ehmination of s. If the thickness of the crrrve be constant 
we shall have 

S=l, Si = s. 

Substituting these values in (C), and performing the integrations, 
■we find 

or, eliminating s, 

the equation of a catenary. 

If the extremities of the cord be not fixed, but merely re- 
stricted to two given curves. 

Wo = 0, Wi = 0, 
the terms free from the sign of integration wil! give the equations 

(s).«-KI>-»' (S).»--(l).*-«- 

the variations S.t'o, Si/a, S^i, Syi, being connected by the equations 
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Honce we have 

dtiQfdy\ du„/dw\ du\fdy\ dui/dx\ _._ 

dx\ds)ii dyi\\d8 jo ' dxi\ds Ji di/i\dsji ' 

sliowing that the required carve cuts its bounding curves at right 
angles. 

It is evident, from the principles of Mechanics, that the curve 
determined in this Proposition is that which the cord will assume 
when in equilibrium under the influence of the force of gravity 
only. This principle is assumed in the following Proposition. 

Pkop. IV. 

138. If in the preceding Proposition the cord be placed upon 
a given surface, determine its position of equilibrium. 

Let the axis of z be vertical, and let the equation of the given 
surface be 

M = 0. 

Then it is evident that the method of Lagrange will give, as in 
Prop, v., Chap. IV., the equations , 

^,du d .d/e 
dx ds' ds ' 

X'*^^.xJ.O, (A) 

ay ds ds 

du 



vely, and add- 



ing them, we find 

— = 8, whence X = ^i - 



Again, if we denote by a, j3, 7 the angles which the piano of 
the tangent normal section mates with the co-ordinate planes, 
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and proceed as jii pp, 179, 180, we sliall readily obtain the equa- 
tion 

f' ,' («,+«)•■ * ' 

This ec[uation delines the required curve. If the extremities of 
the cord be not fixed, it ia easy to see that it will cut at right 
angles the curves to which these extremities are restricted, 

Prop. V. 

139. To determine the form of the elastic curve, i. c. the curve 
of equilibrium of an elastic spring, whose extreme points are 
given, or restricted to two given curves, and which is not acted 
on by any external forces.* 

Adopting the principle of Daniel Bernouilli, we shall define 
the elastic curve to be that in which the integral 



taten through the whole extent of the curve, is a minimum. 
This problem is therefore included in the more general one dis- 
cussed in Prop. IV. Chap. IV., which is applied to the present 
case by putting 

1 , 2 

ft = -si (" = --!■ 
^ pa n p3 

(1.) Let the extreme points be given, and let the line joining 
these points be taken for the axis of x. Equation (E), p. 169, 

becomes (putting - j^ for a) 
Hence in p. 170 we have 
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Making these substitutions in equation (F), we have 

This is the equation of the elastic curve if the position of the ex- 
treme tangents he not given. 

If the position of the extreme tangents te given fin the same 
plane), we must recur to the general equation (C), p. 168, 

jifi^ = ay -- hx + c. 
But as this equation may always be reduced by transformation of 
co-ordinates to the form (E), it is evident that the elastic curve 
may in all cases be represented by the equation (A), the position 
of the axes of co-ordinates depending upon the given position of 
the extreme tangents. If a general solution, not requiring any 
particular position of the axes, be required, it is immediately de- 
duced from (A) by a transformation of co-ordinates. It may also 
be easily deduced from the general equation (C) as follows: 

If we substitute for u' in equation (C) its value — ;, we shall 
P 
have 2 



Substituting for - its value, 












-(1 


I*P") 


, pdp 
d,r 








and integrating with regard 


toy. 


we find 








2 


iaf. 


^ijrfj,+ 


'a*'- 






V(l+p') 




Again, putting for - its 


value 


-(1+p*: 


,dp 


»nd 


integrating 


with regard to x, we have 












2P ^1 


br?- 


a\yd^-. 


, + .-, 






v/ll+rt"" 




-il,.,'- 


a.r,ii + 


a\^dy-, 


M + c- 
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Eliminating pvdi/, and arranging, we have 

i^.(«j,- J. «)=.., (B) 

where 

e =1 2ao' + 2bc" - c^. 

Hence it appears that the general solution contains five arbitrary 
constants ; of these four are determined by the conditions which 
must be satisfied at the limiting points, and the fifth by the given 
length of the elastic spring. 

If the extreme points be merely limited to two given curves, 
it appears, from the principle of p. 171, that the line joining the 
extreme points is perpendicular to the tangents to the two limit- 
ing curves. 

Finally, let it be supposed that the elastic spring is so adjusted 
as to touch the limiting curve at each extremity. 

The general equations* for the solution of the present case 
are, 

which, with the equations 

«=/.(..), ..=/.w, (!),=(*), 

are sufficient to determine four of the arbitrary constants, a, b, o, e,f. 
The fifth is determined by the given length of the spring. 

Suppose, for example, that the bounding curves were the 
right lines, 

y = mx + p, 

y^nx + q. 
These equations will give 

(£)■- (11- P).-». (§).-»■ 

■ The aiaous»ion of thia case has been inadvertentlj omitted in the text. It will be 
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Making these substitutions in equations (C), we have 

a-i- mb = 0, a + nb = 0, 
or (unless tlic given lines be pai-allel) 

a = 0, b = 0. 
The general equation (C), p. 168, becomes 

p = const. 
The elastic curve is, therefore, in this case, a circle. 

Prop. VI. 

140. Given the volume of a surface of revolution, to deter- 
mine its form so that the attraction upon a point in its axis may 
be a maximum.* 

If the solid be divided by planes perpendicular to the axis, 
the attraction of an indefinitely thin lamina included between two 
of these planes is 

the axis of revolution being taken as axis of ie. Tlie attraction 
of tile entire solid will, therefore, be 






The volume of the solid will be 

Hence the integral which is to be made an absolute maximum is 
where 



% being an indeterminate constant. The eqnatioi 



' Aivy's Mathematical Tracis, p. 3*7. 
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of p. 38, is therefore reduced to N- 0, or 



The factor y = being inadmissible, we have, as the equation of 
the generating curve, 

the constant a being determined from the given volume. 

Prop. VII. 

141. Given the superficial area of an attracting surface, lo 
determine its form so that its potential, with regard to a given 
point, may be a maximum. 

If the given point be taken as origin, and the law of the at- 
traction be represented by i/'(*'}, the potential of the attracting 
surface will be 

■where dS is the element of the surface, and 
i>(r) = -j4.(r)dr. 

Hence, as the superficial area is given, the integral which is to 
be made an absolute maximum is 

K^M + .jiS. 

The present question is therefore a ease of Prop. L, Chap. VIIX., 
in which 

d/i d<px dji dip J/ d/i _d'P z 
" r\ ' ' ^Ij. dr r'' dy dr r^ dz dr r' 

Substituting tlicse values in equation (B), p. 277, and putting for 
-^ its value - i//(r), we have 

1 1 ^(r) fivcosa + ^/cos^ + zcosy \ .. 

e'e'^ W)^a [ — .—■ } <^> 

or, if P be the perpendicular from the origin upon the tangent 
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(B) 



If tlie portion of surface with which we are concerned be bounded 
by two given surfaces, it is evident, from the general principle of 
p. 27S, that unlesa 

f(n)4« = 0, (C) 

the surface must cut the first limiting suiface at i-ight angles, and 
that unless 

<pin) + a = 0, (D) 

it must so cut the other hmiting surface. The equations (C) and 
(D) evidently denote that the limiting curves of the several sur- 
faces which solve the problem are situated upon spheres whose 
centre is the attracted point, and whose radii are the several roots 
of the equation 

^,tr).^a.O. 

142. Suppose, for example, 

^(r) - ,-, 
then 

Making these substitutions in (B), we find 

** n+l 
Equations (C) and (D) would become, on the same supposition, 

The two hmiting curves would therefore be situated upon the 
same sphere. The general equation (E) would give for each of 
these curves either 



denoting that the t 



irve is either a singular 
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contact of the circumscribing cone. But it is easy to see that the 
hypotheses, 

/a = 0, fii) =■ 0, 
would not, in general, give a real maximum. For we have seen 
(p. 271) that it is necessary to the existence of a maximum or 
minimum value that the CLuantity 

should not change its sign within the limits of integration. Now if 
we have 

dp^ (1 +^^4.^)^' ^pijq (1+^2 + 52)1' dq^ (1 +p^ + q^)%' 

Hence, 

dp^ dpdq " dif 

(1 + g^) V ' ^pqSpSq + (1 +p^) gy 
-M {l+p^ + q^)l 

g pg + Sf + {qSp - pSqf 
-" {\-,p^ + q^J. ■ 

The sign of this quantity is evidently the same as that of ^. 
Hence, unless ^ he a function which passes through zero without 
changing its sign, the supposition that /n vanishes within the 
limits of integration ought to be inadmissible. Wo must, there- 
fore, in general, recur to the other supposition, namely, that the 
surface intersects its limiting surfaces at right angles. 



ON THE APPLICATION OF THE CALCUIUS OF VARIATIONS TO THE 
DEDUCTION OF EQUATIONS OF EQUILIBRIUM AND MOTION. 

143. Hitherto the applications of the Calculus of Variations, 
to which our attention has been directed, have been in strict ac- 
cordance with the definition of that science as laid down in 
Chapter I. So long as tlie increments witli which we are con- 
cerned are of a nature purely mathematical, it is plain that the 
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value of a function can be changed in two, and but two, ways, 
namely, cither by a change in one or more of the independent 
variables, or by a change in the form of the function. And if we 
wish to give to the symbol of the Calculus of Variations, S, a dis- 
tinct signification, we must be careful to apply it only to those 
increments which result from a change in form. If, therefore, m 
denote an independent variable, 8iK, considered as a symbol dis- 
tinct from dx, is, mathematically speaking, unmeaning. As long 
as we confine ourselves to purely mathematical conceptions, an 
independent variable admit-s of but one species of increment. But 
the case is materially altered by the introduction of the mechani- 
cal conception of motion. The symbol 8 no longer denotes the 
increment which is produced by a change in form, but the incre- 
ment which is produced by a change in position, by the motion 
of a particle from one point of space to another. In fact the in- 
crement denoted by S is not a variation, but a displacement; and 
although the science which treats of such increments is, generally 
speaking, identical in ite rules with the Calculus of Variations, it 
is, nevertheless, in its fundamental conceptions, essentially dis- 
tinct ; and no small obscurity has been thrown over the purely 
mathematical science by the introduction of principles which pro- 
perly belong only to the mechanical science. Our first object, 
then, must be to consider how far this fundamental difference of 
conception introduces a difference in the rules which have been 
laid down in the preceding part of this work. One of these dif- 
ferences has been already alluded to. The symbol 8, as applied 
to an independent variable, ceases to be identical with d, the lat- 
ter having reference to the distance between one molecule and 
another, and the former denoting the displacement of the same 
molecule. Again, in the purely mathematical, or, to speak more 
properly, geometrical science, we have not found it necessary to 
make use of such symbols as 

S.dx, S.dxdy, B.dardt/dz, &c,, 
the quantities with which we have been hitherto concerned not 
being elements, but aggregates of elements, or, in other words, in- 
tegrals. Thus in investigating the variation of a definite integral, 
such as 

IJjVdxdi/dz, 
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it is plainly unmeaning to assign a variation to the element dxdydz, 
inasmucli as the value of the expression does not in any way de- 
pend upon thia element, but solely upon tlie limits of integration, 
and the form of the function to be integrated, V. 

But in the investigation of the equations of equilibrium or 
motion of a continuous system, the variation of the dement, that is 
to say, the change in geometrical magnitude which it undergoes 
in consequence of the displacement of the molecules which com- 
pose it, cannot be neglected. We shall find that this species of 
variation is introduced into mechanical problems in two ways, 
namely: — 1. By the nature of molecular force. 2. By the nature 
of the equations of condition which subsist in a continuous 
system. 

The moment of a force, as defined by Lagrange, is measured 
by the product of the force and the effect which it tends to pro- 
duce. Thus, if i'''be the force, (o the quantity which it tends to 
change, and S a symbol denoting the change, the moment of the 
force -f will be 

FSw. 

Now certain forces (as, fur example, the force of elasticity) are 
defined by the change which they tend to produce in an element 
of the continuous system under consideration, and cannot be ade- 
quately defined with respect to a change in any finite portion. 
Thus, although the force of elasticity does tend to alter the mag- 
nitude of a finite portion of the system, it cannot be adequately 
defined with respect to such a change, inasmuch as the same effect 
would be produced by other kinds of force wholly different in 
their nature, as, for example, by forces whose operation was li- 
mited to certain regions only of the finite portion. The essential 
difference of the force of elasticity is that it acts in every element 
of the system. It is evident, therefore, that the mathematical ex- 
pression of the moment of a force, such as the force of elasticity, 
must include the variation (as above defined) of an element, 

Again, it may so happen that one of the conditions by which 
the system is restricted may not be capable of being expressed 
otherwise than by an equation consisting of elements or infini- 
tesimals. Thus, for example, the incompressibility of afluid can 
only be represented by an equation of the form 



y Google 



CALCULUS OF VABIATIOKS TO MECHANICS. S13 

dm = const. 
For it is evident that an equation sucli ag 

M = const., 
M being any finite portion of the fluid, would not denote that the 
fluid was incompressible, but merely tliat the compression of part 
of i!f was equal to the dilatation of the remainder. Now since the 
application of the method of Lagrange requires the variation of 
the equations of condition, it is plain that if one of these equations 
be of the form stated above, its variation will involve the varia- 
tion of an element. 

If, then, we distinguish by the name o^ mechanical variation a 
variation produced by displacement, the investigation of the me- 
chanical variation of an element will be an essentia! preliminary 
to our present purpose. 

Ag^n, in the application of the principles of Lagrange to the 
equilibrium or motion of a continuous system, it is frequently 
necessary to determine the mechanical variation of functions si- 
milar in their nature to those which have been already investi- 
gated mathematically. Thus, for example, if £, ij, t be the actual 
displacements of a molecule in a continuous system, and if 

•^ i^ ' ''' Vie' dy' dz^ dx " ' doj ' ' ' j 
it is frequently necessary to determine the mechanical variation 
of V, i.e. the change which F" undergoes in consequence of a 
virtual displacement of the molecule. It will, therefore, be ne- 
cessary to inquire whether and how far this mecfianical variation 
is identical with that which has been deduced by purely mathe- 
matical considerations. We shall proceed to consider those ques- 
tions severally. 

Peop. VIII. 
144. To find the mechanical variation of the element 

or, in other words, the change in the volume of an elementary 
parallel opiped of a continuous body, produced by the displace- 
ment of the molecules of which it is composed.* 

' MecaiiiqMO Aiialjljque, pp. 1B1-*. 
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Let .r, y, z be tlie co-ordinatea of a moiecule in the bo<ly, and 
suppose that after the displacement of the molecule these co- 
ordinates become 

« + I, ?/ + 1?. 2 + ^. 
the complete displacement being thus made up of three partial 
displacements parallel to the axes of x, y, z respectively. 

It is evidently necessary to the application of mathematics to 
a problem like the present, that we should suppose the displace- 
ments to follow some regular law, connecting by a determinate 
relation the displacement of any given molecule with its original 
position. We assume, therefore, that each of the quantities ^, j|, Z 
is a function of the co-ordinates sc, y, z. 

l^eiABCD (Fig. 16) be one of the faces of the parallelepiped 
dxdydz, as, for example, the face dxdy. Then it is plain that the 
co-ordinates of the several points are 

A, ce,y,z, B, x + dx,y,z, 

C, x,y + dy, z, D, x + da:, y + dy, z. 

Now suppose the several molecules to foe displaced, and let the 
new position of ABCD be A'BC'jy. Then the co-ordinates of 
the points A'BC'D' are : 

(A) 



Of c, 


»; + E + ^*, S + 


dy + ri-^ 


-w/y-"^ 


4A 




oiiy, 


a: + ^ + £ + -7-rf« 


4/'- 


1, y + dy-^ri + 


i^" 


dy "• 




z + ? + 


g-^ 


d,j ' 






Hence we 


have eviaently 












A'B.i^\/{(l 


^SJ 




. cd: 


(B) 



--*A/{|^(-|)'^i} = 



ec. 
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The figure AlBG'jy is therefore a parallelogram. Neglecting 
quantities of the second order, we have 

Proceeding in the same way with the remaining faces of the 
parallclopiped dxdydz, we shall easily see that the figure which it 
assumes is still a parallelepiped whose three edges are 

(^4f)-^ (-1)* (-i)- 

Neglecting terms of an order higher than the first, the product of 
the three edges will be 

To find the change in the angle at which two edges, A'^, A'C, 
are inclined to each other, we have, denoting the angle between 
A'B and A'C by 7', 

2A'B'.^'Ccos7' = ^'B'3 + AC^ - B'C^. (D) 

But from expressions (A) we find 

Substituting in (D) the several valuea of A'B, A'C, BC, and 
neglecting quantities of an order higher than the first, we have 







and in the same way 






< dn is' 




. i, dl 

cosa = -7^ + -^. 

dz dy 


Vxam these cxpres 


sions it is plain that the angles of the new 



y Google 



31(5 APPLICATION OF THE 

parallelopiped will differ inlitii-tely little from right angles, and 
therefore, that the volume of the paraUeiopiped will differ from 
the expression (C) hy a quantity of an higher order than any of 
the terms in that expression. Hence it is evident that the varia- 
tion o^dxdydz will be 



di dr\ dZ,\ , , , 
dx dy dzj ^ 



If the displacements he of the species denominated virtual, it 
is usual to denote them by the symbol S. Employing this nota- 
tion we shall have 

^.d:cdydz^{^~^-^^^~^yxdydz. 

We shall, for the sake of uniformity, confine the use of the 
symbol S to displaoeraenta of this nature, using ^, »(, 2^ to denote 
real displacements. 

Prop. IX. 

145. To find the mechanical variation of V, where 

F./('-.,s,«,E,,,?*.^.&c.. * &., ^^,&4 
■'\ '^' ' ' "^' dx dy' dx' ' dx J 

containing differential coefficients of S, >i, t of any order. 

If we assume, as in p. 314, that the displacements follow some 
regular law, and, therefore, that g, j,, Z, are functions of x, y, z, it 
will immediately appear that V can he varied only in one of two 
ways, namely: — 1. By a change in some one of the quantities 
X, y, z, 2. By a change in the form of some one of the functions 
£, Ji, Z- The variables x, y, z are, as is evident from p. 311, ca- 
pable of two species of incre]nent, namely, the increment which 
relates to the distance between two points or molecules in the 
body: and the increment which refers to the displacement of an 
individual molecule. The former species being excluded from 
the present problem by the signification of the term variation, 
which denotes a change referring throughout to the same mole- 
cule, we shall have, by the principles of Chap. I., 



y Google 



CAICITLUS OF VAaiATIONS 10 MECHANICS 

Vrfic aft (w . «£ "^ an "^ 



d?, , dl dx 



s it may be more briefly written, 





dV dV « 

■'di^''*J^W 

' dx 


denoting by 





/dV\ /dV\ fdr\ 

\<i^)'\<iy)'\dij' 



the complete diflerential coefficients of V considered as a function 
implicit as well as explicit, of m, y, z. It is evident from this ex- 
pression that the mathemaiical variation, which is 

^ Zl^^ ' (^) 

' dx 
will not be identical with the mechanical unless 

But in the ordinary use of the symbols x, y, z, which denote the 
co-ordinates not of any really existing molecules, but of former 
positions of the molecules, no such symbol as Z^ can occur. In 
this case, therefore, S F is given by (B). 

• We shall now proceed to give some examples of the application 
of the method of Lagrange to problems of cquilibj'inm and motion, 
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confining our attention to the case of a continuous system, partly 
tecause it ia to this case that the method of Lagrange is most advan- 
tageously applied, and partly because it ia only in this case that 
the peculiar rulea of the Calculua of Variations, as distinguished 
from any other method of arbitrary increments, become necessary. 
The method to be pursued being, in its nature, very uniform, a 
small number of examples will suffice to illustrate it. 

Peop. X. 

146. To find the conditions of equilibrium of a Jlexible sur- 
face, extensible or inextenaible, acted on by any system of forces.* 

Let dS be the element of the surface. Then, if this surface be 
inextensible, the principle of virtual velocitiea gives the equation 

J|(XSx+ Y%y + Z^z)dS^Q; 
and the inextensibility of the surface gives the equation of con- 
dition, 

US =0. 

Hence, according to the principle of Lagrange, the equation, 
which is to be treated by the rules of the Calculus of Variations, 

\\(XU + Y%y + ZZz) dS + If XgrfS = 0. (A) 

Assuming 

17.^(1 +?■ + ?'), 
we have 

dS= Udxdy, 
and therefore 

d.dS=m.dxdi/ + BUdi>:dy. 

Now it is evident from Prop. VIII. that 



^»j<iriy; 



lU.^St: 



Tv^'*d^^'*v[>'W*lliip 



' MSoaiiiqiie Aualytiqae, p, 148. 
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denoting here by S'z tlie mathematicai variation of z, tliat is to 
say, tlie increment whicli it receives in consequence of a change 
df form only. Substituting for S'z its value, 

integrating by parts, and putting, for the sake of brevity, 

d ^ d ^ 

y U ^ U. 

dx dy 
vie have 

^S{UX-.\^-^^rp)S,d.vdy 

(B) 
+ jliUY+\^^^^Vq)Syd,.dy 

■^ j^{UZ ~ V)Ssdiedy ^ 0. 

Equating to zero the coefficients o?S^, Sy, Se, tinder the sign of 
double integration, and reducing, we find 

^{^-(S)}-'*=''' 







(S)- 


dX 


iX 










(I)- 


dX dX 






Mult 
ing, ■ 


iplying these equations by d^, 
we have 


1%, dr. 


, respectively, 


and add- 




d\ , 

-j-dx^ 

dx 


dX , d\ 


&. 


Xd., + 


Ydi/ + Zd!. 


(E) 
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If the forces wliidli act upon the surface be such as to satisfy the 
condition 

Xdx + Ydy + Zdz = dn, 
we have, from equation (D), 

d\ = dU, A = n + a, 
Substituting this value in the third of equations (C) we have, as 
the equation of the surface, 



or if the equation be transformed, as in Prop. I., Chap. VIII-, 

7? "'" 7? " ~ n (^cosa + rcos/3 + Zcos^). (F) 



Now it appears from Chap. VIII. that this equatio 
the solution of an ordinary mathematical problem of n 
minima, namely: 

Given the superficial area of a surface, to determine it so that 

l\ Gdxdy 
may be a maximum or minimum. 

It is evident, therefore, that the mechanical problem of equi- 
librium is in this case identical with a purely mathematical ques- 
tion of maxima and minima. We shall see afterwards that this 
is a case of a more general theorem. 

We shall now proceed to consider the conditions to he fulfilled 
at the limits of integration. 

Suppose the given flexible surface to be bounded by two 
flexible threads, each capable of motion along a given surface, 
with which it is everywhere in contact, but incapable of motion 
in the substance of the membrane itself The fulfilment of this 
last condition being evidently implied in the signification of the 
symbol 8, which excludes the idea of change from one point of 
the substance to another, it is unnecessary to consider it further. 

JLet the equation of one of the limiting surfaces be 
dz = p'dx ^ qdy. 
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We have then, from the signification of S, 

Ss = f'Zw + 5%. (G) 

The terms under the sign of single integration in (R) give, as in 
p. 247, for each limit of integration, 

|raj+fC8^-p&-,8y)l-(ra« + £(S.-p8i-jSyl(|) = 0. 

Substituting for Ss its value derived from (G), eliminating 
da , , 
~ by the equation 

dp ^ p -p 
dx q - q' 

and equating severally to zero the coefficients of iy, Sw, wc find 
the single c<^uation, 

1 + pp' + qq = 0. 

The surface of the membrane, therefore, cuts its bounding surface 
at right angles. The same is manifestly true for the second 
bounding surface. 

147. The reduction of the equations derived from the co- 
efficients of S^, ^y to one, is evidently essential to the possibility 
of fulfilling the conditions of the problem. It is not peculiar to 
the present case, and may be proved generally as follows : 

It will readily appear, fi-om the composition of the terms un- 
der the single sign of integration, that the increments &s, Zy are 
introduced into these terms in two ways, namely: — 1. By the 
mechanical variation of the element dxdy. 2. By the substitution 
of 

Ss - pdx - qSy, or (p -p)Bio + (q' -q)di/ 

for the mathematical variation S's. The terms introduced by the 
variation oidxdy are evidently of the form 

JQSxdy + iQSydx, (H) 

the coefficients of Sie, Sy being the same in both. With regard to 
the terms introduced hj ^z, if these terms be represented hy 

jaSsdw + jSiiS'z^, 
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it 13 evident that the part which contains 8x, By will be 
Jii{{p'-p)S^+tf-5)8y)'^+Jiii|Cp'-p)S« + (3-?)g^|% (I) 
Adding the expressions (H) and (I), changing the independent 
variable as before, and equating to zero the coefficients of S^, 81/, 
wo find 

-e|H-a(y-p)-a(/-rtS=o, 



If now we substitute for -r- its value -—, — — these equations be- 

tia: 1 - ^ 

come identical, and equivalent to the singie equation 

If the membrane be flexible and extensible, the condition 

US=() 
will disappear, and a new force be introduced, whoso moment is 

FBdS. 

Hence it is evident that the preceding discussion is adapted to 
the present case by simply changing X into F. The conclusions 
arrived at are therefore the same. 

148. As an example of this proposition, let us suppose the 
membrane to be urged by a force which is at all points perpendicu- 
lar to its surface. This condition will evidently give 
Xdx + Ydy + Zdz = 0, 

and therefore \ = a. Substituting this value in the third equa- 
tion (C), we find 

dx dy a 

where F is the acting force. Equation (F) becomes, in the same 
case, 
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If the force be constant, the surface of equilibrium will have its 
mean curvature constant, a property which, as yfQ have seen in 
p. 281, belongs to the surface which contains a maximum volume 
under a given superficial area. This is evidently the case of a 
flexible surface subjected to the pressure of a homogeneous elastic 
fluid. 

If the acting force were that of gravity solely, we should liave 
in(F) 

U=ffz, 
and, therefore, 

1 1 ^COSy 

-ffi K~ gz^ a' 

or, if iVbe the portion of the normal intercepted between the sur- 
face and the plane whose equation is 



R'^ E N 
expressing a property analogous to that of the catenary. 



149. If any continuous body be acted on by a system of forces 
which satisfy the condition 

Xdx^ Ydy + Zdz^dU, 

as also by a force tending to increase or diminish the element of 
the body, the investigation of its equilibrium may be reduced to 
a question of ordinary maxima and minima, 

Let dm be the element of the body. The moment of the force 
which tends to augment dm being 

FBdm, 

the equation furnished by the principle of virtual velocities will be 

j{XS.v + 1% + ZSe)dm + jFddm = 0, (A) 
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Substituting for dm its value, wliicli will be of tlio form 
Vdx, Vdicdtf, or Vd/edydz, 
according as the given body is a line, a surface, or a solid, in- 
tegrating by parts, and equating to zero the coefficients of ^x, 
Sp, &, severally, we find the three equations of equilibrium. We 
shall consider specially the case of a solid body, as being the most 
comprehensive. We have then 

dm - Vdxdt/dz, 
where 

•' ^ ^ ' das " 
u being a quantity depending upon the aggregation of the mole- 
cules, heat, or any other cause which affects the density of the 
body, which is, in this case, represented by V. We have, there- 

+ OTtiH- K, !^ + &o. I dxdgdz, 

where U, Vx, &c,, liave the same signification as in Prop. III. 
Chap. Vir., and 

ldv\ /dr\ fdv\ 



\dxl'\ 






denote the complete differential coefficients of V considered as a 
function, implicit as well as explicit, of ;*;, y, z. Substituting this 
value in (A), integrating by pai-te, and equating to zero the co- 
efficientB of Iw, Sy, Sz, 8'm, we have 
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VX + 


-m-m-^' 


--(f)- 


<^y- 


7Z + 


^m- 


■(^)-. 


FU- 


fd.FV, 


) - itc, . 0. 



If the first three equations be multiplied by dx, dy, dz respec- 
tively, and added, we shall have 

dx dy •' dz •' 

or, by integration, 

If this value of i^be substituted in (A) that equation will become 
l\lUdm + {U-\-a)Um\=^0, 
Z\ndm + a%\dm = 0. 
HcncG it is evident that the condition of cquihbrlum ia found by 
determining, among all forms of the function u which leave the 
mass of the body unaltered, that form which renders 

\ndm 
a maximum or minimum. The simplification which this intro- 
duces into the general problem, in permitting us to disregard the 
variations of the elements, is too obvious to require further notice- 

Prop. XIL 

150. To find the equations of motion of an elastic body, whose 
several molecules have undergone an indefinitely small displace- 
ment from their original position of equilibrium. 

In applying the method of Lagrange to the present case, we 
commence with two impoitant assumptions, namely : 1. That 



y Google 



326 APfLICATIOM OF THE 

the sum of the interna! moments of the body may be represented 
by the variation (mechanical) of a single function, V. 2. That V 
is a function of the first differeatiat coefficients of the displace- 
ments of the molecules. 

The first of these assumptions is evidently true for a body 
whose molecules attract or repel according to any law of the dis- 
tance between them. But recent experiments show that there are 
bodies whose constitution is not of this nature, and the assumption 
of the general truth of (1) can only be regarded as a hypothesis 
whose degree of probability will depend upon the number of 
experimentally true results which can be deduced from it. 

The reason for the second assumption is grounded upon the 
nature of molecular force, which appears to depend upon relative, 
not absolute displacements of the molecules, 

We shall now proceed to investigate the equations of motion 
for an elastic body not acted on by any external forces, and with 
a given form of the function V. The method being in ite nature 
very uniform, it will be sufficient to exemplify it by a simple case. 
For more ample information upon this important problem the 
reader ia referred to Professor Mac CuUagh's memoir on the Un- 
dulatory Theory of Light;* Mr. Green's memoir on the same 
subject ;t and especially to Mr. Haughton's two Memoirs, on the 
Equilibrium and Motion of Solid and Fluid Bodies, if and on the 
Classification of Elastic Media.5 

Let the eo-ordinates of any molecule, in its original position, 
be x,y,s; and suppose that after the displacement they become 

a; + g, y + .1, z + Z. 
Then we shall assume that the nature of the body is such that the 
sum of the moments of the forces developed by the displacement 
may be represented by 

JllSVdxdi/dz, 



where 



■' \diB dy dzj ' 



T an ao the Eoyai IrEah Acaflemy, vol. xxi. 

■(■ Tra he Cambridge Philosopliieal Society, yoL vii. p. 1 i 

J T Ba e Eoyal Iiiali Academy, vol. xxL 

d XX Part. i. 
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U being any function of x, y, z. The general equation of motion 
being 

our first object in adapting it to the present case must be to de- 
termine the mechanical variation denoted by the symbol 8F. 
Now in performing the operation denoted by Z, it must be recol- 
lected that this symbol refers to a virtual displacement of the 
molecules from the actual position in which they are placed by 
the conditions of the problem. We have, therefore, in this ope- 
ration, no concern with any position which these molecules may 
have previously had. Hence it is evident that the symbol S does 
not apply to m, y, z, which are the co-ordinates not of any really 
existing molecules, but merely of the positions which these mole- 
cules had in their original state of equilibrium. The mechanical 
variation of Ftherefore coincides with its mathematical variation, 
and results solely from a change in the form of the functions C, i). K- 
We have, therefore, 



= JJ 



^ ' \dx ^ dy^ del 



^d^ dn dZ\ 



l + ^\ 



\dx dy dzj\dx dy dz }' 

Substituting this value in the second member of equation (B), 
integrating by parts, and equating to zero the coefficients of 
8^, Si|, St, under the sign of triple integration, we have the three 
equations of motion, 

rf-^l d j-JdE d„ dZ\ 



-e— = — ■ u(— -^^ + ^'] (C) 

dt^ dy \da; dy dzj ' 

dt^ dz \dx dy dzj ' 
or, if we assume 

_ d^ dii dZ 

dx dy dz" 
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dfi 


Vdu 


^dU 


de' 


~ldi' 


E dx 


iP„ 


Udu, 


udU 


dtf 


-TST" 


■ 'dy 


<i"? 


Udij 


i^dU 


W 


^73F^ 


! dz' 



(D) 



Aa equation, with a single dependent variable, may be deduced 
from these by adding them after differentiating respectively with 
regard to ss, y, z. Performing this operation, we easily find 

\sdi)i t^ dxjdx ' \e^^ ^ dyj dy \e dz t-'dsjdz 

-(£ '^^ + ± ^^+A -^\^ CE) 

\d:v B dx dy sdy ds sdz j ' 

The terms without the sign of triple integration give the equation 

II P' (s^ + ^ + f ) (S»rf^ + i'ld'dz + SCMs) . 0. 

Let a, (3, 7 bo the angles made with the axes by the normal to 
the limiting surface, and let dS be the clement of this surface. 
Then it is evident, fi-om p. 216, that the foregoing equation may 
be written 

\i'^{^i,*Ty*§y-"'"SI^*«''^^'i*-^«>-liV)dS^O. (F) 

In applying this equation we may have any one of the following 
cases: 

(1.) The external molecules may be absolutely fixed. In this 
case we have at the limiting surface 

gr=o, gn'=0, g^'=0, 
and the equation (F) becomes identical. 

(2.) The external molecules may be restricted to a given sur- 
face, admitting of motion along the surface, and excluding motion 
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perpendicular to the surface. Let the equation of the Jiniiting 
surface be 

Then since this equation is supposed to subsist between the co- 
ordinates of any one of the external molecules, however it may 
be displaced, we have 

-f- ? + -f fl + -f ? = ; 
dx ay dz 



and therefore, from p. 327, 



dx ay dz 

or 

cosaS? + cos/38>, + cosyg? = 0. 

The equation (F) is therefore again identically true.* 

(3.) The external molecules may be completely free. In this 
case the limiting equation can on!y be satisfied by making 

\dx dy dz j 
and therefore 

F' = 0. 

151. The most important case, however, is that in which there 
are two media in contaet with each other, differing in the form of 
the function Y. As an example of this case we shall consider the 
following question : 

Let two elastic media ( Fj, V-i) be in contact along an indefi- 
nite plane, which we shall take for that of a:;/. Let the values of 
V for these media be 






n-i. 






(0) 



Af, B„ C|, -43, ^3, Cj, being constants Suppose now that the 
molecides of the first medium aie distuibed by a plane wave re- 
presented by the equations 

* M cc inique An lU Uqus toin i p 207. 
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2i = iV,cos^(V-s). 

Let it be required to determine the nature of the plane wave 
which is propagated in the second medium. 

The action of the moiecukr forces being insensible at finite 
distances, it is evident that if we wish to find the motion of a 
molecule situated in the first medium at a finite distance from the 
plane of separation, we must make, in the general equation, 

For a molecule similarly situated in the second medium. 

For molecules situated in, and infinitely near to the plane of 
separation, 

V= Vj+V^; 
and in investigating the conditions to be observed at the limits of 
integration it is evident that we must make use of this last value. 
It is easy to see, indeed, that as each of the quantities, Vi, Fa, 
contains only displacements of its own molecule, the three ques- 
tions alluded to, namely, that of the motion in the first medium, 
that of the motion in the second medium, and that of the transmis- 
sion of the motion from the one medium to the other, will be fully 
solved by making 

F= Fi + Fa 

in the general equation. This equation becomes, therefore, 

iff ■■(§'«£■ ^5«"^§'»?>*''^ 

- Iff S Yiibdjiiz + f 8 V^dxdydz. (I) 
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But 

^ dx die dy dy dz dz ' 

di.ial,„ <I„, dSm ^ „ «» <iS& 

e KB = -0-2 -; -; — + -O3 -5 ; — + Oa -j— — ; — 

dx ax dy dy as dz 

Substituting these values in (I), integrating by parts, and equating 
to zero the coefficients of g£i, 8t|i, iZ\, under the sign of triple 
integration, we find 

the equations of motion in the first medium, and 

fh n, As „ *m *& „ d'K, 

the equations of motion in the second medium. 

The terms without the sign of triple integration give the 
equation 

II ^ , J m\dydz + -Bi ^ S^\dxdz + 1| Ci ^ K\ dMy 

^ \ <^) 

- If ^s ^Sr^ dydz -\\bJ^ %^^dMz - j^C^ ^ ^tsda^dy = 0, 

the quantities I'l, &c., being accented, to show that they refer to 
the limits, and a negative sign being interposed between the two 
classes of terms, inasmuch as the integrations are performed in 
opposite directions. Let «, j3, 7 be the angles which the normal 
to the bounding surface makes with the axes of co-ordinates. 
Then if the preceding equation be transformed as in p. 215, we 
shall have at the limit of integration, 



(-■S 


-85',-. 


4f8E«)eo...(i,.fs^, 


1--S, 


dm, ,\ 


cos^ 




+ 


(cfsr. 


.^t«,)», 


iV = 






In the 


present 


case, where 


the bounding su; 


r&oe 


is the pi; 


a,ne of 


icy, we 


have 


oos« 


= 0, cos/i = ; 
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and the foregoing equation becomes 

But since tlie displacement of the same molecule must be the same 
to wliictiever medium it be referred, we must have 

Hence we have, finally, 

We have, besides, the three equations, 

ri=rs, m=m, K\-r„ (O) 

which denote that the vibrating molecules at the bounding surface 
may be considered as belonging to either medium. There are, 
therefore, four conditions expressed by equations (N) and (0), to 
be fulfilled when the oscillation passes from the one medium to the 
other. When the nature of the oscillation in the first medium is 
given, these equations, in conjunction with the eijuations of pro- 
pagation (L), serve to determine the undulation which is trans- 
mitted into the second. 

In the present case, where the several quantities 

ai'C constants, if we assume 

-«l^«l = -4l, - Sl^El = Si, "Cj^£l=(7l, 

- a2^£3 = A^, — 6a^£s = B3, — c^^es = C^, 
the equations (K) and (L) will become 







He 


-.■^'. 




=-m 



(P). 



do!^' 



d^^ ^ d%i 
df "^ de^ ' 



Now since the motion in the first medium is, by hypothesis, repre- 
sented by the equations (H), if we substitute in (P) the values of 
?i, vi> ?ii derived from these equations, we shall have 
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To determine the motion in the second medium, we have, in the 
first place, the general solution of (Q), namely. 

In order that these equations should represent plane wave motion, 

they must be reduced to the form 

g^ =/ (mj( ■^nz + x + Oit)^ F{my + nz-^X' ait), 
1)2 = ^ {Ix + &c.) + 9{tx + &c.), 
Zi^i' (p^ + &';■) + * (f^ + &<=■)■ 

The conditions at the limits are 

Fi-&, «-«, ?■.-?'.. 

resulting from the equivalence of vibrations, and 

derived from the quantities under the sign of double integration. 
The equations 

K\ = I's) n'l = 12> 
combined with tlie equations 

£1=0, Mi=0, 
give generally, as is easily seen, 

Thia reduces the general solution to 

The equation 

becomes, therefore, 

Ni cos ^vit=4> {px + jy + C2O + * {p'<e + qy ~ o-zt). (S) 

Again, we have from equation (R), by the substitution of the 
values of Zi^ K'i, 

dz I Oi \dt dt j 
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Integrating this equation with respect to t, we have 

■*"(p> + q'^ - caO - \l/{px + 2y + (^i) = -^, cos -r— v^t + Q, (T) 

£2 being an arbitrary function of a; and t/. 

Solving equations (S) and (T) for ^ and ^, we find 

*(/<» + W-«)-ijV.(^l+^) cos ?^,,! + lQ, 

From these equations it is easy to see that we must have 
^-0, j-O, p'.O, q'-O, Q-O; 

and, therefore, 

-l.(-<4«)-lW,(l + -|2^cos|:„;, 

*(+<5().lA'>('l-^')cos?J;.,i. 



,f (. + »4 - i *, (^1 - g5) cos ?1 5 (^ + „,). 

The wave motion, which is propagated into the second medium, 
is therefore represented by the equations 

5.-0, ,,-0, (V) 

+ 1 - 7= COS r (s + C^l) > ■ 
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N OF THE CALCULUS OF VARIATIONa TO THE IKTEGBATIOS 
OE FUNCTIONS OF ONE OR MORE IHDEPliNDENT VARIABLES. 

152. The general principle upon which depends the present 
application of the Calculus of Variations may be briefly stated as 
follows : 

A differential expression of any kind Is said to be integrable 
when it admits of being expressed as a function of quantities 
which refer solely to any assumed limits of integration. Thus, 
for example, the expression 

Vdx 
is integrable if it be possible to satisfy the equation 

J:;r.«.^{,„.,(|),......,„(S)_....}. 

without determining the form of the function y, or assigning any 
■particular values to the limits xa, Xi. It is evident, from the na- 
ture of the process of integration, that the function i^must be of 
the form 

/{--(l).-(S).}-/{--(l)r-P).}- 

Now if this equation be admissible it is evident tliat tlie variation 
of the given integral will be of the form 

S f" Vrf,c . J,8yi + £,S (" J] + 4o. + A,iy, + S,S (^"j + &. 

If we compare tliia with the general expression of Art. 11, 

8 f" V<b . iViSy, + (i>,),8 (^\ + &c. + JV.Sfc + &c. 
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it will immediately appear that tlic two expressions cannot bo 
identical unless the term 



J- + &c. j S^dx 



vanish without any determination of the function y. Hence it is 
evident that the form of Fmust be such as to render the equation 

^_^ + &c. = 
ax 
identically true. 

Conversely, if this equation be identically true, the given 
diifcrentiai 

will bo integrable. For in this case tlie variation of the integral 

will depend solely upon the variations of the limiting quantities, 

.„i<„(|)^,...«,!/.,(|)^.... 

The given integral is therefore a function of these quantities only, 
and consequently the differential 
Vdx 



This reasoning is extended with equal facility to integrals of 
all orders. For we have seen that the variation of a definite in- 
tegral consists of two classes of terms, namely: 1, A series of 
terms depending upon the variations of the limiting values of the 
indeterminate functions, sc. the primitive function and its differen- 
tial coefficients which are contained in V. 2. A series of terms de- 
pending upon the variation in the general form of the primitive 
function itself, &c. 

Now if the form of Fbe such as to cause these latter terms to 
vanish, it is plain that the value of the given integral will depend 
solely upon the limiting values of the several indeterminate quan- 
tities. The given differential expression is therefore integrahle, 
that ia to say, its integral admits of being reduced to another of a 
lower degree. Hence we have the following general rule : 
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Let F be a function containing any number (n) of indepen- 
dent variables, xi, ieg, . . .. ic„, one dependent variable, u, and its 
several differential coefficients with regard to «i, ^, &c. Let it 
be required to determine in what case the integral 

Ij ■■ ■ -j Vdxidte^ .... da:„ 
is reducible to another of the order n~l. 

Determine, by the rules of the Calculus of Variations, the 
complete variation of the given integral, and reduce it until the 
quantity under the highest sign of integration contain hui one 
variation, Sm, Then if the form of the function Fbe such as to 
cause the coefficient of Su to vanish, the given differential admits 
of being once integrated. 

We have thus seen that the rules ofthe Calculus of Variations 
give us the means of determining immediately the criterion ofirv- 
tegrahilUy of a differential function. 

It is also evident that we shall be enabled, by the same rules, 
to determine in what case an integral such as, for example, 

l\ Vdxdy, 

may be reduced to another, 



For if this reduction can be effected, it is plain that the diffe- 
rential 

(V- V')dwdy 
must be integrablo. 

We shall now proceed to consider successively the cases of 
single and double integrals. In the former of these the generality 
of the principle here laid down enables us to proceed at once to 
the moat extended case, namely, to determine the conditions ne- 
cessary, in order that a given differential function may be capable 
of being integrated any number of times successively. This will 
form the subject ofthe following Article. 
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and let it be required to determine the eonditiona necessary, in 
order that V may be integrable m times successively, m being 
less than n. 

It is evident from the principles laid down in the preceding 
Article, that, if Fbc integrable m times successively, the varia- 
tion of 

will, when reduced as far as possible, consist entirely of terms 
free from the sign of integration. Now 

Sf" Vdx'^ =■ |™g Vd!):"' = r(-iVgy + P, ^ + &c. + P„ ^) d^"\ (A) 

Consider any term of this series as 

We have, tlien, neglecting terms free from the sign of integration, 

Hence 

' dx* 

• M(-i)*(rs-''''"'''-*r?i&**" 

Now if this expression be free from all signs of integration, it is 
evident that the coefficients of Sy under the several signs 

f., J", &c. 
must vanish of themselves. Hence we have the equations 
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rf«* 






aPt-N, 

dP, JP, 

P, 
dm 
dP, 
dx 



■*<=■ + (-!)• -53? -0, 



(B) 



ifc 1 . 2 (fa* 

, -IN.—. •».™ + l..-.» <i~'P. „ 
^t-^>"" l.2....-^.l d.-- -"■ 

If tliese m equations be satisfied independently of the form of the 
function y, tlie given differential function will be integrable m 
times succeesiYcly. 

The same method may he apphed to the case in which F con- 
tains any number of dependent variables, y, z, u, &a. Each of 
these variables will introduce m equations similar to (B), Hence 
we infer generally that if P" contain m dependent variables, the 
number of equations which must be satisfied in order that it may 
be integrable m times successively will be mm'. If n, n, &c., be 
the orders of the function V in the several dependent variables 
which it contains, i. e. if 

,, ./ dy d"y ds d^'s „ \ 
•' \ " dx dx'^ dx daf" J 

it is evident that m cannot be greater than the least of these 
quantities, lini = 1, that is to say, if it be required to find the 
condition to be satisfied in order that Vdm may be a perfect diffe- 
rential, all the equations (B) except the first disappear. The 
required criterion is therefore 
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This agrees with the result obtttined in the preceding Article. 



154. To find the form of the function V such that IjVdivdt/ 
may be reduced to a single integral, where 

The method here adopted is precisely analogous to that 



already given for the ( 
forming the expression of the function Q., which remains under 
the sign of double integration in the variation oi ^^Vdwdy, and 
then determining the form of V, so as to cause that function to 
disappear of itself. 

Now it is readily shown, as in p. 250, that the differential 
coefficients of the first and second orders will disappear from i2 if 
F" be a linear function of p, q, and in that case only. Hence we 
must have 

V= ap + (iq + y, 

a, fi, y being functions of ;», «/, s. It is plain that in forming the 
expression ibr 

dK dV^ jy 
da^ dy ^ 

we may reject all terms involving differential coefficients, inas- 
much as all such terms will disappear from the final result. 
Forming the expression on this principle, we have 

fd_VA^da (dV^\^d§^ iV=^ 
\ da! j dx \ dy I dy'' dz"" 



and, consequently, 

Wc infer, therefore, finally, that 



dy da dfi 
dz da> dy 
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The double integral, 

may be reduced to a single integral, if 

f{x,y, z,p, q) =pFi{x, y,z) + qF^{x,y, z) - F^{x, y, z), 
the fimdAona F\, F^, F% bdng connected by Hie equation 
dFi dF2 dFa . 



(A) 



155, As an example of this, let 

V^fiipx+qy~z), 
H being a function of a;, p, z. We have then 

Fi = (i.x, Fi = ny, Fs = IAS. 
Whence 

dFi^ dfi dF^^ d/i dF^ _ 

dx dx dy dy' dz " 

Equation (A) becomes, therefore, 



^yi:. 



dz 



The double integral, 

JJ;«(p-»+ qy-z)dxdy, 
will therefore "be reducible to a single integral if ,u be a homo- 
geneous function of the order - 3. Hence we may infer the fol- 
lowing theorem: 

Let a number of surfaces be described through the same closed 
curve, and lot d8 be the element of the superficial area of any 
one of these surfaces. Let also P be the perpendicular from the 
origin upon the tangent plane, and x, y, z the running co-ordi- 
nates. The value of the integral, 

extended to the entire of the surface bounded by the closed curve, 
will be the same for all these surfaces. For since 
Pd8 = -{px-i qy - z) dxdy. 
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it is evident, from the foregoing discussion, that tlie value of this 
integral depends only upon the limiting values of x, y, z, i, e. upon 
the hounding curve, -which is, by hypothesis, the same for all 
these surfaces.* 

Prop. III. 
156, To determine the conditions rec[uisite in order that 

may he reducible to a single integral, where 

r, s, t being the differential coefficients of the second order. 

Proceeding, 3& in the foregoing Proposition, we shall form the 
value of Q, and then determine the form of V, so that this quan- 
tity may vanish of itself. Now we have already seen (pp. 249-252) 



* TliiB thsoram may be difierenfly pf OTcd as follows ! 

Let r, 9, ^ be Uve polar co-ordiaates of a poin6 on the snrface. TLeii sine 



^^^T^ ^~' x'i + jfl ''' 

we find, by the ordinary rule, 

aiii MOd^ = Zf ^J^KZ . ' dxdij. 
Hence il is easy to see that the given integral may be put under lie form 

E + (;■-.)■■""♦> 

or, putijng for x and y their values, 

an expi-esflioQ which, as it only contains the independent varinbJes, is eyiiteutly f educib) 
to a angle hitegral. All methods of this natm-e are inferior in generality to that give 
in tha text, by which we arrive at a rule for deteimining the inlegrability of any give 
function of x, y, z, p, g. 
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that the coeiEcienta of the third and fourth orders will disappear 
from Q, when (and only when) Fis of the form 

A (rl - ^) + Br + 2Cs + Bt + E, (A) 

where A, £, C, D, E are, in general, functions of ^, q, w, y, z. 
This will give 

.- , ,^dA dB . dC dD dE 
^ ' dz dz dz dz dz 

F,.(«-.^^.,f+2.^.<l^.«, (B) 
'dp d/p dp dp ojp 

^^ , ,, dA dB „ dO dD dE 
■' dq dq dq dq dq 

V^ = At + B, r^ = -'2As + 2C, Vy^ = Ar + I). 
In forming the values of 

dK dVy d?V^^ d^V^ d^V^ 
rfic ' dy ' dx^ ' dicdy ' dy^ ' 

it ia plain that we may reject all coefficients of an order higher 
than the second, inasmuch as we have hefore seen that all such 
terms will disappear from the final result. 

Differentiating upon this principle, we have 
dV^ _ /dA dA dA dA\ dB dB ^dB ^dB 
dx ~ \dx dz dp dq) dm dz dp dq' 
,dV„ (dA dA dA dA\ dC dC dC JC 

^ rfy \dy ^ dz dp dq j dy " dz dp dq 

Hence 

dV^ ^dV^_y _dB dB dC dC dE 
dx ^ dp " dx " ds dy ds dp 

/dA dA dC_ dD\ _ /dA dA _dB dC\ 
\dx '- dz dq dp) \dy dz dq dp j 
Similarly, 

dV^ , dF™ „ dD dD dC dC dE 
dy ^ dm " dy -^ ds dx '^ dz dq 
/dA ' dA dC_ dB\ /dA dA _dD d£\ 
\dy " dz dp dq } \dx " dz dp dq }' 
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ini 




Hence 


d^\dx *• dy ''l^dsK 


dy 


dx 


where 


as dxdp 


d^A d^A d^A 
dydq dzdp dsdq 




dpdq d<f 


dfD 

'dp'' 








„ d'A 


.d'A 






^^dB ^ d?B 
dz dxdp 


d>B 


d'B 
didp S 


d'B 
dzdq 



M. 



\dydfi dzdp) dp' 
I d'A d'A d'A <J>^\ 

\dxdy * ^ dydz * ' dxiz * '"' &' / 



dC dMl_ d?B^ ^ *n d>l[ 
dz djxdq dxdq dydrp dzdp dpdq 
^_d?A d'A ,^A 

d,'*'''dSi*'' If 



dz dydq 


~dxdp^dzdi ' 


dzdp 


-(H 


tPC\ 
*''d^q)'- 


d?E 




■ df- 




n = S^ 


„ d?B 


.d?B 






^^^^^ 


^dfD 
dz' 




„/d?C d?C d>C 
*\dMy*^dS-z*''W- 


d?C\ 


1 d?E d'E d'B 
-[di^*d^*''d^*'' 


d>E'\ 
dzdq) 


dB 



(C) 



(D) 
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If, therefore, the given functioti Fbe integrable, it must satisfy 
the equations 



e=o, i = o, M=o, iV=o, n-0. 



(E) 



These ec[uatioas, therefore, furnish the criterion of integrability of 
the given differential function 



We shall now consider some particular cases of the general 
problem, which will be found to lead to interesting results cob- 
nected with the theory of surfaces. 
(1.) Let 

V= A{rt-s^). 
Here we have 

B = 0, C = 0, i> = 0, E=0, 
and, therefore, 

n = o. 

The equations (E) arc, therefore, reduced to 

^dA (PA _ <PA fA_ ^ 



ds dxdp 

d^A „ d^A 



dzdp ■' dzdq 



£A_ 
dxdy ' 

d\A 

dai^ 



■ dxdz 



Integrating the last three of these equations, which is easily 
effected by assuming 



dx c 



dij 



'■ dz' 



u = <^{z -pa: - qy,p, g), v = ^{s:-px- i^, p, q), 

A = m<p{z -pas - qy,p, q) + y^{z - px - qy,p, q) 

^X{z-px-qy,p,q). 



(G) 
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Substituting tliis value in the first of equations (F), and putting, 
fer the sake of brevity, 

z - p^ - qy = oy, 
we have 

dp dq \ ds ■^ dz dz) \ du, ■^ 'l;i ihof 
Integrating with regard to id, we have 

Substituting tliis value in (F) we have, putting - ^— , - ~rr-^ 
for ^, i/-, and omitting, as is plainly allowable, i^(p, 7), 

\iP be the perpendicular from the centre upon the tangent plane 
at any point of a surface it is known that 



The foregoing value of ^4 may therefore be written 

^ _ dli(J',r,q) ^ d V{P,f.q) 

dp dq ' 

This is the most general value of A, which renders 

A (rt - s^) dxdy 
integrable, i. e. such that the value of the integral 

\\A{rt-s^)dxdy 
is dependent solely upon the nature of the limiting curve and 
the values which z and either of its differential coefficients have 
at the corresponding points of the surface. Hence we have the 
following theorem ; 

If a number of surfaces be described, touching cdong the same 
closed mirve, the value of the integral 

II Jdpdq (K) 

extended through thai part of any one of the surfaces whivh is 
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bounded by the eurve of contact, will he the same for all the surfaces 
so described. 

This theorem is evident, if we recollect that 
dpdq = (*"( - s^)dxdy. 
For it is plain, from the foregoing discussion, tliat the variation 
of the definite integral will contain only the variations of the 
limUmg values oiy, z, and p or q (p. 232). Since, then, the sur- 
faces have a common curve of contact, this variation will disappear 
altogether. The value of the integral therefore remains constant 
in passing from one of these surfaces to another. The same con- 
clusion holds if the surface be entirely closed, i. e. tho value of 
the integral (K) will in this case be the same for all closed surfaces. 
For in this case the variations of the limits will vanish of them- 
selves.* 

Hence also, 

If the tangetH plane, at any point of a surface, have a closed 
curve of coTtiact, the value of the integral (K), extended to the entire 
of that part of the surface which is bounded by that curve, will be 
zero. 

For by the preceding theorem the value is the same for the 
surface as for the tangent plane. 

(2.) Let 

V=Br+2Cs + Di, 
where B, C, D are functions of ^ and q. 

Here we have 

A = 0, B^f(^,q), C^F(p,q), D = i,(p,q). 

* This will, perhaps, appeac most [■eadily if we suppose the definite intogrul fo be 
ti'ansftirmed, by taking as co-otdinates the radins vectoi' snd the angles which determine 
its position, the origin being placed within the surface. It will then aasume the form 

Now tha equations of the limiting curves aie, in ganerol, of the form 

and tbe single integrals which occw in the variation of 

jjrdgd^ 

are supposes to be extended through the enth'e perimeter of saoii of these cnrvcs respec- 
tively. But ill the ease of a closed surface, these carves become points, and the siugle 
integTalg coiisefinently vanish. 
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Hence it is easy to see that the equations 

i = 0, M=0, JV=0, n=o, 

become identical, and that the equation 

0=0 
becomes 

- 2_-— + — _ = 0. 
dq' dpdq ap^ 

It may be readily shown that this equation is satisfied by making 



Z) = - 



1+p^ 



Hence, recollecting that 

1 J_ ^ _ il + f)r~2pqs+{l+p'')t 
R^ R" (1+^ + 9^)^ 

we infer that 

If a nwmber of surfaces be described as in (1), the value of the 



i to the entire of that patt of any une of the surfaces which 
is bounded by &ie curve of contact, will be the same for all these 
su/rfaces* 



^ = ,7 



V(l+P^ + 3^)' ' V(l + , 
re shall easily see that 

BR \dai dyj 



]\\R^ R] ■' j^ife 'j y^{i+p'+t) 

It would not be difficult to mnltipl)' axamplaa of the p'eaent applieation of the Cal- 
ovdusofVariatioiLS, but the length to which the present woi'k has already extended forbids 
me ffom entering further into the snbjecL I shall, therefore, conclude this ChapUa' with 
the consideration of two quesdons, which Bcem to be of some importaacc 
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Prop. IV. 

157. To find whether it he possible to represent the super- 
ficial area of a surface by any formula such as 

r + iiF(P,e,<l.)d9d,p, (A) 

wliere P is a quantity referring solely to the limita of integration, 
and P, Q, ^ are the perpendicular from the origin upon the tan- 
gent plane, and the polar angles which determine its position.* 

The method to be pursued in alS such investigations as the 
present is as follows : 

Let 

be an integral by which it is known that the required quantity 
may be represented, and let 

r + j\nd9d^ 
be the expression by which it is proposed to be represented, n 
being an indeterminate function of B, ip, and some third quantity, 
which in the present case is taken to be the perpendicular on the 
tangent plane. Transform the double integral in the proposed 
expression (by changing the independent variables) into another 
of the form 

Wo have tlien 

j^Vdied}/ = r + \jVdxdy, 
and, consequently, 

li(V-V)da:d^^r. 

If, therefore, it be possible to dotormino V (or IJ) such that 
{V- V')dxdy 

' It is loiowTi that in a plane eiirvo the length of any poi-lion may Ite represented by 
an expreaaon of the form 

where P is tlia pei'pendicnlar on the tangent, and w the angle it makes with any fised 
line; rbeuig ft quantity which refers solely to the lunits. The object of the pcesent pro- 
poBiiion is to determine whether there ba an anali^oiia formnla for the quadrature of any 
portion of tlie surface. 
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may satisfy the criterion ofintegrability, the problem is possible; 
if otherwise, it is impossible. 

In the present case, where the independent variables in the 
proposed expression are the angles which determine the position 
of the perpendicular upon the tangent plane, it is known that 



Hence it is evident that if the expression 

be transformed into one of the form 
V'dxdp, 
we shall have 

V = (rt - s^) fiz-fm- qy, p, g) ; 
also, 

If, therefore, the proposed representation be possible, the ex- 
pression 

{ V (1 +p^ + ?^) - {ri - s'^) /(^ -fa'-qy, p. q) ] <i^^y 

must be intcgrable. We have, then, in the equations of Prop. III. 
A=-f{z-px-qy,f,q), B = 0, C = 0, Z> = 0, 

Substituting these values in the equations 

it is easily seen that they become 

f|_o, #1^0, Jf.o, 

dp dpdq d<f 

which are manifestly impossible, inasmuch as .E is a given func- 
tion. It is, therefore, impossible to express the area of a surface 
by any such formula as (A). 

The present example shows the utility of the Calculus of 
Variations in examining into the question of the possibilUy of 



y Google 



CALCULUS OF VARIATIONS TO INTEGRATION. 

effecting any proposed reduction of one multiple integral to a 
ther differing from it in form.* 



158. Let R, R' be the principal radii of curvature of a closed 
surface, P tlie pei"pendicular on the tangent plane, and dia the 
element of the spherical surface described by a portion of this 
perpendicular whose length is equal to unity. Then 

JJ(fi + i?)<iw = 2|JPrf(,», (A) 

the integrals being extended through the entire of the closed 
surface. 

It is easy to show that 

dw = smQdQdih = ,, — „ ^-rd^du; 

also, 



p.- 



' V(l+p'+3') 
If now wo assuffio 

WYdiidy -ijl^P - (R* E)] dt,, 
and stibstituto the foregoing values of E, E, P, dm, we shall have 

Comparing this with the general form (A), p. 343, we find 

* I Imyc investigated tJie general foi'm which the fimefion V ahoiild have, in order 
that the m^ea of any portion of a auiliioe may bs capable of being iTSpMSented by a for- 
mula Bucli as 

r + JjraWji, 

but the result is altogether different from F(P, 9, ^). The reader will find it considered 
in lie note upon lie present Article. It doea not ajipeai' to me to be possible to estab- 
lish, in the present queaUon, any analogy between the case of the suriiiee and that of the 
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= 2 (g-j>'^-gy) g ^ 



(1 +p^ + /)^' 1+^^ + 5^' 



(C) 



Now since 5, C, D are independent of ;)?, y, z, and since, more- 
over, A satisfies the equations 

dA dA r, dA d-^ /r>\ 

dss " dz ' dy " dz ' 

it is plain that the values ( 0) will tender the quantities L, M, N, 
n, identically zero. It remains, therefore, to examine the result of 
these substitutions in 6. 
We have, from p. 344, 

a-^'M ^A ^^ rf^^ d^A 

dz dxdp dydq " dzdp dsdq 

<PC d^B d^D 

dpdq d^ d^ 

Differentiating equations (D) with respect to p and q respectively, 

and adding them, we find 

dA dM. ^ d^A_ d^A _ 
dz dxdp dydq dzdp " dzdq 

This reduces the value of 6 to 

e = — 2— -^ ^fE 

ds dpdq dq^ dp^ 

dA d_ IdC ^ dD\ d fdC dB\ 
" dz dp\dq dp J dq\^ dq j' 
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and, therefore, 

d IdC 
dp \dq * 
Similarly, 

d fdC 
dq\dp 
Heirce 

d IdC dli\ 
dp{dq dp)' 

We have, therefore 


dD\ 1 Sp= 




dp) l-tp' + f' a+p' + f>' 
dB\ 1 ^ 2f 




dqj l+p' + s' (l+y' + ?V 
d IdC dB\ 2 


dA 


dq\dp dqj (I + f + ff 


dz 



Since, tlieii, the integrals are supposed to be extended through 
the entire of the closed surface, it ia plain that the complete va- 
riation of 

WVdxdij, or jj(2P~(i? + i?)lrf<u, 

wiU be identically zero. This integral will, therefore, have the 
same value for all closed surfaces. If, therefore) we can iind its 
value for any om surface, we shall, by this theorem, find its ge- 
neral value. Lot the surface be a sphere described round the 
origin as centre. We have then 

and, consequently, 

l\{2P-{R + R')]d,^ = 0. 
Hence, in general, 

If dS be the element of the surface, and if in the left-hand mem- 
ber of equation (A) we put for db> its value 

_rfS 

RR" 
we shall have the theorem 



f(i4)dS = 2IIP.„. 
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Other theorems of the same kind might be obtained in a 
similar way; hut as the object of the present Chapter is rather 
to state a general method, than to examine particular problems, 
the foregoing illustrations will probably be considered sufficient. 
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NoTE A, Page 4. 


This may be readily shown as follows: 


(1.) F2f 


= F{i^ + Y") = -f li- + -FV = ^^'h 


F3f 
ana, in general, 

t being an integer. 
(2.) Let 


= F(2^|^ + V') = F2V + .f v> = 3FV; 


Then since 


-P.MV'^nFV', 


if we put wV for y^, w 


■e have 




"■t'l"*-- 


and, therefore. 




F.- 


^.jn.m^-mF.i. -Ff. 



The theorem is, therefore, true for all rational values of t, and may 
isily be extended to irrational values by the method of exhaustions. 



Note B, Page 27. 
The term " second variation," as generally used, is ambiguous, 
1. It may signify the variation of tlie variation. 2, It may denote the 
quadratic part of the series which is obtained by the substitution of 
y + &y (or y + vp) for y. If this series be 

A+Bi+ Cf + &c. 
the term W is sometimes denominated the second variation. These 
significations will become identical if 

B'y = 0. (a) 
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Now in the applicationa of the Calculus of Variations to the inves- 
tigation of mftxima and minima, we are only concerned with the latter 
signification. I have, therefore, introduced the condition (a), in order 
to obviate any confusion which might arise from the double meaning. 

I cannot but think that M. Delaunay has been misled by thia am- 
biguity, when, ill the theory of maxima and minima, he employs the 
second variation in the first of the foregoing significations,* For in 
this signification of the term the second variation has not (as it seems 
to me) any connexion with the theory of ir 



Note C, Pago 32. 

The reader must not suppose that indeterminate functions admit of 
no masima or minima except those which are discoverable by this rule. 
For, on referring to the reasoning employed in the Differential Cal- 
culus (which is, in this point, identical with that which is used in the 
present case), it will at once appear that this reasoning is based upon 
the assumed possibility of taking the increment so sroall that any 
term of the series may exceed the sum of all those which follow it. 
Thia is true only if the coefficients of all these terms be finite. If any 
of these coefficients be infinite, the condition is no longer necessarily 
possible. In fact in this case the development fails altogether. But 
we cannot conclude from, thence that the function does not admit of a 
maxLoium or minimum. Thus in the curve ASA', Fig. 17, the ordi- 
nate .By is a masimum, although the value of the differential co- 
efficient, 

da 
is finite. This maximum is not therefore given by the ordinary rule, 
which fails for the above-mentioned reason, namely, that the second 
differential coefficient becomes infinite. 

Similarly, in the theory of maxima and minima, as given by the 
Calculus of Variations, if the second variation (as defined in (2), 
Note B), become infinite, the reasoning upon which the rule depends 
will fail, and the given indeterminate function may admit of a maxi- 
mum or minimum which does not satisfy the condition 

D^Vdw = 0. 
Vid, note upon p. 1 63. 

• Liouville, Journal de MaUi,, toin. vl. p. a25. Tliia ei-iw (if it tm an eriDr) dofa not 
affect M. Dalflunay'a Bondusioii. 
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Note D, Page 72. 

It is evideut, from the general discussion contained in Props. II., 
III., and IV., that, if either the conditions of the problem or the func- 
tion which is to he made a maximum or minimum contain the limiting 
values of eoe£Scients of an order higher than n - 1 , the Calculus of 
VariatioJia does not appear to furnish a solution. It may naturally be 
asked, then, whether suck problems admit of any solution ? The 
answer to this is easy, if we recollect that, in the general discussion al- 
luded to, mixed functions are tacitly excluded. It is assumed through- 
out that the function preserves the same form for aU values of 3!, from 
(Co to (Cj inclusive. The question discussed is not, therefore, whether, 
under the conditions of the problem, a given integral admit of am/ 
maximum or minimum value, but whether such a value caa bo given 
to it consistently with the supposition that the form of the fnnction y 
remains unchanged. Problems of the class above alluded to do not ad- 
mit of such a solution. But if mixed functions be admitted, the possi- 
bility of the solution will be restored. 

This reasoning wiU, perhaps, be rendered more clear by a geome- 
trical illustration, 

A 

'' dxj 

and let it be proposed to describe between two given points, A, £,i 
curve such that the differential eoelficients. 



=/(. 



may have, at each of these points, given values, and that the definite 
integral, 

may be a maximum or minimum. 

The solution of this problem is given by a mixed curve, consisting 
of (1) a finite portion satisfying the equation 

and passing through the points A, B. (2.) An infinitesimal portion at 
each extremity, satisfying the other conditions of the problem. 

Thus, for example, if it were required to determine a curve of mi- 
nimum length passing through two given points, aud touching two 



y Google 



358 



given lilies, the solution would be a mixed curve, consisting of a finite 
right ]ine connecting the given points, and terminated by two infini- 
tesimal elements touching the given lines. 



Note E, Page 82. 

This theorem may readily be proved by the separation of the sym- 
bols of operation and quantity. 

If we denote by A the symbol of differentiation as applied to K 
only, and by A' the same symbol as applied to u only, it is easUy seen 
that the expression 



(a) 



aa:'^ a: 

may bo written 

((i + A')" A'"^ + (A + Hjy A'™| ^«, 

(A + A')"'' A'™" j (A + A')-"-"'' + i'™-"'' } Ku. 

Now it is readily proved that either of the expressions 

(A + A')^ + A'=^, 
(A + i')»"+! -. A'^', 

may be represented by a series of the form 

A=» + A A^'-^ (A + A') A' +£A=»-' (A + A^' A« + &c. + £ (A -h A')" A"*, (bj 

where A, B, and E are functions of n. For if we assume 

X = (A + A') A', 
we shall have 

_- A±^(A^ + 4X) A±V(A'+4^ 

2 ' 2 

Hence 

(A-l-A'r+A«"=l[i^(A^ + 4X) + Al^"+(V(A= + 4Z)-A}'i 
1 r _ . 2«.2m-l . 



1.2 



— A'"" 



■(A= + 4Z) +&0. + (A^ + 4Z)" |. 



If this expression be arranged according to the powers of X, and if we 
then replaceXby its value (A + A') A', we shall evidently have a series 
of the form (b). The same method will obviously apply to the ex- 
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Substituting tho value so found in 

(A+ A'y''A'"'{{A + A')™-"'± A""-""j, 
A'''{A + A')'^A''^ + AA^-^{A + A')™'" A"""*' + &C. 





n^\{«^-m')0T 


-«> 


»-m'^l), 


according i 


IS ni-m' is even or odd. 






Hence 


we liavc, finally. 








. aO'^a'''''^- S 




d'^'K d-'v. 




^="Z <?"'-'« 




(fo^ dx'"' 


d'-'+iJ 


■Ml,'" iif- 




dx-^ + 


Ji--' 




'■"-^ - 


"C 


*"" + & 




■ <iif- * 


~s= 




putting 


0^-" c- 


, = ^ 





Note F, Page 84. 
The following theorem is easily proved by the method of si 
of symbols ; 

^d'-Q _ d-PQ m d'"-'P'Q "'•"'--_jrf'"-'P^_ 
dx"- dx'" I dx-^ 1.2 dv"'-' 

putting, for the sake of brevity, 

dx' dx'' dx"' 

If now we multiply the equation 

d.A,-T- d'.Ai-y-i 



by ut, and subtract it from the value of IT, we shall have (putting for 
y its value, "() 
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Or, as it may be more briefly expressed, 

( d'".A„,——- d"'.A^ 



m having all values from 1 to m. We shall now proceed to aKow that 
each term in the sam S may be represented by a series of the form 

, ,dt ,„, dH 

a.Oi— rf'.Oa-T-j 

dx die' 

Applying the theorem (a), end putting 

d^.ut , . du , „ 

we have 

d-.A^{vt)'^ _ d".uA,„{vty" _ m d"-'.u'A„lui)"' 
(J(i™ "" dx'" 1 (ic™-' 

(d) 

J ; 1^^- &C. 

1 .2 (fc"-* 

We have also 

(uty = !rf("'i + mM'(("-') + - ™~ M"i'™-« + &o. 

If this value of («i)''be substituted in (d), the general term of the re- 
sulting scries may be represented by 



* 1.2.3. ..m-i) ■ 1.2.3. ..m-q' 
the upper or lower sign being taken according as m -p is even or odd. 
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Now if p be not equal to q, it is plain, from the form of this expression, 
that there nraat be another term. 



tlie upper or lower sign being taken according as^ — g is even or odd. 
Hence if we assume 

it will at oncG appear that, with the exceptioa of the terms in which 
j> = 2 (which have already the required form), all the terms of the 
series (c) may be arranged in groups of the form 

(d.i'.K-^- ^' . /f -p- \ 



But we have before seen (Note E) that a group of this form may 
always be expressed by the series 



u. 2i_d_ = ft + 4 



We have, therefore, 

d.C,- 

daf ^'' <fo! 

Now it is evident that the coefficient of t in 

^ __ d-.A^(vtr 

willb 



, d"'ti 









Substituting tliis value in (e), aad putting &„ 6„ &c, for d, d, &c., 
3* 
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and therefore, ilnallyj 

\Udx = 6, 

uonst 
launay's Memoir, 



ass (fof^i V) 

This demonstration ia taken, with some modifications, from M. De- 



Noi'E G, Page 127. 

M. Delaunay, in reasoning upon this problem, concludes that if the 
order of the equation 

i = 

be higher than that of the function F, the conditions 

are necessary.* 

But his reasoning upon this point does not appear to me conclusiye. 
A careful examination -will, I thinlt, show the reader that, admitting 
the truth of the infimiedmal conditions given by M, Delaunay, these 
conditions may be satisfied by the equations 

(Wi = 0, (A.)» = 0, &c., 
as "well as by the equations 

\ = 0, \a = 0, &o. 

I have given in Chapter IV. some examples which appear to be 
altogether inconsistent with the truth of M. Delaunay's result. Thus, 
in treating the problem of the shortest line by the method of Lagrange, 
the function V is of the order 0, and the equation 

of the order I. Yet the conditions 

\ = 0, \= CI, 
arc altogether inadmissibic, 

* Journal de I'Ecok Poljtjchnjque, to;n, xriL p. 85. 
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Note H, Page 136. 

The remark in the text is to be understood as applying only to tlie 
motliod of treating the equation 

The two oases differ essentially in the mode of applying the theory of 
Jacobi to the iuTeatigation of the conditions which relate to the seaovd 
variation. This part of the subject has been considered by M. Delau- 
nay. But, in that part of his memoir which regards relative maxima 
and minima, the reasoning does not appear to me qnite satisfactory, 
and the conclusion is far less perfect than in the case of absolute maxima 

I have already pointed out (Note B) a misconception which he 
appears to me to have formed as to the meaning of the terai " second 
variation." There is, however, no difficulty in modifying the reasoning 
so as to remove this error, and that without affecting the results ar- 
rived at. It is the imperfection of the results themselves which has 
induced me to omit this part of the theory. The reader who is curious 
on the subject may consult M. Delaunay's Memoir, which has been 
already frequently referred to. 



Note I. Page 152. 

This theorem, as well as the corresponding theorems of pp. 184 and 
278, apply properly to iniegral functions only. There is no difficulty, 
however, in extending them to the case of fractional functions. Thus if 



where ^' is an integral function of the degree m', and /i" an integral 
function of the degree m", we should have 

' fcoso^ + cosfi^'l =— fcosu ^ + cos^— "1 
"f.\ dx dyj II.' \ (fo dy ) 

p!' \ ax dy J 

Hence if the construction given in tlic text be made separately for the 

/ = c', !■'■" = c". 
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aad if the corresponding portions of the normal be denoted by 

FN', FN", 
we shall find by proceeding as in the text, 

_ 1 -JUL- ™" 
~ p ~ FN' PN"' 

A siiailar extension is readily obtained for the theorems of pp. 184 



Note K, Page 163. 

An elegant constrnctioii has been given for this curve by M, De- 
launay, viz.: 

If an ellipse or hyperbola, whose transverse axis is a, he supposed to 
roll upon, the axis ofx, its focus wiU generate the required curve. 

Let the polar equation of the rolling curve, the generating point 
being the pole, be 

r-n-). (.) 

and let tlie equation of the curve generated be 

y = 0(3;}, or dp = pdw. (b) 

Then it is easy to prove the following equations, 

?S7=-^' ^{dr' + r'<hf)''^' ^"^ 

These formula; enable us to pass from the rolling curve to the curve 
generated, or vice versa. For if tte rolling curve be given, the equation 
of the curve generated will be found fay eliminating r and w between 
the equations (a) and (c). If the equation of the generated curve be 
given, that of the rolling curve will be found by eliminating x and y 
between the equations (b) and (c). By this method we are sometimes 
furnished with a means of constructing a curve given by the differential 
equation 

Thus, in the present case, where the equation of the generated curve is 

if we put for y and p their values given by equations (c), wo shall have 
for the differential equation of the rolling curve, 
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Integrating this equation, we find 
1 a 



ye- 3- 



the equation of a focal conic section. Comparing this with the ordinary 
equation 

ivefind 



-i«. .V(-S)- 



Hence the proposition is evident. If c = 0, the conic section will 
become a finite right line, and the generated curve a circle, as in p. 164. 

There is a remarkable peculiarity connected with this problem, 
which has been already alluded to in the note upon p. 32, namely, that 
the equation furnished by the Calculus of Variations does not include 
all the cases vrhich may arise. For we have seen, in p. 164, that if the 
curve intersect the axis of revolution, we must have c = 0, and that in 
this case the curve will become a circle. The same thing will appear 
from the foregoing construction. For it is plain that a curve, generated 
by the focus of a conic section which rolls upon a right line, can never 
(unless the conic section become a right line) intersect the axis of levo- 
Intion. Kow, suppose the original problem to have been given as fol- 
lows: 

To construct upon a given he.se AB, Fig. 18, a curve such that the 
superficial area of the surface generated by its revolution round AB 
may be given, and that its solid contents may be a masijuum. 

This problem evidently admits of a solution. But this solution is 
not given by the sphere, inasmuch as its superficial area is a determi- 
nate function of AB, and cannot therefore be made equal to any other 
given quantity. The solution of this problem is, therefore, not con- 
tained in the equation 

1 1 2 



It is easy to see that in this case the development of the new form of 
V, according to powers of i, fails. For the second variation is, in 
general, 



}\df -^ dydj, ■> ^^ dp' ^ J 
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d^V £Z.^_ "P d'V _ ay 

df ' dydp VCl +>')' 'ip' -^P')^ 



If for (1 + p^)l we put its value derived from the equation 

a2, = 0^ + e)^/(l+^'), 
we stall fiad 

Now if c do not vanisli, the supposition y = Q renders this c[iiantity ii 
finite. The method therefore fails altogether. 



Note L, Page ITl- 

There is another case, which has been omitted in the text, that, 
namely, in which the maximum or mitiimum curve is required to touch 
the limiting curve at each extremity. 

None of the variations, 

vanishing in this case, it ia easy to see that the terms outside the sign 
of integration will give the equations 

/(Re rf&c dhi d!>ii\ 

(■) 

Let the equations of the limiting curves be 

?-/.(«)■ )-/.{')■ (b) 

Then since the required curve touches both these curves, we have 

And since equations (b) and (e) are supposed to hold however the <iurve 
be varied, we shall have from equations (b), 
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and from equations (c), 
we have also 

(!).(*)/ (!).(?).-■ 

(0 

fdx\ fdSxs fdn /J%\ ^ 

Solving equations (e) and (f) for 

/'(i&\ /<%\ /rf&B\ /(%\ 

1,<)!A' w»A' \<i>A' V'sJ.' 

we find 

M&\ ^ _ uj,w.v.fa'j. J (d^\ m m\ 
\d,Jr i±\ . CMy ci^ w!Ad,),W], ' 

KdsJt Kdx J, WA 
li^\ fd%\ 

U> Jr /« , /■*\\ m * - U j, W J, ' '-' 

(*).-•■• (?). = -• 

Eliminating, by means of the equations (d) and (g), the several 
variations 

from the equations (a), we find 
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a account of equation (b), p. lG8, 






w 



To interpret these equations let AB, Fig. 19, be a line whose equatior 

ar/ - hx + c = 0. 
Let Pi be the point x,^,, P, JVi the normal to the limiting curve, Vi it* 
radius of curvatare at the point Pi, and F,p, a perpendicular on th( 
line AS. We have then, since the curves touch at Pi, 






Making these substitutions in the first of equations (h), i 

n = - P,p, secN;P,p, = - PiJVi, 
and, similarly, 

ra = - PePa see JVoPniio = - FeN„. 



Note M, Page 195. 

Although the equations (C) are not integrable generally, the fol- 
lowing remarkable property of the curve in question may be deduced 
from them, : 

Let two planes be drawn making angles with the co-ordinate planes 
whose cosines are 

(1) 



V(<.' + S- + c')' V (<■' + *• + «■)' ^/(a'+^'^-c^)' 
/" / / 

respectively. Let (Fig. 20) be the origin, PP' any arc of the curve, 
and pp^, jra"' its projections upon the planes (1) and (2) respectively. 
The sector Opp" is proportional to the difference between the perpen- 
diculars Pw, PV. 
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The truth of this theorem ivUl at once appear from equation (G), 
p. 199, which may be written 

e{ydx - xdy) + b(xdz- zdx) + a(zdy-ydz) ^f'dx+fdif+fdz. 

For if we denote the element of Opp' by dA, it is evident that 

. / c(ydx - xdy) + 6(aT(fe - zdx) + a{zdy -ydz) \^ 

Also, 

fdx + fdy+fdz 

Making these substitutions ia equation (G), we have 

V{«= + i^ + ^)dA = v/(/ +/'= +f'")d.F^. 
Integrating, and putting 

we have 

A = Opf = /r(PT - P'sr-). 

If the planes (1) (2) be at right angles, it is easily seen that the pro- 
jection of the curve on (l) will be a right line, and, therefore, that the 
curve will be plane. This agrees with the conclusion stated in p. 198. 
The curve may also be represented by two differential equations of 
the first order. For if we take the plane (1) for the plane oiyz, it is 
easily seen that equation (G), p. 199, may be written 

ydz - zdy = Idx + mdy + ndz, 

{y - n)dz -(z + m)dy = Ida:; 

or by transforming the co-ordinates y, z, and taking, as before, s for the 
indepeadent variable, 



Differentiating this, we have 

^z dJ'y d''x 



We have also the identical condition 

dx d'w dyiPy dzdH _ 
ds ds' ds ds^ ds ds' 
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Sliminating, by means of these equations. 



from tlie equation 



/^Y /dw /^y _ J_ 



and reducing, we have 



Integrating, and adding an arbitrary constant, iv 



The cur^ 
and (b). 



^ = -\C+^{l' + f + z')l (b) 

i therefore represented by the system of equations (a) 



Note H", ] 



e242. 



The disenssiofl given in the text is, of conise, incomplete. In order 
to prove generally that the solution given by the Calcnlus of Variations 
is perfectly definite, it would be necessary to show that a function of 
two independent variables is completely determined by a partial diffe- 
rential equation, combined with a number of particular conditions 
equal to the order of the equation, and referring only to partictdar 
systems of valnes of the independent variables. Of this important pro- 
position I have not succeeded in obtaining a complete demonstration, 
independent of the ncUure of the particular conditions. The following 
proof, however, although applicable only to a particular class of condi- 
tions, may be considered of some importance: 

Let 

L = 

be a partial differential equation of the n"' order. Suppose also that 
the values of e and of one of its differential coefficients of each order, 
as far as the order n.- 1 inclusive, corresponding to a given system of 
values of x and y, be also given. The general value of Z, in terms of x 
and ;/, wUl in this ease be perfectly determinate. 

Let the given system of values of 3; and t/ be represented by the 
equation 

/(«, s) - 0. W 
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Let also the particular conditions be 
I . X, ^ - Z„ fe. 



(I) 



Now since these equations are true for all values of x and y which sa 
tisfy the equation (a), it is plain that we must have from tlie einatio 





dz 
5;* 


didy 


dx' 








it dr. 

^ dx' df 


* d£ 


dt 
d, 



&c., 

the values of —, — , &c., being derived from (a). If these differen- 

tiations be continued up to the n"' order inclusive, it is evident that the 
equation « = Jf, combined with its several difforeatials, will give m + 1 
relations among the quantities which enter into L. Similarly vre shall 
have from the equation 

dx ' 
n relations among these quantities. 

Treating in the same way the equations 

— = X fee ^— ^ = X 
(Jb^ ^' '' dsf^' """ 

we have among the several differential coefficients : 

From the equation 7. = 1 equation. 

-rr~ = X-^i ... 2 equations, 

dx"-' ^ 

JS = X «+l. 

The total number of equations which subsist among these quantities is, 
therefore, 

1.2 
This is evidently also the number of the quantities themselves. Hence 
we infer thatif the values of s and one differential coefficient of each or- 
der, as far as B - 1 inclusive, corresponding to the system 
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be given, tte values of all the differentia! coefficients, as far as tie or- 
der TO inclusive, correaponding to the same system, will be given also. 
Again, since the equation 

is supposed to hold for all values of x and y, it is plain that we must 
have 

dx dy 

Theifltroductionof differential coefBcients of the order n + 1 will there- 
fore furnisli ua with tioo new equations derived from L. And as each 
of the n equations (b) admits of one more differentiation, it is plain 
that we shall obtain from them n new equations. We shall thus have 
in all TO 4- 2 new equations. This is precisely the number of the new 
quantities introduced, namely, the n + 2 differential coefficients of the 
order n + 1. These coefEoients are therefore determined. And the 
same reasoning may evidently be extended to differential ooelficients of 
all orders. Hence we infer generally as follows; 

If zle a function of X and y which satisfies the partial differential equa- 
tion (of the n"' order) 

L = 0, 
and if, moreover, die values of z and of one differential coefficient of each 
order, as far asn-l inclusive, corresponding to a given, system, of values 
of as andy, he given, tkevalws of all the differential coefficients of all orders 
corresponding to the same system will he also given. 

The function z is therefore perfectly determinate. Hence it is plain 
that the n conditions (b) are necessary and sufficient to determine the 
arbitrary quantities which enter into the solution of the equation 



As these conditions are independent of each other, it appears natural to 
conclude that the determinate chai'acter of the problem results solely 
from their nunA^: It would be desirable, however, to have a more 
general discussion of the question. 

Note O, Page 252. 
This reasoning may be extended to the general case, in which V 
contains differential coefficients of any order. The method of investi- 
gation is precisely similar to that which has been given in the text, 
and the result may be generally stated as follows: 
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If F be a function of w, y, s, and of tlie differentials of tliis latter 
quantity, as far as the «'* order inclusively, the equation 

= 
will, in general, be a partial differential equation of tte 2rf'' order. 
But this equation will be reduced to one of the order 2n ~ % by the 
disappearance of the two highest order of terms, when (and only when) 
T^ is a function of 

<tz_ dt'z ■ ^"s 

(?«»' dx"-^dy ' ' ' dy"' 
of a degree not higher than the second, and in which the coefficients of 
the terms of the second degree are connected by this condition, that the 
sum of the coefficients of all such terms as 



Xihi"-"^. dy) 



/' dvi'-'Kdy^' d'Ji' 

in which the indices of dx and dy respectively are equal, shall be equal 
to zero. Thus, for example, if -4 be the coefficient of 

since there are three other terms equivalent to this ia the sense just 
defined, namely, 

d^z d"z d'^i d"z d" z d"z 

de'^''.dy''' daf'.di/^ dx'^^.dy^' d3f~''.dy''' dai"-^.dy'' dx"-^.dy'' 
i££, C, D be the coefficients of these terms respectively, the above- 
mentioned condition requires that 

A + S + C + I) = 0. 

Note P, Page 286. 
The reader will observe that one important case has been omitted, 
that, namely, in which it is required to determine, among all closed 
surfaces of equal superficial area, that one whose solid content is a 
maximum. This is known to be a sphere. But this solution has not 
yet been obtained from the equations furnished by the Calculus of 
Variations. The terms which refer to the limits of integration will in 
this case disappear altogether (vid. p. 347), and the only equation fur- 
nished by the Calculus of Variations will be 
1 1 1 
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It would seem, therefore, that the sphere ought to be the onln closed 
surface hicluded. in this equation. But this has never been proved.* 



Note Q, Page 351. 
It may be worth while to investigate generally the form which V 
should have in order that the area of any portion of a surface may be 
capable of being represented by 

T+lirdOd<{>. 
This is readily effected by the method given in the text. For if we 

vl(l+p= + ?OJ= V, 
it will be evident, from the general principle laid down in pp. 349-50, 
that the expression 

must satisfy the criterion of integrability. We have then, in the gene- 
ral formulcB of p. 344, 

11 = 0, C=0, Z' = 0, E = - V(l +jJ^ + 5')- 
The equation 

n = o 

becomes therefore identical; and the equations 

L = 0, M=0, N=0, 
give 

d!/ "*" ^ d!jdz ^"^ d^ {J + p* + q''^ 

^A d^A d'A d^A pq 



dxdy dydz ^ d^dz -^ dz' {l+p' + q^)l 

<BA ^A^ ^^__ 1 +j>^ 

These equations, which are easily integrated by the method of p. 345, 

. , \'J? -V v^ \ (px \ q'uf\ ,, . 

^ = -\ (-i +j,r^g^)j +M^-1>^- qy, p. q) 

+ yf(z - px - qij, p, q) + x{^ - P^: - iy, P, q)- (a) 

* Delaunay, p. III. 
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It remains, tlien, to consider the equation 

G = 0; 
or, as it may be written, 

dA d fdA. dA\ d (dA dA\ „ 

Now equation (a) gives 

dA dA _ x+ (px + qy)p 

d^ dz (1 +p' + q^)i ' 

df/ ^ dz {1 + p^ + q^)l ^' 

Hence 

i. r^ + „ ^^ = _ ^P'^ + gy . oo '^ + iP^+?y)p , ^ 

(^^ \dx ^ dz) (1 + j)= + 2^)3 ^ (1 +i)= + ^''K (§>' 

^ r^ 4. -, ^^ = _ ^g^+.P^ + oo y + (>a^ + g y)g ^ 
dsUj/ *<fej (i+p' + g^)! ^ (i+i>'4-s=X f^s' 

Adding tliese expressions, we find 

d fdA dA\ d^ fdA dA\ ^ rf0 d^_ 
rfp Vrfa: dz) dq\dy ^ dz } dp dq'' 

dz dal ^' dvJ " dm dw 

Substituting these values in equation (b), and integrating with regard 
to ui, we have 

i«0 + 2^ + X = - ^ I'i^'" - ^ J^'^" + -f (P. 5)- 

Omitting F{p, q), which niay evidently be considered to be included 
in or Y"! ^B-ii assuming, as before, 

we have 

^x^ + i/ + (px + qijf (?'P rf'*' 
■■ " ^ (!+!>' + q^)i dp dq' 

and, therefore, 
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